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On Infinitesimal Projective
Transformations of the Tangent
Bundles with the Complete Lift

Metric over Riemannian Manifolds

Kazunari YAMAUCHI

ABSTRACT. Let M be a non-Euclidean complete n-dimensional Riemannian manifold and
TM be its tangent bundle with the complete lift metric.  Then every infinitesimal [ibre-

preserving projective transformation of 74 is an affine one.

Introduction

In the present paper everything will be always discussed in the C* category, and
Riemannian manifolds will he assumed to be connected and dimension > 1.

Let M be a Riemannian manifold, and let ¢ be a transformation of 4. Then ¢ is
called a projective transformation, if it preserves the geodesics, where each geodesic should
be confounded with a subset of M by neglecting its alfine parameter. Furthermore ¢ is
called an affine transformation, if it preserves the Riemannian connection. We then
remark that an affine transformation may be characterized as a projective transformation
which preserves the affine parameter together with the geodesics. We may also speal of
local projective and affine transformations.

Let I be a vector field on M, and let us consider a local one-parameter group { ¢, !
of local transformations of M generated by V. Then V' is called an infinitesimal
projective (resp.affine) transformation, if each ¢, is a local projective (resp.affine) trans-
formation. By a complete infinitesimal projective transformation we mean an infinitesi-
mal projective transformation which generates a global one-parameter group of projective

transformations.

Department of Mathematics e-mail: vamauchi @ asahikawa-med.ac.jp

49 —



| ]

On Infinitesimal Projective Transformations of the Tangent Bundles
with the Complete Lift Metric over Riemannian Manifolds

Clearly an infinitesimal alfine transformation is an infinitesimal projective transfor-
mation. The converse is not true in general. Indeed consider the n-dimensional real
projective space P7(R) with the standard Riemannian metric, which is the standard
projectively [lat Riemannian manifold, and is a space of positive constant curvature. It is
well known that P*(R) admits a non-affine infinitesimal projective transformation. As a
converse problem, the following conjecture is famous.

Conjecture. Lel M be a complete n-dimensional Riemanvian manifold admitting a
global non-affine infinitesimal projective bransformation.  Then is M a space of posilive
constant curvature?

Let TM be the tangent bundle over M and g be a Riemannian metric of M. Then,
by using g, we can define a Riemannian metric or a psuedo-Riemannian metric of TW
called the complete lift metric. Let X be a vector field on T4, and let us consider a local
one-parameter group {®,} of local transformations of 7TM generated by X. Then X is
called an infinitesimal fibre-preserving transformation, if each @, is a local fibre-preserving
transformation of 7M.

The purpose of the present paper is to investigate some relations between the above
conjecture and the Lie algebra of infinitesimal fibre-preserving projective transformations
of TM with the complete lift metric, and we prove the following theorem
Theorem. Let M be a non-Fuclidean complete n-dimensional Riemannian manifold, and
let ' TM be ils tangent bundle with the complele lift wmetvic. Then everv infinitesimal
Sibre-preserving projective transformation X of TM is an affine one and it naturally induces
an infinitesimal affine transforination V' of M, Furthevmore the correspondence X —V gives
a homomorphism of the Lie algebra of infinitesimal fibre-preserving projective fransforma-

tions of TM onto the Lie algebra of infinitesimal affine ones of M.

§1. Preliminaries
Let I'/; be the coefficients of the Riemannian connection of M, then v*I'*; can be
regarded as coefficients of a non-linear connection of 7M, where (x*y”") the induced

coordinates in 747. Using vI",/;, we define a local basis { X, X5} of TM as follows:

f o R -
—y T and X W a_\,’j"

X 1 i oy

_ 9
rl a'\.. i

then { X}, X7} is called the adapted frame of 7M, and let {dx”,év"} be the dual basis of { X,
Xzl

Lemma 1. The Lie brackels of the adapted frame of TM salisfv the jollowing:
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(D) [ X = 92K,
@ [ X, X5])=T7X,
%) [XX]=0,
where IC;:,"™ denote the components of the curvature tensor of M.
Proof. By the deflinition of the adapted frame, we have
(X, X})=[a/oxi—y°T ™ Xz,8/ 8x'— y*I"; X5 ]
=y2(@T 1 axt— ol ax'+ T DL — T2 L) X
=y°K;.." X
Thus we obtain (1). We get (2) and (3) in a similar fashion. q.e.d.

Let X be an infinitesimal fibre-preserving transformation of 74 and {(2".2") the
components of X with respect to the adapted frame { X, X5, ). The components ¢* and v*
are said to be the horizontal components and the vertical components of X, respectively.
[t is well known that X is an infinitesimal fibre-preserving transformation if and only if the
horizontal components ¢" depend only on the variables (x%). Thus X induces a vector
field V' with the components ¢” in the base space M.

Lemma 2. Let X be an infinitestmal fibve-preserving lransformation of TM with
the components (v*v") and Ly be the Lie derivation with respect to X. Then the Lie
derivalives of the adapted frame and the dual basis are given as jfollows:

) LiXe=— B an®) Xntiyte K — 020 P — X (0™ 1 X5,
(2) LiXe={vT"—X (0™ ) X5
(3) Lydx= (auh/ax™) dx™,
(4) Liov™= — {30 Kpea"— 0° T — X (0") Y™ —{ 0T 1 — X (2®) L 9™
Proof. By Lemma | and the definition of Lie derivation, we have
X, =[X,X,]
=[vtX,+ e Xz, X
=—(9v™/ ") X+ {y9w o Kua"— 00T — X, (0™) } X,
thus we obtain (1). We get (2), in a similar fashion. To prove (3), we put
L= A", dx™+ B",6v™ then we have 0= L, (dx"(X,)) =A",—ov*/ax” and 0= Ly (dx"

(X)) =DB",, hence we obtain (3). We get (4), analogously. q.e.d.

§2. The Riemannian connection of TM with the complete lift metric
Let g =g ;dx’dx’ be a Riemannian metric of M, then we can define a Riemannian or
a psuedo-Riemannian metric G of TH as lollows: G =2g,,dx'y’. We call this metric the

complete lift metric. Let ¥ be the Riemannian connection of T with the complete lift
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metric and T#'c the coelficients of V, that is,
R i,-‘-,‘\}:iﬁu\’m +T ks _\_’},-X_;- = I_",.""',.-\’,,, *f;’_’“./\'.._-.
Vo X, =T/ X+ T X0, VarX:=T7"r Xu+T7% Xa
Lemma 3. We have the following equations.
(1) Vxdxt=—Tu':dx™—T7":0y™,
(2) Vidy'=—Twiudx"—T5 0™,
(3) Virdih=—Tu'vdx™—T#'s6v",
(4) Vxroy"=—Ta'sdx"—Ta'ry™
Proof. We put Vady"=Au'idx™+Baoy™, then 0=Vx, (dx"(X,)) =AM +T/: and
0=V (dc"(X;)) =Bl +T%, thus we get (1). Similarly, we obtain(2), (2) and (4).
a.ed.
Since the torsion tensor 7 (X,Y) of V defined by 7(X,Y)=VyV -V, X — [X.Y]
vanishes, we have the following relations by means of Lemma 1 and (2-1).
T/i= :{"j. TF=TF+yK;:a",
@.2] T/#=TF T7=Tis+0l
T :i‘”;, Tsle=TFrly,
Furthermore we have the following lemma.
Lemmad. The connection cocfficients Ti'c of V satisfy the following relations.

(1) 11 h o j.‘h:‘. (2} j! 7\ [“{Il} B

(3 T7=0, (4) THe=0,
B T;h=0, B Tfz=i,
(7) FJ kg =), (8) F}E.-':().
Proof. By means of lemma 3 and the connection V is metrical, that is VG =0, we
hav
0=Vx,G
=Vx,, (2g;;dx'6v7)
=— (goT/nt g T i) di'dn’+2{gir (T —T5"n) + (T im—T/w) }d' oy’
— (g, T+ g, D) dy oy
and
=ViaG
=V x (2% 0v7)
=— (g, T ntg, Tla) dvide—2(g, T nt g0 m) deioy’— (g, 05 7+, T 7) dviay’,

it follows that

(2-3) g Tintg, Tin=0,



HIIEE R N a

) DT+ g T —T 5 =0,
) A
) guliatguTin=0,
N i-fgrf‘ =i,

2-8) guli'm }_.”;-Ffri'::()
From (2-2) and (2-3), we have

glin=—gTin=—gr(Cu 1+ ¥« ima") =8n:Tit — 3K ima;
=g ﬁ,’j, b 0 ") — VK iay = — Gl i 3+ B i — 9" Foivias

= — gie (TSt ¥ K mia™) + 3 msi + Kaimi) = — BorLim+ 9 K iim + A K prisi + Kime)
= — g, 0 n+ 29K e, thus we get (2).
From (2-2) and (2-8), we have
gl ==l am—g, Tes =8l T =Gl s 7=—Ful a5 =—L: 17 thus we gat (7).
From (2-2) and (2-4), we have g,-,-(l‘,,’}u—[i-';n) =— g (Diw—T7m) =g w7, thus from (2-
6), we get g, (D/m—Tm) +gi, (T’ —Tws) =g, T 7 + gl 7 =0.  This shows(1), (5) and
(6). From (2-2) and (2-5) and (2-7), we have

D=gilTra=+Fg.Tra=gilnr +& T nt=—gult 7+ 8u L7 7) =—28mT: 5
This shows (8), (3) and (4). q.ed.
From lemma 4 and (2-1) we have the following equations.

Vil =D P Xty i K,

(2-9) Vo X;=1/:X3,

Vi X,=0,
Vs X =0.

§3. Projective transformations of 7T with the complete lift metric
Let X be an infinitesimal fibre-preserving projective transformation of 7M. 1t is

well known that X is an infinitesimal projective transformation if and only if there exists
a 1-form & of THM such that

LyVvZ~NylxZ =Ny Z=0(Y)Z+6(Z) Y
for every vector field Y and Z on 7M. Let (¢%¢") and (8,,6;) be the components of X
and @, respectively. Then X = v*X,+0" X5 and 6= ddc'+ 00", We compute the fol-
lowing three cases:

(3-1)  LaVxi X—VarlaxX;— Vixxn X;= 0(X3) Xo+ 0(X,) X5,

(3-2)  LaVia; X5—ViarLaX; —Vixan X5=0(X37) X5+ 0(X5) X5,

(3-8 l._\-V,-;,-,\_,—V,\;.L.\-.\’_,-f Vi X;=0(X) X, +6(X,) X
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By means of Lemma 1, Lemma 2, (2-9) and (3-1), we have
Left hand side of (3-1) = —{0°K.,"— X: (") T — X5 X (0") } X5,
Right hand side of (3 1) =607 X, 676,X;.
Thus we obtain
(3-4)  8;=0,
and
(3-5) vl — X (00T — X5 X, (0h) =624,
By means of Lemma 1, Lemma 2, (2-9), (3-4) and (3-2), we have
Left hand side of (3-2) = X7.X;(v") X3,
Right hand side of (3-2) = (826;+6165) X;=0
Thus we get X;X5(¢*) =0, hence we can put
(3-6) wvr=yTAi+B*"
where A% and B”* are certain functions which depend only on the variables (x") and the
coordinate transformation rule implies that A? and 8" are the components of a (1, 1)
tensor field A and a contravariant vector field B on M, respectively. Substituting (3-6)
into (3-5), we obtain
(3-7)  Kuo®+V,A6=gta,
where VA% the components of the covariant derivative ol A.
By means of Lemma 1, Lemma 2, (2-9), (3-6), (3-7) and (3-3), we have
Left hand side of (3-3)
=V V0 Ko v®) X+ (V. VB4 K. B
y (V VAN ASK o — ABK o+ 0V o Ko — 0V Ko V00 KV 00 K 5 X
Right hand side of (3-3) = (876, 818;) X,.,
where V;e” V;B" and V,K,;;* denote the components of covariant derivative of V, B and
the curvature tensor of M, respectively.
[Hence we have
(3-8) V. V,u'+ K,;;"ve= 656+ &4,
(3-9) V. V,B"+ K, "B =0
(3-10) V.V A5+ AGK i — ALK+ 09V 1K i — 00V Ky 09K iV 00 K =0,
Proof of Theorem. To prove Theorem, we need the following well known fact.
Lemmab. ([31). I « compicte Riemannian manifold M admits « non-isometvic
homothelic vector field, then M is locally Euclidean.
The equatin (3-8) shows that the induced vector field V =v"3/ax" is an infinitesi-

mal projective transformation. Hence we obtain Lv/,;= — (n—1)V.8,. Contracting /z and
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» in (3-10) and using (3-7), we get V:6,=0 which show #8,°=constant and K,;,“8.=0,
where §'=g"%f,. Putting w"= gV ,0"— A% then by (3-7) and (3-8), we have Vw,+
Vi, =260,0%;: where w;=gw® This shows the vector field W with the components
(20") is a homothetic vector field, thus by Lemmab5, we have #,=0. Hence X is an
infinitesimal fibre-preserving affine transformation of 74, and X naturally induces an
infinitesimal affine transformation V= a"fi of M. Conversely, let V =p* a

a_‘;h ath
infinitesimal affine transformation of M. We put X =X, + vV, e*X;, then X is an

be an

infinitesimal fibre-preserving affine transformation of 7 by means of (3-7), (3-8) and
(3-10).  Therefore the correspondence N — 17 gives a homomorphism of the Lie algebra of
infinitesimal fibre-preserving projective transformations of 74 onto the Lie algebra of

infinitesimal affine ones of M. This completes the proof of Theorem.
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