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On Scalar Curvatures of Tangent Bundles

of Riemannian Manifolds

Kazunari Yamavchi

Introduction.

Let M be an n-dimensional Riemannian manifold and T(M) be its tangent bundle.
It is well known that there exist many Riemannian or pseudo-Riemannian metrics
in T(M). which are defined by K.Yuano and S.Ishihara. ([1]). Concerning these
metrics, they showed following theorem.

Theorem 1. Let M be an n-dimensional Riemannian manifold and T(M) be ils
tangent bundle with the metric Il or 14 I, then the scalar curvaiur of T(M)
vanishes.

The purpose of the present paper is to calculate the scalar curvatures of T(M)
with the metric I + Il or Il + [, and prove the following theorem.

Theorem 2. Let M be an n-dimensional Riemannian manifold and T(M) be ils
tangeni bundle with the metric 1 + Il or [l + [ll. If the scalar curvature of T(M)
ts constanl, then M is a locally flat space.

For the case with the metric T + [III, see [2].

§1. Preliminaries.
Let 7 be the natural projection of T(M) onto M and (U, 2")! be a local coordi-

nate system of M. Then each 7 '(U) admits the induced coordinates (z", y").
Putting z"=y", we often write (x", y") as (z*). The indices a, b, c, ..., h, i, 3

run over the range 1, 2, 3, .., nand A, B, C, ..., P. Q, R, ... run over the range
1,2 3 ..,n, 1, 2, 3 .., n. The summation convention will be used with respect

to this system of indices.
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1. 1. Non-linear connections. Let N be a non-linear connection of T(M), that is,
N is a distribution N:p € T(M) — N3 C T(T(M))# such that
T(T(M)s =N +T(T(M))*, (direct sum),
where T(T(M)); is a tangent space of T(M) at p and T(T(M))" is a subspace of
T(T(M))s generated by 8/9y" (h=1, 2, ..., n). Functions N on T(M) which satisfy
the following coordinates transformation rule are called coefficients of the non-

linear connection N :

. 9z" [ 3 2*x" L
4 .Thi,_:‘* T Nhi+ == T 8 ).
(1. 1) N ox" ( ox' 3x'9x* 7
Let I';", be the coefficients of a Riemannian connection of M, then
(1. 2) }'arahi

satisfy the transformation rule (1. 1), thus, in the following, we use (1. 2) as the

coefficients of the non-linear connection of T(M). We put

g g b by
ox' Ox Oy

(1. 3) i _—J'Vh

then we can easily prove |§/0x'|i=1, 2, ..., nl is a local basis of N7, and we call
(6/62", 9/2y") the N frame of T(M). In the following, we write (X, X5) for the
local basis (8/8x", 8/2y"™) of T(T(M)) for simplicity and let (dx"™, &y") be
the dual basis of (X, X37).

1. 2. Linear connections. Let ¥ be a linear connection on T(M) and T,* be the
coefficients of Vv, that is, [y* satisfy the following
T, X=X b R X,
LV-’Q.\-,.XJ:F,-—“XXm-i-ﬁE‘iXE,
T =T Xk T el
T\_f_'x EX = -I‘Jj-mem =+ F,— E’TXE,
from which, we have
Exidxh=—Fm“‘dxm—ﬁlhlﬁym,
Ewié‘y": TR de™ =Ty,
Ex;dxh = —th;dxm—ﬂlhﬂ‘ym,
_iqb\yh = "‘me‘i‘dxm'—ﬁ"f?@ym,
According to (1. 1) and (1. 2), the Lie brackets satisfy the following
(X1, X))=y"K"Xr,
(1. 6) (Xi, X3)=T\" Xz,

(1. 4)

(1. 5)
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where K" denote the components of the curvature tensor of M and I',"; the
coefficients of a Riemannian connection of M.
1. 3. Riemannian or pseudo-Riemannian metrics of 7(M). Let g;; be the compo-
nents of a Riemannian metric of M, then we see that
I : gudx'ds',
I : 2gndx’dy’,
I : g,-aff.y"(?}'i,
are all quadratic differential forms defined globally in the tangent bundle T(M)
and that
I : 2gdx'6y',
I +11° gidaide'+ 2g,:dx'6y',
I+ gda'da’+g;:6y'8y,
[+ : 2g,dx'sy +a,8y8y',
are all non-singular and consequently can be regarded as Riemannian or pseudo-

Riemannian metrics in the tangent bundle T(M).

§2. The coefficients I',*: of V.
[et g be the Riemannian or pseudo-Riemannian metric defined above and E be

the Levi-Civita connection of T(M), that is, E satisfies

(2. 1) v.g=0, for VX € T(T(M)),
and
(2. 2) T(X, Y)=viY—wX—(X, Y)=0, for VX, Y € T(T(M)),

where T(X, Y) denotes the torsion tensor of T(M).
From (1. 4), (1. 6) and (2. 2), the coefficients T'y* of the Levi-Civita connection
v satisfy the following

Th=T\", Th=T" 4y K",
(2. 3) =T, T/ =T+
EhT:ﬁh__‘ FE :T‘_E

Then from (1. 5), (2. 1) and (2. 3), we have the following propositions.
Proposition 2. 1. Let M be an n-dimensional Riemannian manifold and T(M)
be ils tangent bundle with the metric 1, then the coefficients I'ye salisfy
thl:I‘jhh T‘—-ﬁs:erruh
T=1), T5=0,
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Fj'hi:Pjhi, I-‘jhl:Oy
thi o 0, PThI —_— 0‘
Proposition 2. 2. Lel M be an n-dimensional Riemannian manifold and T(M)

be its tangent bundle with the metric | + Il then the coefficients Ty'c salisfy

thi:r‘jhi; Fiﬁi:errijhs
—I—T,‘hi: 0, Fihi:").
F’jji:Pjhi, Fjliizos
_7]1_7:0 Eﬁi:{l

Proposition 2. 3. Lel M be an n-dimensional Riemannian manifold and T(M)

be ils tangent bundle with the meiric 1 -+ lll, then the coefficients I's*c salisfy

thizr\jhl’ Fjiai: 1'2)’].K,-irh.

thi: I;I _'}'!-K[-jih, thf: li,’errijh, .
Iﬁleihn Pj_izoa

Th=0, =0,

Proposition 2. 4. Lel M be an n-dimensional Riemannian manifold and T(M)
be its tangent bundle with the meivic [l 4 lll, then the coefficients Tl salisfy
T‘_jhs: Fihi = lz;B'r(Krijh'FKrnh),
Fiﬂi:err‘ifha

Rl : ¥ h r h
F]hiz—l?,yIKr'ji], FJIi_*—i‘a_‘Y Keis,
T h T - h
FThi:thi + lﬂj'rKl‘jih\ Pj ]T— IE‘VlKrij s
_ﬁh . _h

Fj T 01 1_‘1 X 0

§3. The scalar curvatures of T(M).
The curvature tensor K of T(M) is defined by
KX, V)Z=VxWZ—VsVxZ—VxnZ
and let z. be the components of g and Kauep the components of K, that is,
Ker=BKX s Xed Wi o)
Then the scalar curvatur S of T(M) is given by
S=7"Kens®
where z*® denote the components of the inverse matrix of (i) and Kcas®=
8% Keaso.

By means of Proposition 2. 1 or Proposition 2. 2, we can easily prove Theorem

From Proposition 2. 3 or Proposition 2. 4, we can prove the following propositions.
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Proposition 3. 1. Let M be an n-dimensional Riemannian manifold and T(M)
be ils langent bundle with the metric 1+ lll, then the scalar curvalure S of T(M)
is given by

8=8—Y ¥"y*Krapc K%
where S denotes the scalar curvalure of M.

Proposition 3. 2. Let M be an n-dimensional Riemannian manifold and T(M)
be its tangent bundle with the metric 1l + I, then the scalar curvature S of T(M)
is given by

S=—3 8+3/8 5y KrancK:™*
where S denoles the scalar curvalure of M.

From Proposition 3. 1 or Proposition 3. 2, it follows that

Theorem 2. Lel M be an n-dimensional Riemannian manifold and T(M) be ils
tangenl bundle with the melric 1+ 1l or Il + M. If the scalar curvature of T(M)

is constanl, then M is a locally flal space.
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