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Introduction、

LetMbeann-dimensionalRiemalmianmanifoldandT(Mbeitstangentbundle、

ＩｔｉｓｗｅｌｌｋｎｏｗｎｔｈａｔｔｌＩｅｒｅｅｘｉｓｔｍａnyRiemannianorpseudo-Riemannianmetrics 

inT(Ｍ).ｗｈｉｃｈａｒｅｄｅｆｉｎｅｄｂｙＫ・Ytz〃ｏａｎｄＳＩＳｈｊｈｑγａ.（[11).Concerningt11ese

metrics，theysl1owedfollowingtheorem・

Theoreml、ＬｅｔｌＩ６ｅａ，!〃(li7"G"sjo,ｚｑｌＲｌｉｅｍｑ"灯jαｿMｻﾞ"α'21/ｂｌｄｑ,ｚｄＴＭ６ｅｉｊｓ

Ｚａ，zgP↑zj6TL7zルビojt/jthemeZγｌｉＣＨ０γ’十Ⅱ，ｌｌＡＧｎｌｂｅｓｃａｊＱ７ｃ“７２）qZ2(γｑ／Ｔ(Ｍノ
リα〃tsAes、

Thepurposeofthepresentpaperistocalculatetllescalarcurvaturｅｓｏｆ７Ｗ） 

ｗｉｔｌ１ｔ１１ｅｍｅｔｒｉｃｌ＋ｍｏｒｕ＋Ⅲandprovethefollowingtheorem、

Theorem2、Letルヅｂｅｑ７ｌ鵬dlime，zsio"αｌＲｉｅｍｕ'1,Ｄｊｑ７１ｍｑｍ/ｂｌｄｑｎｄＴ(Ｍ６ｅｉｔｓ

Ｚａ"gG〃Ｚｌ)!`仰dle2oiii/Ｂｉ/ze171ctﾂﾞﾉＣｌ＋ｍｏｒＨ＋IIlUjAcscqlqrcⅢrDqZz↓ｒＧｑ/ＴＷ）

ｚｓｃＤ〃Ｍｚ１ｚムZAe↑ＬＭＺｓα〃c(zlly/ｌｑｌｓｐｑｃｅ

Ｆｏｒｔｈｅｃａｓｅｗｉｔｈｔｌ]ｅｍｅｔｒｉｃｌ＋Ｈｓｅｅ［2１ 

§LPreliminaries、

Ｌｅｔ元bethenaturalprojectionofT(ＭｏｎｔｏＭａｎｄｌ(Ｕ〃りIbealocalcoordi‐

natesystemofMTheneach汀－１(U)admitstheinducedcoordinatesfr１１，ｙ'ｿ．

Puttingjch＝y'１，ｗｅｏｆｔｅｎｗｒｉｔｅ化'],,,'ソａｓ化A).Theindicesa，６，ｃ,…，A，Ｚ,ｊ,…

ｒｕｎｏｖｅｒｔｈｅｒａｎｇｅＺ,２，３，…、７ＬａｎｄＡ,Ｂ，Ｃ,…，ＲＱ，Ｒ，…ｒｕｎｏｖｅｒｔｌ]ｅｒａｎｇｅ

Ｌ２，３，…，１２，Ｚ，２，３，…，何．Thesummationconventionwillbeusedwitllresl〕ect

tothissvstemofindices． 
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１．１.ＮＣ血linearconnections､LetNbeanon-linearconnectionofT(M),tl1atis，

lVisadistribution｣V:万ｅＴ(M--→ｊＶＦＣＴ(T(〃昨suc}1ｔｌＩａｔ

Ｔ(T(Ｍルー1Ｗ＋Ｔ(T(M)ﾉv，（directsum)，

ｗｌｌｅｒｅＴ(T(ＭﾉﾉｧｉｓａｔａｎｇｅｎｔｓｐａｃｅｏｆＴ(M)ａｔｊ５ａｎｄＴ(T(Mﾉﾉｖｉｓａｓｕｂｓｐａｃｅｏｆ 

Ｔ(T(M)ﾉFgeneratedbya/a)Ｍ１＝1,2,…，〃lFunctionsⅣｌｎｉｏｎＴ(M)whichsatisfy

thefollowingcoordinatestransformationrulearecalledcoefficientsofthenon‐ 

linearconnectionArf 

M1vルー器(募jwa三菱Ｊ）
Ｌｅｔ]Djl1ibethecoefficientsofaRiemannianconnectionolM,ｔｈｅｎ 

ｑ２ノyarahi

satisfythetransformationｒｕｌｅ（１１),thus,inthefollowing,ｗｅｕｓｅ（1.2)asthe 

coefficientsofthenon-linearconnectionofT(M).Ｗｅｐｕｔ 

＆ 

券-烏-肥十(１．３）－ 

tl1enwecaneasilyproveMi:1,ilii＝ｊＬ２,…,ｻﾞLlisalocalbasisoflWandwecal］ 

(a/〃,ａ/ayh)the｣ＶｆｒａｍｅｏｆＴ(M).Intllefollowing,ｗｅwrite(Xh,Ｘ面)forthe

localbasis（a/6難､,ａ/ayh）ｏｆＴ(T(Mノノforsimplicityandlet(｡鯨'１，６１，h）ｂｅ

ｔｌ１ｅｄｕａ］basisｏｆ(Xh，胸)．

１．２.Linearconnections・Ｌｅｔ▽bealinearco]ｍｅｃｔｉｏｎｏｎＴ(MandlBAcbethe

coefficientsof▽、thatis,Iylcsatisfythefollowing

▽x`Ｘｊ＝rjmiXm＋ｒｊｍｉＸｉ７Ｔ、

▽x`Ｘ７＝T7miXm＋BmiX17T， 
(１４リ

▽x7Xj＝Tjn:Xm＋Pjn:Xi7T， 

▽x7X7＝IYPXm＋r了mTXiTT，
fromwhich，ｗｅｈａｖｅ 

▽xZd"h＝＿nnhicLUm-rHiniaym， 

▽x`ａｙｌ１＝一rmhId勿ｍ－ｒｍｌ１ｉａｙｍ，
(１．ｺ 

▽x7d"h＝－rmlT7d〃m-riYinT町１m，

▽x76yh＝-,,,7.妬ｍ－ｒｍｎＴ町,m・

Accordingto（1.1）ａｎｄ（L2MheLiebracketssatisfythefollowing 

〔X,,Ｘ)〕＝y』YiGirmX祠，

nｏ〔Ｘｉ,XjJ＝IYnixi71，

－２－ 
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〔x了,ｘ；〕＝０，

whereＫ〕i『mdenotetlIecomponentsofthecurvaturetensorofMandrjmithe

CoefficientsofaRiemannianconnectionofM 

L3・Riemannianorpseudo-RiemannianmetricsofT(Ｍ,Letgjibetl1ecompo-

nentsofaRiemannianmetricofMtl1enweseethat 

l：gji〔Ｍｌｒｉ．

Ⅱ：２８皿(ＭＭ

ｌｌｌ：gjidydyi， 

areａｌｌ〔luadraticdifferentialformsdefinedgloballyinthetangentbundleT(Ｍ
ａｎｄｔｈａｔ 

Ⅱ：２gjid〃Jayi，

Ｉ＋Ⅱ：gjid"jd几i＋２gjidrj6yi，

Ｉ＋Ⅲ：gjid応j“i＋gjiayj6yi，

Ⅱ+Ⅲ:2gjidjUj6y+gjiayW, 

areallnon-singularandconsequentlycanberegardedasRiemannianorpseudo-

RiemannianmetricsinthetangentbundleT(川．

３ 

§2．ThecoefficientsrIjAcof▽・

Ｌｅｔ百betheRiemanI1ianorpseudo_Riemannianmetricdefinedabovean。▽be

tlIeLevi-Civitaconnectiｏｎ()［Ｔ(１V),ｔｈａｔis，▽satisfies 

(2.1ノ▽x百＝Ｏ１ｆｏｒＶＸＥＴ(T(Ｍﾉ，

ａｎｄ 

２２ノＴ(ＸＹ)＝▽ｘＹ＿▽ｙＸ－〔X,Ｙ〕＝0,forVX，ＹｅＴ(T(M)人

wl1ereT(X，ＩリdenotesthetorsiontensorofT(Ｍ、

Ｆｒｏｍ（Ｌの,（１．６)ａｎｄ(2.2ﾉ$thecoefficientsn1A(>oftl1eLevi~Civitaconnection

▽satisfythefollowing 

rjhi＝rihj， rjhi＝rihj＋yrKjirh1 

但列r7hi＝ｒｉ肘了， Ｔ了､i＝rih了十Tjhi，

T7lj7＝ｒＴｈ７， P7hi＝TTh了．

Ｔｈｅｎｆｒｏｍ（Z,５),区Ｚノａｎｄ（2.3ﾉ,wehavethefollowingpropositions・

proposition２．１．ＬｅＺＭ６ＧＱ刎汗diime汎SiiO7DqlRjGmqmZiiα〃mQmybZ‘Ｑ１ＺｄＴ(Ｍ

６ＧｉｉｌｓＺ"Dge"t６２`"`le2uij/ｉｔ肺metγiicnZﾊe〃ZAeCoG〃iicje?zZsrBAcsqjM'

rjhi＝rjhi，Tjhi＝ｙｒＫ１､Ijh, 

r7hi＝０， ，，丁=0,
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Iy1i=rハ， Tjhi＝０， 

ｎ丁''１－０， ｒ７ｌ１ｉ＝０. 

Proposition２．２．ＬｅｌＭ６ｅｑ冗汁dime伽sjoﾂzqlRiiemq7L〃ｉｑ７ｌｍｑｍ/ｂｌｄ〔､。Ｔ(M）

beiiZszQ"ge"t6n冗雌”jz/22ﾉｉＧｍｅｌｒｉｃ，＋Ｕｚｈｅ１ｍ,/Ｌｅｃｏａﾉｯiiclie"ｚｓｒＢＡｃｓｑｌｉＭ’

Tjhi＝rj11i, rjhi＝)irKrij】､，

ｒ了hi＝０， rjh7＝０， 

］D7hi＝Pjhi， Ｔｊｈ１－０， 

ｒ了hT＝０， ｒ７ｌ１ｉ＝０. 

Proposition２．３．LGZ〃ｂｅｕ７１〃dii7"e7zsio71QlRie7)Lα〃7ziQ〃、α７２加凪α?ＴｄＴ(M

6eijtstqｿzge71l62L7zd化zojt/LZAeT"eZrjc，＋ｌＩＬｚﾉbe〃LAPcoqﾉｹﾞiiclie，zZsrnA(;ｓｑｊＭノ

rjhi＝ｒｊ】'i， rﾊｰﾉｾy1XhA 

r7hI＝」2yrKfjih， rjhT=%Ｗ(１．iハ

r7hi＝rjhi， rjhi＝０， 

ＩＦｈｒ＝０， ｒ了h了＝０.

Proposition２．４．ＬｅｌｌＭ６ｅａ７ｚ”djme汎slio〃ａｌＲｉＧｍｕ〃ntα↑ｚｍｑ〃(/DJ。α〃ｄＴ(Ｍ

６ｅｊＺｓＺＱ〃gG汎ｊ６泌冗dlev0jlAZAemGZricⅡ＋,,,，ＺＡＧ〃ＺｈｅｃｏＧがjcje?zdsrIBAcsaZiiqj/i)ノ

rjlTi＝rjhi-L2)'r(Krijh＋Krjilｿ， 

rjhi＝yrKriJh， 

PThi＝＿L2yrKrjihl rjhi＝-,,2yrKrijh， 

r7hi＝1V',＋l2yrKPjih、 rjlJT＝ﾉｾﾞyrKrijh， 

nhT=0, r7hT＝０． 

§aThescalarcurvaturesofT(Ｍ)． 

ThecurvaturetensorKofT(Ｍｉｓｄｅｆｉｎｅｄｂｙ 

Ｋ(X,Ｙ)Ｚ＝▽x▽ＹＺ－▽v▽ｘＺ－▽,x,YlZ 

andletgAI]ｂｅｔｈｅｃｏｍｐｏｎｅｎｔｓｏｆｇａｎｄＫ八BcDthecomponentsofK,ｔｈａｔis，

KABcD＝g(K(Ｘｌ,ＸｈﾉXb,Ｘｂﾉ． 

ThenthescalarcurvaturSofTW)ｉｓｇｉｖｅｎｂｙ 

Ｓ＝gABKCABC 

wheregAMenotethecomponentsoftbeinversematrixof恩BﾉandKcAEc＝

gCDKCABD・

ＢｙｍｅａnsofProposition21orProposition２．２，ｗｅｃａｎｅａｓｉｌｙｐｒｏｖｅＴｈｅｏｒｅｍ 

Ｌ 

ＦｒｏｍＰroposition23orProPositio、２．４，ｗｅｃａｎｐｒｏｖｅｔｌＩｅｆｏｌｌｏｗｉｎｇｐｒopositions

－４－ 
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Proposition3・ＬＬｅＺ〃ｂｅα〃〃-.tme，zsjo"αｌＲｉｉｅｍａｍｚｉｉＱ知、α'2れﾉ。α〃。Ｔ(Ｍ

６ｅｉｚｓｊ〔mge，ｚｚ６測れ｡/ｅ加ｉｊｈｚ/i０，"ｅｚｒｌｉｃｌ＋nilAentAescq/ａｒｃ“γひαz私ｒｅｓＱ/Ｔ(M

isgjUe?ｚ６ｙ 

Ｓ＝８－％yrysKにabcKsabo

”ｈｅγｅｓｄｅ）zOzesjAesca/αｒｃｚＬｒＵｑｉｗｅｑ/M 

ProPositio、３．２．ＬｅＺＭ６ｅＱ〃〃｡i,me,zsio'2α/ＲｉｉＧｍｑ,､'mzq1z〃zα,zii/10Ｍα,ｚｄＴ(M)

ｂｅｊｊｓｉｑ"ge?zZ6wzdjeu）iil/LZAe,"Giγiicll＋mZhG7zZﾉiescqlqrcnrUqi2`ｒｅＳｑ/Ｔ(Mノ

オｓｇｉＵｅ７ｚ６ｊ’

８=->2S＋3/8内,sKrabcKsal'o

7pAeγｅＳｄｅ↑ｚｏｌｌｅｓＺＡｅｓｃｑＺａｒｃ皿γＤａＺ皿?､ｅＱﾉﾊf

FromPropositionalorPropositio、３．２，itfollowsthat

Theorem2・ＬｅＺＭ６ｅｑ?zﾂﾞz-dZ"zazsiio"ａＪＲｉＧｍｕ""iiq〃〃zα'ｚｌＷＭｑ１ｚｄＴＷ）ｂｅｊｔｓ

ｌＱ九ge"Ｚ６泌泌cﾉﾉezoj【んZ/ｉｅｍｅｌＩｒｊｃＩ＋ⅢｏｒⅡ＋111〃jAescq/αγ０２`γＤα〃ｒｅｑ／Ｔ(Ｍ

ｌｉｓｃｏ"sZa?zt，ZAe7zAIisqJocq"ｙノノｑｌｓｐａｃｅ．

■
●
。
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