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Oninfmitesimalconfornlaltransformations 

ofthetangentbundleswiｔｈｔｈｅｍｅｔｒｉｃ 
Ｉ＋moverRiemannianmanifolds 
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Introduction，Letjl‘beann-dimensionalRiem2Tmi2nmanifoldwithametric 

ｇａｎｄｌｅｔＶｂｅａｖｅｃｔｏｒｆｉｅｌｄｏｎＡＩＬｅtusconsiderthelocalone-parametergroup 

(①!}oflocaltransformationsofnIgeneratedbyV､ThenViscalledaninfinitesi‐ 

malprojectivetransformation,ifeacMlisalocalprojectivetransformationof 

MItiswellknownthatVisaninfinitesimalprojectivetransformationifand 

onlyifthereexistsacovariantvectorfieldfonMwiththecomponents畠such

thatLvI]i1i＝5ii畠十ヴノ>5,whereL1,denotestheLiederivationwithrespecttoV

andI}'}thecoefficientsoftheRiemannianconnectionofjlf 

LetT伽）bethetangentbundleoverMandletのbeatransformationof

T(Ｍ)．Ｔｈｅｎのiscalledafibre-preservingtransformation,ifitpreservesljhe

fibres・ＬｅｔＸｂｅａｖｅｃｔｏｒｆｉｅｌｄｏｎＴ(ﾙ、，andletusconsiderthelocalone-

parametergroup｛の！｝oflocaltransformationsofT(皿）generatedbyX・Then

Xiscalledaninfinitesimalfibre-preservingtransformation,ｉｆｅａｃｈの,isaloca］

fibre-preservingtransformatiｏｎｏｆＴ(Ｍ)．Clearlyaninfinitesimalfibre-

preservingtransformationonT(Ｍ)inducesaninfinitesimaltransformationin 

thebasespace“Aninfinitesimalfibre-preservingtransformationXonT(〃）

iscalledaninfinitesimalfibre-preservingconformaltransformation,ｉｆｅａｃｈのzis

alocalfibre-preservingconformaltransformationofT(ＪＭＤ、LetGbea

Riemannianorapseudo-RiemannianmetricofT(』`）ＩtiswellknownthatXis

aninfinitesimalconformaltransformationofT(４１）ifandonlyifthereexistsa 
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scalarfunctiomQonT(､`)suchthatLxG＝２QG,whereLxdenotestheLiederi-

vationwithrespecttothevectorfieldX、

Inthepreviouspapers［1]，［２１weprovedthefollowingtheorems・

Theorem,LetLn)ea7z"dimensio7zQZRiemQ7z7ziQ7zma7zi/bZd,a7zdZetT(J`)beits 

tange7zij6zm雄Luiit/ｚｔｈｅｍｅｔ７ｉｃＩThe几ｅｕｅｍノｉｎ/ij"ijtesimZβ67apreSe7ui刀g

con/b7wLaJt7a几S/b7matio7zXo7zT(Ｍ)九am7aZM7zdⅡcesa7zii城nitesZmQJp7q/ec-

ZjIﾉet7q7zS/ｂ７ｍａｔｊｏ７ｚＶｏ〃MFu7t/zermo7eit/ｚｅｃｏ汀eSpo7zde7zceX→Ｖｇｊｕｅｓα

/zomomorp/Zismq／ifheLieaJgeけαｑ／in/ii7zitesimaZ/iiけep7ese7Uj7zgcon/b777zaZ

t7a兀日/b7mαitZonso7zT(皿）o7ztotheLiieqlgeけαｑ/、/Z7ziitesjmaJp7q/ectiUet7a几s‐

/b7wzatio"ｓｏ７ｚＭα"ｄｔ/ｉｅ/1DemcZq/ｔｈｉｓ/Zomomo7Tphiismis7zatzL7qJ肌somom/zjc

o7zifotheLieaZge67Qq/、/ii7ziitesimaZijsomet7Zesq/１Ｍ［

Theorem・Ｌｅｔｍ６ｅａｎ"diim7zsiio7zaZRiema7z7zia7z、α"(ﾉFbZd,a7zdJetT(１１）beiits

tq7zge7zt6u7zdZeuﾉﾉt/Ｗｉｅｍｅｔ７ｉｃＩ＋mZF/ze7zeUeDﾉi7T:/1j7zitesi77zQMけep7ese7Uing

co71/b7wzaZt7a7zS/b777zatiio7zXjsQ/io77zoit/betico7zea7zdilfindzJcesa7zi､/ii几iitesinzQZ

/Zomothetict7a7zS/b7wzqtio7zVo7zMFu7the7mo7et/zeco77eSpo7zde九ｃｅＸ→V

giひesahomomo7Tphijsmq/WzeLijealge6raqノド、J/ii7zitesijmaZJβiけep7ese7umg

con/b777zaZt7Q7zS/b777Latjo7zso7zT(皿）ｏ７ｚｔｏｔ/zeLieaqgeけαｑ／ｉ７城7ziitesj77zaZ

ho77zot/zeticかa7zS/bmzatio7zso7zM,α九diL/ze/ee7weJq/Ｔｈｉｓ/Lomomom/2isnzjs7zatzL-

7aZbﾉiso77zo7Tpﾉiiico7ztot/iet/teLieaJge6raq/ii7Zﾉ/)i〃itesi77zaZiiso77zeibjriiesQfＭ

Thepurposeofthepresentpaperisljoprovethefollowiingtheorem・

Theorem・Letm6ea7z7z-dj77ze7zsto7zaZRiiel'7za7mzqw7DQ7zi/bZd,q7zdJetT(皿）beits

ta7zge7zt6zmdZeLuilf/zZhemetricI-l-ⅡThe几ｅＵｅｍﾉj､/iinitestmMけe-p7ese7Uj7zg

co7Z/b777zaZt7a7zS/b7/7zatio7zXo7zT(〃）7zatu7aZ肌7zdhLcesQ7Lin/ii7zitesijj'7zaZp7q/ec-

ifiUet7a7zq/b7wzatZo7zVo7zj`・FLL7wbhe7wzo7et/zeco77eSpo7zdie7zceX→VgZuesa

homomomhis77Lq/ＺｈｅＬＺｅａＪｇｅｂ７ｑｑ/､i71/}j"iitesi77zaMb7ep丁ese7Di7zgcon/b777zqZ

t7a7zS/b7wLatjo"ｓｏ７ｚＴ(Ｍ）i7zitolfhGLieqZgeけαｑ/Znﾉﾉii/zjtesZmaJp7qjectiueZra7zs-

J/b7wLatio7zso7zM 
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§１.Preliminaries， 

LetI}AibethecoefficientsoftheRiemannianconnectionofMthenZ/`IBhjcan 

beregardedascoefficientsofthenon-linearconnectionofT(〃)，where

(ｚｉｙＩ)theinducedcoordinatesinT(Ｍ).Wedefine 

０ 

７－町＃蒜 殉一念Xﾙー aｎｄ 

then｛Xh,X7H｝arecalledtheadaptedframeofT(皿)，ａｎｄlet｛“'`’６Zﾉﾊ）bethe

dualbasisof｛X7L,Ｘ>Ｔ１ 

Ｗｅｃａｎｅａｓｉｌｙｐｒｏｖｅｔｈｅｆｏｌｌowinglemma、

Ｌｅｍｍａｌ､Ｚ７ｚｅＬｉｉｅ６７ａｃﾉ1eerssqtiiSbﾉIfhej/bJZouﾉj7zg.． 

［X),Ｘｉ］＝z/rK)ir"!X;ｦ７， 

［XbX)]＝I}WX;77, 

［x;,恐]＝０，

LU/Ze7e凪′"‘delZOtetheCOmlDO刀e7ZtSq/TheCUrUqtn7ete7ZSO7q/皿

LetXbeaninfinitesimalfibre-preservingtransformationonT(〃）ａｎｄ

Ｍ"ﾉ`)thecomponentsofXwithrespecttotheadaptedframe（X>1,Xi『}、

ThenXisfibre-preservingifandonlyifDhdependonlyonthevariables（〃")．

clearlyXinducesaninfiniIjesimaltransformationVwiththecomponenljs2ﾉﾉＪｉｎ 

ｔｈｅｂａｓｅｓｐａｃｅｊｌｆＬｅｔＬｘｂｅｔｈｅＬｉederivationwithrespecttoX,thenwehavethe 

followinglemma、

Ｌｅｍｍａ２．（See［1])．Ｔ７ｚｅＬｉｅｄｅ７ｉＵａｔｉｕｅｓｑ／theadqptedかａｍｅａ７ｚｄｔｂｅｄｕａＺ

６ａｓｉｓａ７ｅｇｚue7zas/bJJoLus.. 

(1)Lxx),＝－０伽"ｌ１ｘｂ＋(zMrhcb"－ひ【ｎ%－xA("α))x古，

(2)LxX77＝けrl,ｆｉ－Ｘｹｱ(ひα)}Ｘ白，

(3)二ｘｄｚｈ＝0,,jphdr''２，

(4)LjPZノハーー(ＷＫｈ,･しルーDbrbl1-Xhi(ひ伽)}dZm-(UqrbA-X;ﾃｱ(ひ伽))６z/"１．

ＬｅｔｇｂｅａＲｉｅｍａｎｎｉａｎｍｅｔｒｉｃｏｆＭｗｉｔｈcomponentsZi,ｔｈｅｎｗｅｓｅｅｔｈａｔ 

ｌ：ＧＩ＝gjiarj上zＺｉ
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Ⅱ：ＧⅡ＝２gjidZrj〃，

Ⅲ：０m＝gﾉｶﾞ〃ﾉ〃i

areallquadraticdifferentialformsdefiendgloballyinT(JlDandthat 

Ⅱ：2玲販⑫ｉ

ｌ＋Ⅱ：gﾉｶﾞdrjtZri＋29/idzbZ/〈

Ｉ＋Ⅲ：＄drjtz〃#＋噸zﾉﾉ⑫'，

Ⅱ+Ⅲ:2鍬drj6`+gﾌﾞpz/'6z/I,

areallnon-singularandconsequentlycanberegardedasRiemannianor 

pseudo-RiemannianmetricsinT(Ｍ)． 

Ｌｅｍｍａ３.(See[1])．Ｔ/teLiede7iUatiuesLxGI，ＬｘＧｎａ几dLxGma7egiue7zas

/bZZoLusJ 

(1)ＬｘＧ，＝（Lvgﾌﾞ！)`rjdrz， 

(2)％LxGn＝－gji,!{ＷＸ１℃b''１－UWi-X}(ひ施)MrjtZZ：

＋(Ｌ1,9/i-gﾌﾞ,,,Ｗﾉ"!＋gﾌﾞ,,rxXUm)}〃〃i；

(3)LxGm＝-29,"i(Z/bUqK;i""2-,Ｗ>-Xi(ひ"')}dZj5Zノガ

ー'一{二V鍬-29"ﾘＷﾉ"＋291"けX;(が"))〃6z/：

、/ze7eLvgjUde几otethecompo7ze7ztsq/theLiede7jUatiIﾉe二ｖｇａ７ｚｄＷﾉmthecompo-

7ze〃ｔＳＱｊ/ＺｈｅＣＯＵａｒｊＣｍｔｄｅ７ｊＵａｔｉＵｅｑ/Ｖ、

§２.Infinitesimalconformaltransformationsofthetangentbundleswiththemetricl 

＋Ⅱ 

LetＴ(皿)bethetangentbundleoverjl`withthemetricl＋Ⅱ,andletXbean

infinitesimalfibre-preservingconformaltransformatｉｏｎｏｎＴ(皿),thatis,there

existsascalarfunctionQonT(ADsuchthat≦xＧＩ＋ｕ＝２ＱＧ,÷,,． 

ThenfromLemnza3,ｗｅｈａｖｅ 

(2ユ）Lvg/ｆ－２Ｑ＄＝の,`(Ｗﾉ噸一X;(〃"))，

and 

(２２）Ｌ１，９ﾉｶﾞｰ2Qgﾌﾞf＝の"(Z/bzﾉqHqcbm-"６１V'ii-Xl(ひ”)）

＋gmi(z/しり９K)むり'施一ＷＶ')-X，(ひ､))．

－４－ 
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Propositionl.〃/ｚｅｓｃａＺａ７/tmctjo7zQo几Ｔ(〃）depe7zdso7zZyo几ｔｈｅｚﾉa7jqb化ｓ

(ｴﾊ）ｕﾉit/i7eSpecttothei7zdtJcedcoo7dij1zaZes（r'Ｗｈ)． 

ProofApplyingX)Etothebothsidesoftheequation(２．１),ｗｅｈａｖｅ 

２Xi［(Ｑ)gﾉﾄﾞ＝ｇﾌﾞｶﾞ,ｌＸｉ５Ｘｉ(びり，

fromwhichweget 

xir(ＱＭ=xi(Q)gjk, 

itfollowsthat 

（"－１)ｘ１５(Ｑ）＝０． 

ThismeansthescalarfunctionQonT(１Ｍ｢）dependsonlyonthevariables（rA） 

withrespecttotheinducedcoordinates（zｈ,Ｚ/h)．ＱＥＤ 

ＴｈｕｓｗｅｃａｎｒｅｇａｒｄＱｉｓａｆｕｎｃｔｉｏｎｏｎＭ,ｉｎthefollowingwewritePinsteadof 

Q、

Ｆｒｏｍ(２１)andＰ｢qposZtionZ,ＸＸＵ"）dependonlyonthevariables（"伽)，ｔｈｕｓ

ｗｅｃａｎｐｕｔ 

(2.3）DルーZ/qA/`α＋Ｂｈ，

whereＡ/lnandBharecertainfunctionswhichdependonlyonthevariablesCrh)． 

FurthermorewecanshowthatAﾉｉｃａｎｄＢﾊarethecomponentsofa（1,1）tensor 

fieldandacontravariantvectorfieldonMrespectively､ 

Substituting(2.3）into（２１）ａｎｄ(2.2),ｗｅｈａｖｅ 

(2.4）Lvg/i-2pgr-gm`Ｗﾉ"!＋ｇＭｊ１;＝０， 

(2.5）Ｌ1,9/'-2,09ﾌﾞj＋ｇｊ"叩"!＋gii,"ｖﾌﾞB"!＝０，

and 

(２６）ｆﾉ｡(Kと”十K砿)＋ｇｊ腕WTi-l-g,"iWT'i＝０，

where▽；BmandWYidenotethecomponentsofthecovariantderivativeofthe 

vectorfieldB=(B&)andthe(1,1)tensorfieldA=(AA),respectively・

Propositon2.Ｔ/zeUectoir/ijeJdVLuiit/Ｚｔｈｅｃｏ刀Zpo7ze7zts（Ｕ"）jsa7zin/ii7zjtesZmaZ

p7cL7ectiuet7α九s/b7wzationp7zM、

ProofFrom（2.4),ｗｅｏｂｔａｉｎ 

－５－ 
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伝
●

銑ｌＷＴ'１i＝▽ん(2Pgﾉｶﾞｰ1-9》"Ｗﾉ'''一Lvgﾌﾞi）

＝2,0ｋｇﾌﾞi-l-gji,１ＶⅢＷﾉ"１－▽ＩＡｇﾉｶﾞ 

＝2Ｍｊｉ+gjW二vIW1i-Kb胸j､"鰹)－(LvVkg/i+L瓜?gａｔ+LVIXaigjiw）

＝2pkgji-Kb""Q-LvIYiigiai・

Substitutingtheaboveequationintｏ（2.6),wehave 

LvI)ドーヴiipf+6'泌

HenceVisaninfinitesimalprojectivetransformationonMQED 

FromP7qpositjo7z2,thecorrespondenceX→Vgivesahomomorphismofthe 

Liealgebraofinfinitesimalfibre-preservingconformaltransformationｓｏｎ 

Ｔ(Ｍ)intotheLiealgebraofinfinitesimalprojectivetransformationsonjｌｆＴｈｉｓ 

ｓｈｏｗｓｔｈｅｐｒｏｏｆｏｆｔｈｅｔｈｏｒｅｍ・

ＩｆｗｅｐｕｔＷ＝Ｖ＋Ｂ，ｔｈｅｎＷｉｓａｎｉｎｆｉｔｅｓｉｍalconformaltransformationon 

mｂｙ（2.5)．ThereforeifTCM｢）admitsaninfinitesimalfibre-preserving 

conformaltransformatiｏｎ,ｔｈｅｎｔｈｅｂａｓｅｓｐａｃｅｎＩａｄｍｉｔｓａｎｉｎｆｉnitersimalpro-

jectivetransformationandaninfinitesimalconformaltransformatiolL 

Conversely,ｗｅsupposemadmitsaninfinitesimalconformaltransformationW 

andaninfinitesimalprojectivetransformationVsuchthatLvg/j＝2,0＄and 

LvI)I＝61ｉｐｉ+6jiMoハrespectivelyThenwecanprovethｅｖｅｃｔｏｒｆｉｅｌｄＸｏｎ

Ｔ(〃）ｄｅｆｉｎｅｄｂｙ

Ｘ＝〃｝<Ｘｈ＋(z/qA/`煙十Ｂｈ)X77

isaninfinitesimalfibre-preservingconformaltransformationoｎＴ(ＡＩ)，where 

tﾉﾊａｎｄＢＡａｒｅｔｈｅｃｏｍｐｏｎｅｎｔｓｏｆＶａｎｄＷ－Ｖ,ａｎｄＡ/ｉｑａｒｅｄｅｆｉｎｅｄｂｙ 

Ａﾉｈａ＝ｇｈ"j(2pgmu＋Ｗﾉ,"一二vghia)．

－６－ 
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