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On Infinitesimal Projective
Transformations of Tangent
Bundles with the Metric I1+111

Kazunari YAMAUCHI

ABSTRACT. Let 4 be an n-dimensional complete Riemannian manifold
and TM its tangent bundle with the metric I1+IIL.  If 7AW admits a
non-affine infinitesimal fibre-preserving projective transformation,

then M is lacally Euclidean.

1. Introduction

In the present paper evervthing will be always discussed in the € category, and Riemannian
manifolds will be assumed to be connected and dimension>1.  Let 4 be a Riemannian manifold,
and let let ¢ be a transformation of M. Then ¢ is called a projective transformation, if it
preserves the geodesics, where each geodesic should be confounded with a subset of M by
neglecting its affine parameter.  Furthermore ¢ is called an affine transformation, if it preserves
the Riemannian connection. We then remark that an affine transformation may be character-
ized as a projective transformation which preserves the affine parameter together with the
geodesics.  Let 1V be a vector field on M, and let us consider a local one-parameter group bt
of local transformations of M generated by V. Then V' is called an infinitesimal projective
transformation, if each ¢, is a local projective transformation. By a complete infinitesimal
projective transformation we mean an infinitesimal projective transformation which generates a
global one-parameter group of projective transformations.

Let 7 be the tangent bundle of M and ¢ a Riemannian metric of 37. Then there are many
Riemannian or psued-Riemannian metrics in 747 which are delined by g, lor example, Sasaki
metric, complete lift metric, Cheeger-Gromoll metric, etc.  Lex X be a vector field on 74, and
{®,} a local one-parameter group of local transformations of THM generated hy X. Then X is
called an infinitesimal fibre-preserving projective transformation, il each @, is a local fibre-
preserving projective transformation of 74,

The purpose of the present paper is to show the following theorem.

Theorem. Let M be an n-dimensional complete Riemannian manifold and TM ils tangent
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bundle with the metric {1 — UL If TM admits a non-affine infinilesimal fibre-preserving projec-

live transformation, then M is locally Euclidean.

2. Preliminaries
Let { X, X5} be the adapted frame of 7M:
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and let {dx".ayv"} be the dual basis of { X, X5}, where (x* ") are the induced coordinates in 7
and I" ;% are the components of the Riemannian connection of 4. By straightforward calcula-
tions, we have the following lemma.

Lemma 1. The Lie brackets of the adapted frame of TM satisfy the following:

(1) [X, X ]1=y"K;:a" Xz,
(2) [X,X5]=T /. Xz,
(3) [X5X5]=0,
where K™ denote the components of the curvature tensor of M.

Let X be an infinitesimal fibre-preserving transformation of 74 and (#"") the components
of X with respect to the adapted frame {.X,,, X5}, then the horizontal components ¢* depend only
on the variables (x") because of X being the fibre-preserving. Thus X naturally induces a vector
field V" on M with the components (#%). Let Ly be the Lie derivation with respect to X, then
we have the following lemma.

Lemma 2. The Lie dervivatives of the adapied frame and the dual basis are given as follows:

(1) LyX,=—0s"XuH{y0Kua"— 0Ty "— X, (0™ | X5,

(2) LyXz={ovT/.— X5 (™ } X5,
(3) Lydx"=a,v"dx™,
(4) Lydv*=—{y0 Knpa"— v * T — X (0") bl —{ 0T 1 — X (0 7) } oy,

3. The Riemannian connection of T'M with the metric 11+111
Let G be the metric [[+1II of TM: G=2g,dxoy +g,0viév'. Let ¥V be the Riemannian

connection of G and T4 the coefficients of V, that is

3 VaX;=T" Xpt+ T X, VX 7 =T X+ Tr% X,
- Vs X,=T": X,+T" Xa, Vi X 3=T 7"r X, +T 5% Xz,
Then we have the following for the dual basis {dv" év*}:
Vxdet=—Tu" dem—T5 o™, Vxioyh=—Tas dx™—Tals Sy,
(3.2) Virder=—T o's dem—T o' oy™, Vo= —Tar dx"—T#'; ay.

Since the torsion tensor of V vanishes, we have the [ollowing lemma by means of Lemma 1 and
(3=1).

Lemma 3. The connection coefficients Ts'c of V salisfy the following:

(]:l f‘)’z.\ = “{th i (2) F‘i}l—" - -l:zﬁj + -\,u]\;-”u,‘:‘ (3) lx-; .!.-{ ot ]_.’hj' .
(O T:"=Tk+1Tl, () Trr=T", (6) T*z=T+";.
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Furthermore, since the connection V is metrical, we have the following proposition.
Proposition. The Riemannian connection YV of TM with the metric I+ T salisfies the
Tfollowing equations.

(1) VX, =i~ 39 Ko™+ Ko™ } X Ko™ X

(2) 6,\',_\’*- =— fl) _Va!\’”_,';'m_"(m - { I_‘ fw,i =+ .]) '1’{’[{”_;,‘:” : .Ym.

(3) ?\ ;-.X’j: o })’_\"{?[\'“‘.'_;m. "::.' ‘IFT]) _\"“.{\-_r_»,‘_;m){ﬁ.

) Vi X5=
Proof. By virtue of (3-2) and the connection V is metrical, we have
=N it
=V, (2g,dx oy + g0y oy’
=2 Qma;dx oy + 28, (Vv \',,‘(h‘") Svi+ 20, ,dxc’ (Vx,,8v7) + g0y Sy + 28, (Vv dy) v
=29ngdx 8y + 28, —T Fndx —Tsdy™) O+ 2g,dc (—Timdx™— T ndy ") + Ongi;0v 6y’
+28(— T mdx™ T3 ndy™) oy
— 28D mdt de’ + 2 (Bngii— 8T i 'm— 8l 57m — &riT i'm) dx 'y’
+ (Ongy—28nT i~ 282r,T7 'n) Oy Y7,
and
0=V G
== ﬁ-\'.‘ia (2g,,dx 8y + g8y 8y
=20, (Vs du?®) 0y +2g:,:dx (Vxn 0v)) +2g, (Vs ov?) v’
=25, (— T, ade’—T;méy") o+ 20 dx ( Tindx™—Timoy") + 28, (=T, mde™—T5 5007 oy’
= —2 g T mdi’dy’ — 20T nt gol s T gl &) de 0vi—2 (g 5+ 8T ,,)6\"{5‘)
It follows that
(3-3) gl intgillm=0,
(3-4) Bugy— gL im— Bl 7 m—
(3-5) Bngis—g:Tsm—gnlin—
(3-6) qfrfsr,,;+gj,ff’:m=[)
(3-71) g Tratals ntaTin
3-8) q,f, ,,,Jrgr,l", ML,)__F, S .g,,l ,',—'(l
From (3-3) and (2) of Lemma3, we have gl n=—giTin=—g:(Twi+3Kina) = guilsi —
ZirV K ima™= Gur (TE ¥ K ia") — 852V °Kima ™= — Gix Dt 5+ ¥V GmrKsia"— 851K ima™) = — 81 (Tin+ ®

=0

2T
F ginr m=0,

K" + v @k a8 K ima”) . thus we get 28,0 w =3 (@uKia™— @b ima"— il nsa”), then we
obtain

(3-9) ThA=y%K.u
From (3 5), we have g, (D7n—T7n—T7n) + 8, (C/n—T7=—Tia) ==0, then by (3) and (4)of
Lemma 3, we ohtain

(3-10)  gir(Tu'7 +Tw’7 )+ (Tn’7 + 0’7 ) =0
Substituting (3-10) into (3-7), we get
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(3-11) T =0,

and

(3-12) T4 +T.=0.
From (3-8), (5} of Lemma3 and (3-11), we have g, i sw=—gul; 5= —gul5;=gul i ;=
guli i =—gTw:=—g.i rn thus we obtain

(3-13) Ty =0.
From (3-4} and (3-9), we have

B-18) g DT e (U ia— Pl = B
Substituting (4) of Lemma 3 into (3-14), we obtain

(3-15) gulm 7 =81 T a—Tn) — 8y Kom:".
Substituting (3-15) into (3-6), we get

(3-16) T/ =T/t ye (Bt Ko
From (3-15) and (3-16), we have

(3_ 17) F,.;I_{ = ;1) _\’“f\’r:_:‘:h-

From (3), (4} of Lemma 3, (3-12) and (3-17), we get

(3-18) T3 ".-:FA;",-*—E, YK ™

and

(3-19) T/ = —byeKyt.

This completes the proof of Proposition. q.e.d.

4. Proofl of Theorem

We need the following well known fact to prove Theorem (see [1]).

Lemmad. If a complelte Riemannian manifold M adwils a non-isometric homothelic vector
Jield, then M is locally Fuclidean.

Let X be an infinitesimal fibre-preserving projective transformation of 7. Then X is said
to be an infinitesimal fibre-preserving projective transformation, if there exists a 1-form @ of T
such that

LiVvZ~VyLxZ~VixnZ=0(Y)Z+6(2) Y,

for every vector field YV and Z on 7M. Let (8,6 ;) be the components of # with respect to the
dual basis (dx”év”"). We compute the following three cases:

(4-1) LxV: X;- Vs LyX;- ﬁl,\:x,}—\'.r_ (X X+ 0(X) X5,

(4-2)  LxVi; X5 = Vi LeX;—VianX;=0(X7) X5+ 0(X5) X5,

(4-3) LiVuX,— VaLlxX;i—VixxaX;=6(X) X,+6(X)) X..

Froof of Theorem. Let X be a non-affine infinitesimal fibre-preserving projective trans-
formation of TM with the metric IT+111. By means of Lemma 1, Lemima 2, Proposition and (4-

1), we have
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_.‘J {

YLK i = KV 00— Koo 0+ Ko X (0 D) + 0@ Koi) =018 ;

3 (0T gt Ko™ K" Xon (0F) + L

+ Ko7V g — K"V 00— K"V 09— Ky X (08) + K2 X (™)

o L oowmr  prr
(4-5) 3_\?"‘."‘\'r»’“ﬁ,‘u,,,"’fiﬁ,-_,'”

e ; e Km',ij' - Ud](m.ih -+ ““ﬂ'xj;\" ; (..;éi) -+ X} XJ( ph) = (5.?0.’:_

where L+/.;" denote the components of the Lie derivative of the curvature tensor of M with
respect to the induced vector field 1 and V,0“ denote the componets of the covariant derivative
of V. Contracting # and j in (4-4), we get

(4-6) 8;=0.
By using Lemma 1, Lemma 2, Proposition, (4-2) and (4-6), we have X;X;(0%)=0. It follows
that we can put

(4-7) pr=y°Asi+B"
where A% and 8% are certain functions which depend only on variables (x"), and the coordinate
transformation rule implies that A% and B”" are the components of a certain (1, 1) tensor field A
of M and a certain contravariant vector field 5 on M, respectively. Substituting (4- 7) into (4
4) and {4-5), we obtain

(4-8) LK./ — Koo'V % — K"V 0%+ K" A+ K" A8=0,

(4-9) K,;;"B*=0,

(‘l 1 “) ; ¥ r.l"',‘[‘:a‘.-,;‘m (‘{(a:r.'a:hl’"a'* vw-"‘l {’) + %_" r[":ruﬁ (vc.‘"" G 41.:; 13 Tu-b) h) i [{r:_fzh(] e VJA : = é\':':aj-

where V,,A% and V,.B" denote the components of the covariant derivative of A and B, respective-
ly. Contracting v/ into {(4-10), we have

(4-11) K,/ we+V,A=810,.
Substituting (4-11) into (4-10), we get

(4-12)  K,;;"6.=0,

(4-13) K.;*(Vao'— Al+V,B") =0,
By virtue of Lemma |, Lemma 2, Proposition, (4-3), (4-7), (4 8) and (4 11), we have

(4-14) V. V.o*+ K, "v?= 64,1+ 624,

{4-15) V,0,=0.
Putting w”= ¢4, (V,0"— A%, then by (4-11), (4-12), (4- 14) and (4 15), we can show that the
vector field W with the components (w®) is a non-isometric homothetic vector field on M. This

completes the proof of Theorem by Lemma 4. g.ed.
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