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of the tangent bundles with the metric
I+1I over Riemannian manifolds

By Kazunari YAMAUCHI

Introduction. Let M be an n-dimensional Riemannian manifold with a metric
g and let V be a vector field on M. Let us consider the local one-parameter group
{#,} of local transformations of M generated by V. Then V is called an infinitesi-
mal projective transformation, if each ¢, is a local projective transformation of
M. 1t is well known that V is an infinitesimal projective transformation if and
only if there exists a covariant vector field £ on M with the components & such
that L,.1}% = 5;} E+ 6" &, where L denotes the Lie derivation with respect to V
and [; " the coefficients of the Riemannian connection of M.

Let T(M) be the tangent bundle over M, and let @ be a transformation of
T(M). Then @ is called a fibre-preserving transformation, if it preserves the
fibres. Let X be a vector field on 7(M), and let us consider the local one-
parameter group {@,] of local transformations of T(M) generated by X. Then
X is called an infinitesimal fibre-preserving transformation, if each @, is a local
fibre-preserving transformation of 7(M). Clearly an infinitesimal fibre-
preserving transformation on T(M) induces an infinitesimal transformation in
the base space M. An infinitesimal fibre-preserving transformation X on T(M)
is called an infinitesimal fibre-preserving conformal transformation, if each @, is
a local fibre-preserving conformal transformation of T(A). Let G be a
Riemannian or a pseudo-Riemannian metric of T(M). It is well known that X is

an infinitesimal conformal transformation of T'(Af) if and only if there exists a
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scalar function 2 on T(M) such that LG = 202G, where Ly denotes the Lie deri-
vation with respect to the vector field X.

In the previous papers [1], [2], we proved the following theorems.

Theorem. Let M be an n-dimensional Riemannian manifold, and let T(M) be its
tangent bundle with the metric 11 . Then every infinitesiml fibre-preserving
conformal transformation X on T(M) naturally induées an infinitestmal projec-
tive transformation V on M. Furthermore the correspondence X — V gives a
homomorphism of the Lie algebra of infinitesimal fibre-preserving conformal
transformations on T(M) onto the Lie algebra of infinitesimal projective trans-
formations on M, and the kernel of this homomorphism is naturally isomorphic

onto the Lie algebra of infinitesimal isometries of M.

Theorem. Let M be an n-dimnsional Riemannian manifold, and let T(M) be its
tangent bundle with the metric 1 + 1. Then every infinitesimal fibre-preserving
conformal transformation X is a homothetic one and it induces an infinitesimal
homothetic transformation V on M. Furthermore the correspondence X = V
gives a homomorphism of the Lie algebra of infinitesimal fibre-preserving
conformal transformations on T(M) onto the Lie algebra of infinitesimal
homothetic transformations on M, and the kernel of this homomorphism is natu-

rally isomorphic onto the the Lie algebra of infinitesimal isometries of M.

The purpose of the present paper is to prove the followiing theorem.

Theorem. Let M be an n-dimensional Riemannian manifold, and let T(M) be its
tangent bundle with the metric 1 + 11. Then every infinitesiml fibre-preserving
conformal transformation X on T(M) naturally induces an infinitesimal projec-
tive transformation V on M. Furthermore the correspondence X — V gives a
homomorphism of the Lie algebra of infinitesimal fibre-preserving conformal
transformations on T(M) into the Lie algebra of infinitesimal projective trans-

Jormations on M.
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§ 1. Preliminaries.

Let I;". be the coefficients of the Riemannian connection of M, then I’ ' hocan
be regarded as coefficients of the non-linear connection of T(M), where
(2" ¥") the induced coordinates in 7(M). We define

a a m a 6
Xhzﬁ_y[‘ﬂ kaym and XE:Tyh

then {X,,X;) are called the adapted frame of T(M), and let {dz" 63"} be the
dual basis of {X,, X3;}.

We can easily prove the following lemma.
Lemma 1. The Lie brackets satisfy the following:
[X:.X;] = y'K,;," X5,
[X:.X;] = I, X5,
[X;, X;] =0,

m

where K;" denote the components of the curvature tensor of M.

Let X be an infinitesimal fibre-preserving transformation on 7(M) and
(v" 0" the components of X with respect to the adapted frame {X,,X;}.
Then X is fibre-preserving if and only if »" depend only on the variables (z").
Clearly X induces an infinitesimal transformation V with the components »" in
the base space M. Let Ly be the Lie derivation with respect to X, then we have the
following lemma.

Lemma 2. (See [1]). The Lie derivatives of the adapted frame and the dual
basis are given as follows:
(1) LyX, = —0,0°X,+ (y*°K,,°— oI, — X, (v} Xz,
(2) LyXz= {v"T,%— X;(vM)} X5,
(3) Lydx" = 6,0 dx™
() Lyoy" = — (§"0'K,0"— "I, — X, (v} dz™ — (', ", — X ()} 6y™

Let g be a Riemannian metric of M with components g;, then we see that

I : G; = gydridz’



4 On infinitesimal conformal transformations of the tangent
bundles with the metric I +1I over Riemannian manifolds

I :G, = 2g;dr'y’,
M : Gy = g,;64'8y’,
are all quadratic differential forms defiend globally in T(M) and that
I : ZQﬁdricSyi,
I+1 : gdr'ds’'+2g,dz’sy’,
I +1 : gydz'dx’+g,0y'5y"
I +10 : 2g;dx’8y’ + 9,608y’
are all non-singular and consequently can be regarded as Riemannian or
pseudo-Riemannian metrics in T(M).
Lemma 3. (See [1]). The Lie derivatives L3xG;, LyG; and LxGy are given as
Sfollows:
(1) LxG; = (Lygz)dr'de’,
(2) YLyGy = —Gumly'v'Kiy"— "I, "~ X,(v™)} d'ds’
+{L 1= V0" + G, Xi (™)) d'BY,
(3) LyGp= —2g,,,,-{y"v”K,-d,'"—UEI}"}—XJ-(U’;)}dx”Sy‘
+{L g — 20, V™ +2g,,Xi( ™)) Sy’
where Lg;; denote the components of the Lie derivative L,g and V;v™ the compo-

nents of the covariant derivative of V.

§ 2. Infinitesimal conformal transformations of the tangent bundles with the metric I
+ 1.

Let T(M) be the tangent bundle over M with the metric I +1I, and let X be an
infinitesimal fibre-preserving conformal transformation on T(M), that is, there
exists a scalar function 2 on T(M) such that LG, = 2QG, . ;.

Then from Lemma 8, we have

(2.1)  Lyg;=290; = g (V"= X;(s™),

and

(2.2)  L,8:—200; = 6u(¥'vKis"— 0T, " X,(v™)
+ G (YUK, — 0T, ™ — X, (0™)).
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Proposition 1. The scalar function @ on T(M) depends only on the variables
(x") with respect to the induced coordinates (z", y").
Proof. Applying X; to the both sides of the equation (2. 1), we have
2Xz (g, = GimXiX: (0™,
from which we get
Xi(Dg; = X:(QD gy,
it follows that
(n—1)Xz(R) = 0.
This means the scalar function 2 on T(M) depends only on the variables (z")

with respect to the induced coordinates (z", y"). Q. E. D.

Thus we can regard 2 is a function on M, in the following we write p instead of
Q.
From (2.1) and Proposition 1, X;(v;) depend only on the variables (z"), thus
we can put
(2.83) o =y"4* +B"
where A", and B" are certain functions which depend only on the variables (z").
Furthermore we can show that A", and B" are the components of a (1, 1) tensor
field and a contravariant vector field on M, respectively.
Substituting (2. 3) into (2. 1) and (2. 2), we have
(2. 4) Lyvgi—208;— GimVit" +9imA"; = 0,
(2.5)  Lygy—209;+gimV:B"+9,,V;B" =0,
and
(2.6) V(Ko + Kojs) + Gim Vil + iV AT = 0,
where V,B™ and V;A", denote the components of the covariant derivative of the
vector field B = (B") and the (1, 1) tensor field A = (A4"), respectively.
Propositon 2. The vector field V with the components (v") is an infinitesimal
projective transformation on M.

Proof. From (2.4), we obtain
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Vi = V2085 GimVit" — L vG5)
= 2085+ FmVi V0" —ViL gy
= 2010+ Gim (LT "= Ko™ V") — (Lo Vgt LoD 90t Lyl )" 1Gja)
= QPij:_Kqu”a_I- Vrkajgai-
Substituting the above equation into (2. 6), we have
f—vrjhi = 6hjﬂf+5hipj-

Hence V is an infinitesimal projective transformation on M. Q. E. D

From Proposition 2, the correspondence X — V gives a homomorphism of the
Lie algebra of infinitesimal fibre-preserving conformal transformations on
T(M) into the Lie algebra of infinitesimal projective transformations on M. This
shows the proof of the thorem.

If we put W = V+B, then W is an infitesimal conformal transformation on
M by (2.5). Therefore if 7(M) admits an infinitesimal fibre-preserving
conformal transformation, then the base space M admits an infinitersimal pro-
jective transformation and an infinitesimal conformal transformation.
Conversely, we suppose M admits an infinitesimal conformal transformation W
and an infinitesimal projective transformation V such that L,g; = 20g; and
LVI}’} = 6'}p,-+6",- p;, respectively. Then we can prove the vector field X on
T(M) defined by

X = "X, + (y°A" +B"X;
is an infinitesimal fibre-preserving conformal transformation on T(M), where
" and B* are the components of V and W—V, and A", are defined by

Ay = g" (20G s+ VaUn = LyGa)-
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