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On Conformally Flat Tangent Bundles

Kazunari YAMAUCHI

ABSTRACT. Let M be an n-dimensional Riemannian manifold and 7™M
its tangent bundle with the metric 1+1I or II+1I1. The tangent bundle

TM is conformally flat if and only if M is locally Euclidean.

1. Introduction

In the present paper everything will be always discussed in the ¢ category, and
Riemannian manifolds will be assumed to be connected and dimension > 1. Let M be an
n-dimensional Riemannian manifold with metric g and TM its tangent bundle.It is well
known that M with the constant curvature is a conformally flat space, and in the previous
paper([1]), we proved that T'M with the complete lift metric is conformally flat if and
only if M is a space of constant curvature (n > 2). The purpose of the present paper is
to prove the following.

Theorem. Let M be an n-dimensional Riemannian manifold and T'M its tangent
bundle with the metric I4+11 or H+ 11 The tangent bundle TM is conformally flat if and
only if M is locally Fuclidean.

2. Pleliminaries
Let {X};.X5) be the adapted frame of T'M :

i J

i) B .
oyt and X5 = 77
dy"

Xp=5——-y'TI') ) =—
i Sk Y 1 h ()UJ.

and let {rﬂ.:_:f‘,()';rﬂ‘} be the dual basis ol {Xj, X5}, \\f]]t?l'(l(;l?’l,,Ij",') are Lthe induced coordi-
nates in TM and [‘”{'h the components of the Riemannian connection of M. The indices
ab.e...hig...., run over the range {1,2....,n}. Theindices A, B.C',....P (), R,...,run over the
range {1,2,....n,1,2,.... 77} and the indices @,b,,....h,i.j,..., run over the range {1,2,...,7}.The
summation convention will be used in relation to this system of indices. By the straight-
forward calculations, we have the following lemma.

Lemma 1. The Lie brackets of the adapted frame of TM salisfy the Jollowing :
(1) [XiX;] = y*Kji," X
@) [XoX] = U)X
@y X = 0

T
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where K ,;,™ denote the componenis of the curvature tensor of M.
= . . . = A _, =
Let ¥V be the Riemannian connection of TM and I'g . the coefficients of V :

@21) VX =T X + T, Xsr,  Vx,X;=T5]

7

X+ T X, VX

=T

\’m + [ 7 ;- m
]é‘\‘n‘. T T* 7 Ym

111

Vx.X;=T;

We denote g“‘” the metric {4 1 and g””” the metric I1 4 171, which are defined
as follows :

(2-2) gt = gy’ ! + 2g;;da’ Sy

(2-3) g+ = 2_(]3“,'0{.?.‘%5}}!"- + .gi_itigjitﬁ;q‘i.

We have the following lemmas (see [2]).

. . S — A q 8 1
Lemma 2. The connection coefficients Ug o of ¢!t satisfy the following :

= h I a =R oy T
(1) T,5=T0 2 Th=3K" @) T7=0
- h = n -~ h =h
(4) T,5=0, (6) T3;=T}, 6) T,5=
(T) —~._f_hf _ U, (R) r}‘h{ _

g - = A . . .
Lemma 3. The connection coefficients Ty o of "I+ satisfy the following :

(1) r_f i = 11"1," - lU”‘([\'m;h 7 [\r!ti )! (2) F_j i — U hqu t

T h “ ) h
(3) l;i:——u !\ﬂ“ . (4} Lj5=~ cj I\W i
£ =.h X | . =k a
(5) T5; =T+ 3K, 8 T;7= i
(M) F:h; =0, (8) thj = 0.

3. Curvature tensors of 1'M
The curvature tensor K of T'M is defined by

K(X.Y)Z=VxVyZ-VyVxZ-Vixy1Z, [forX,Y,ZsTTM,
then from Lemma 1, Lemma 2 and Lemma 3, we have the following lemmas,

Lemma 4. The components of the curvature tensor of g! ! are given as follows :

(1) KXo X)Xe = K" X +y" Vil " = ViK™ } X,
@) R(XoX)Xe = Kip™Xem,

@) F(XpX)Xs = K™ Xom,

@) (X, kJ}\ = @

(65) K(XzX)Xp = 0,

(6) E(Xp X)X = 0.
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Lemma 5. The components of the curvature tensor of g1 are given as follows -
I ! [

73 - , - 1 ! # m - m s m s n
(1) ]\'r(.'\fi.:\’j)/‘;\- = [Jr\l"km = jya(v,j\,uk‘ + \—,hqh o= VJ.‘]\(”'A‘ —\—"'J;]\uh ]
1 a ~ CTs m D r S CcJs  om
+ 1J J’[ u_].i\. I\b - [\rxik-hbfu - [\ﬂ_}ni-'. ["J.:z + [\uik ]\hc_j
+I\ak‘,‘1\h! — K, .f J‘\J,j "+ K, L]\,, o= 1\'“.;‘_2-“]\'&“-”"

2K 5, Ko N X

Hy* (ViK;0" = ViKW ™) - ilfayb(ka_jk" Hpge " Hgp Kz
+‘l{ukjch'-bi=: s h—ukic A’b.,icm - [{ll.,l kc]\"-'x::{ i

—I_k-ail.":ﬁ—b:.‘jm + K ch’b::km)]-yﬁ%

Jin

Il

1 (23 -~ m ~ i l ) - Cr” n
[—59' (ViK™ = ViK ™) + - 1 Yy (K o K e
- h'a A-c'c Nb_jcm )]X m

(2) K(X: X)Xz

v l .
+[[§{J‘A‘ 2 (v [\ ”A! - v:’ ]\ aki )
yﬂ y-'ﬁ ‘Kukf (2 1\'.1“-,\. mo_ ‘r\-bl.; .m)
: ~ C(a I " - m .
+ U Ko (0Kige™ — K™ o

= r - r I n m i a - m 1 a, b = (s 74 i
(3) KiXnX)Xe = [_Z(h B T )—i—_,—y VK, +3y L"l[hn.‘ﬂj“[\bicz

+[‘.‘U_H.‘l I bil =K Yaik [\b“m)];{‘f”

4‘[[\"0‘*.”1 = 2!}“? J(\
+h—a£kcf“'b: - 2K quthJ - ]\m

1
a b cpm m - 7
mA - TTJ' Y ([‘u}.‘j I\bi:;" + hn.-ﬂc hb-ic "

= l .
(1) I{-[/YI. _\'J\)AXI‘ = [* —Jr\ [ ] ijb I\ b !\ bie } \'m
om | a, b - m
+[5f\sk; — 7Y y'K,, K ) X
T . 4 & m 1 a " (ol P m d C I e 7
(rj] 1\(.\7. .\'T),Y,l‘ == [g[‘;zj.‘f 'i‘ 33} yb([\ﬂjk}]\bi:ﬁ' = ]\‘!JJI\T [\f)jrs ]].\ m
= m l a o C " m i@ C T m g
+[[\':A;A‘. - _ly yb(!\u.jkrhbic - [\a-ik [\iuc )]‘\W
6) K(XnX;)Xp = 0.

Let G4 be the components of the metric ¢/ or g and K agep the components
of the curvature tensor K of TM : K apcp = (K (X4, XB)Xc. Xp). The scalar curvature
S of T'M is defiend by § = 7'PGP K apep, where _ﬁ""“ denote the components ol the
inverse matn\ ()f [ (74p): and the components K e of the Ricei tensor of TM are defined
by Kpc = §APK apcp. By means of Lemma 4 and Lemma 5, we have the following
lemmas,

Lemma 6([3],[2]). The scalar curvature §' ' of g™ and the scalar curvature
e of g1 are given as follows :

(1) gl _ 0.
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=I1411

l vl
(2] S = -5 5yu U.’J h'-“_.,[(_ [\-i, cde !

where S denotes the scalar curvature of M.
Lemma 7. The components K g of the Ricei tensor of ¢!t are given as follows :

(1) ]‘s“,';\. = 2]\}';,.,
(2) K5 = 0,
3) Kz =0,
(1) Ko o= 0
Lemma 8. The components K ge of the Ricei tensor of "1 are given as follows:
e 1 ; . : ;
(I) [\-jk - 2]\'“‘ = 5__!}“(‘-"0,]\_,‘;\- = V_,-I-;,,A. -+ \_-",; K kj — ‘?;\.h flj)
1 a, by dypr ¢ S i S L a1 dyps ¢
+:Iy i (I\uck I\bjd - hnkc h.'l.j-'f o [\nﬁ.':: hbdj +2I\_,i::a. [\brﬂc.)‘
=~ 1 a - - - a, by dy- c
2 Ky = 51\,:!2‘ — Y (Valjr =V Kop) =~y 0 B B
— | . . ; ; . i
8 Kz = Ki- 51,-' (Val(kj — ViK,;) Lm‘_!j"yhh T
@) K = ——y"y' K, K

4. Proof of Theorem
If the components of the curvature tensor of T satisfy the following equations :

L o b e . i _ = = =
] (TapKBc —GpKac+TpeKap —GacKBD)

B1) Foanen = —
(4-1) Kapep =1

5 o S
‘2(2?1 “1)(n - 1) (GapIBc — TBDIAC);

then T'M is said to be conformally flat.

Proof of Theorem in the case of TM with the metric ¢!+, From Lemma 4, we have
(4-2) Kuw = Kju+20°(ViKajn — ViKain),
(4-3) Tu it = K
(4-4) ﬁij.k_:t = B8,
(1-5) Kiw = 2Kin,
(1-6)  otherwise = 0.

From (4-1). we obtain

(4-7)  KNym = m({[,ﬂ\ ik =l + 90 — i K j1)
| i . . .
= l(fh‘lh_,ik = @i+ ek —opli),

_94_
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== 1 ey ot oy R e S e, R
(L’I—H) K sp = m(gﬁ[‘\ gk — .qﬂ[‘{ ikt gﬂ\.l\ = _(]“'.f\ ,J)

= (gl — gjufn)-
By means of (4-2),(4-3),(4-7) and (4-8), we get K;;n = 0.
Proof of Theorem in the case of TM with the metric g+, From (4-1), we have

(4-9) Ky = 0.

(4-10) T\TUH = 2—[_”1_7”(.0'117\7_,;\- - ;1K ),

(@-11) K. = T”l_ﬁ-]—)(ﬂ_,'kfpz — gl 1),

(4-12) K = m(mﬁj; = 9K g + 9K g — gk )

2@2n—1)(n—1)

(Gitgix — 919ix)

[4' [5} K Ukt~ 5(—?)—_-1—)((]1([& ik = i I ﬂ):
(4-14) K kLT m(ﬂi{fi ik = 91Kz, = gl _ﬁ)
=+ 5 ]
2(2‘“ = ])[” = I)H.H.szn
3 _' ] Tc T - N
(4-15) Ky = 2(“—_]5(5:,—;[\ oKy — gk )
5
2(2n — 1)(n — l).{hlﬂ_;ku
(4-16) Ky = m(ﬂ”h 9 g = gi K )
5
22— 1)(n - 1)(9“9.-;'*- = 9it9ik),
A 1 o - _ _
10 Kgu = Syl = 0l + 956l — 90k y)
5
320 — L)(n = 1) ik~ 9ilik),
(4‘ | R) K Tk T m(g”ﬁ T g.,‘,']\' Y -+ _(j_','k]\ = _(jikf& ﬁ)
S
ﬁ'ﬁ(?n — ]](n . I) (q”'g.”' - nqp‘fgl.‘.)v
= 1 = _ . _
S

T3 S = 1) (919, — 9193k
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(4-20) Kgg = m(ﬂu Ko — 9uKq + g Kg — giK3)

S
= 2(2??' . 1)(” _ l](‘]:{"};k - .q.,lfgi.i.')'

From (6) of Lemma 5 and (4-19), we obtain

(4-21) gaK5g - gii K + 9Ky — g K5 = ;éh(ﬂuﬂ;k — 9;14ik).

and from (6) of Lemma 5 and (4-20), we get

: = == . == == 5
(4-22) guKs - 9iKg +gilg — g5 = — (9i195k — 9,19ix).

it follows that F;{ = Fﬁ. By means of (2) and (4) of Lemma 8, we have

(4-23) h-jk =0,

and
- T 1 a, by dyp ¢
(4-24) Ky = - 24"y Koje Kppa -
From (4-22), we obtain
I G\ T" 1t 57 (n o I)g
(4-25) (n= 2K+ 9" gl 55 = o 1 ik
it follows that
- v(n —1)—
(4-26) 2(n — I.]g”"'K,l;. = l—(i—)‘a
2n — 1

On the other hand, from (4-24), we get
— | - sl
(4-27) ¢ Ky = —iy"y" B B 2
Thus by (4-26) and (4-27), we have S=0, then it lollows

(‘1—28) yrl.yﬁ I\'q C’h. ]‘;".)Crfl.' i 0

This shows K5 = 0. This completes the proof of Theorem. q.e.d.
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