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Introduction. This paper is a continuation of the previous papers ([4]" [8]).
In Riemannian geometry, the following theorem is well known : If an #-
dimensional Riemannian space M,, is of constant curvature and an #-dimensional
subspace M,, of M, is totally goedesic or totally umbilical, then M,, is also of
constant curvature.

When, in particular, m =#»-1, that is, the subspace is a hypersurface of M,
we, in the paper [4], discussed in detail under the 7MW (or TM(0))-connections
how the above theorem is generalized to Finsler geometry. In the case where
the codimension (#-m) is more than I, we, in the paper [8], studied the same
problem under the 7 (or T(o))-connections, which are the more general ones.

The principal purpose of the present paper is to develop the theory presented
in the above paper [8]. The terminology and notations refer to papers [4]~[8]

unless otherwise stated.

#) This author’s university is shown at the end of the paper.

1)  Numbers in brackets refer to the references at the end of the paper.
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—— A STUDY OF SPECIAL SUBSPACES IN A FINSLER SPACE, I —

§1. Preliminaries. Let M, be an n-dimensional Finsler space with a
fundamental function L(x', ¥*) and be endowed with a Matsumoto connection
MT =(I}'s, 'y, C /4). Then it follows ([5], [6]) that C /', is a (— 1) p-homogene-
ous tensor and we have

(1. 1) I, 25 8P, F,".k - P';klj + jSk - Gjl.r'.- + Tjik + Q_fjk,

where the symbol llj indicates the partial differentiation by y', G's and G, are
the non-linear connection and %-connection of Berwald and 7, and @' are
(1)p- and (0) p-homogeneous® tensors respectively.

Now we consider an m-dimensional subspace M, of M, defined by
1.2) =z =x'@)@=1,2,++---- JH =1, 2 e . m)

where variables #“ form a coordinate system of M,, and the matrix with
components B', (=dx'/du") is of rank m.

If we denote the components of a vector ¥’ tangent to a curve in M,, by y*”
in terms of #“-system, then we have

(1.3) ' =B%y°, v (= &y'loy") = B,

We choose (#-m) normal vector Ny (b=m+1, - - , n) at each point (#*) of
M,, such that

(1.4) gij Ni N! = Obe, Bi-, N = 0, N’ := &ii M,

where g is the metric tensor on M,,.

Further we have
L=1L (-‘-7i(3f-“), B ﬂJ"ﬂ), sy = g‘;kBji}ff, Béf, = BJBB"._,
(1 5) l';jllg = 2C?'B~.~ N'h: M'ilw = _2031'?7-8,‘13 o }\;i‘r Min

M’Jl'r = kn{‘-y Mf', }\?‘y + }\;hy = ‘2c|'i"-r = 2Cchn,-, CbBT = ijka;inj.Mf

2) “(r) p-homogeneous’’ means ‘‘positively homogeneous of degree » in ¥ 5

3) If no confusion occurs then we use v“ in stead of the usual notation v”.
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where L and g,, are the induced fundamental function and metric tensor on
M,, respectively and

(1. 6) C:;’k = %gs;u.-, Gy = Cfskg“., B = g;-_.-B".,.g"”, Ab, = —N"Wh'lu-,,

iy

gt and g
The included Matsumoto connection IMI" = (I',*,, I'*,, C ;*,) on M,, is
given hy [5]

being the reciprocal tensors of g, and g,, respectively.

I's®, = B (B.‘if\,a + F,"A-B;é':-,k) + C g b H,b,
(1.7) . o o _
re, = B"(B,, + '\B*), C,*, = C/.BBj;,

¥

where B,', = aB';/ou’, B.', = By ¥" and C,*, = C,\B:"B’;Ny’.
The normal curvature vector H, and the second fundamental tensor H,", in a

direction N, are given by

(1.8) H = N'(B,, + I'iB",).

1.9) HS = NBS, + THBE) + €'y €44 = CAB NN,
The k-curvature tensor R, with respect to IMI" is given by

Rnt’)ﬂ‘,’ = R_j.’knB(f; ;—,"‘ #+ B{{a{- { P_f,l'kh (Bk,‘jH,b o= Bk.rf‘ﬂgn) Ni,"
(1. 10)
+ Sjik!aM;A-Mk ,'ih[{«:l } o+ [}Lzbd(g;m-,BJﬁMf’ + 6bc'H6(u) i ,8|’Y ],

where R, Pjivi, S are the h-, hv-, v-curvature tensors with respect to MI”
respectively and the symbol 8|~ means the interchange of indices 8 and v in the
foregoing terms within brackets.

If we contract (1. 10) by y“y” then we have

Rnﬁny = Rnr’o ﬁBé';,‘ + Suik F:BiéM'bM'h]{j’I{,r + BI‘& i.'h(Pn z'u.‘:H:rh = PazkilBk-,H}b)
3. 11) ,
+ j{ghn(g—jk 7BbM=k &+ 5.'arH5r) ) - H!hq(‘gﬂ: ;3_}’ ;iB ’(’| + 5M-Hﬁrn).

§2. Totally geodesic subspaces. For the present, we assume that MI" is a
geo-path connection, with respect to which any path in M, is always a geodesic
in M,. In this case, it is known that the induced connection /MI" on M, is also
a geo-path connection on M, and that M,, is totally geodesic if and only if each

normal curvature vector vanishes i.e.,



—— A STUDY OF SPECIAL SUBSPACES IN A FINSLER SPACE. II —
2.1) H'=g{(b=m g bseesms gl ).

Hereafter we shall restrict our connection to 7T" (or 7T',) i.e., TMI', TMDI
(or TMTI",, TMT",) for the sake of simplicity. Then we have

C/= Civlor0), T!, = 0 =T,

2.2) Q.)r =0 =@/ (for TMI' (or TMT.)),

Quf.’: + Qiuiz = 0 (f()r TJ"L/IDF(OT TMDPO)), le'k = gz'stsk.
And we know that the condition (2. 1) is equivalent to
(2.3) Hﬂhv = Qr:'b-, (b=m+1,-+ " ,n), Q.’ihw = Qiikﬂejff\ﬁh- (5]

From (2. 1) and (2. 3) we can state

Lemma 2. 1. Let M, be endowed with @ TI' (or TI',). Then in order that each
normal curvature vector Hy on M,, vanishes if and only if each second fundamental
tensor Hy', vanishes, it is necessary and sufficient that each tensor @', vanishes.

By virtue of (1. 10) and Lemma 2. 1, we can state

Theorem 2. 1. Let M, be endowed with a TT' (or TT,) and M,, be lotally
geodesic. Then if each tensor Q" vanishes then the h-curvature tensor with respect
to the induced connection ITI" (or ITT,) is given as follows:

2.9 Rssu = RuiBi: B

Immediately from Theorem 2. 1 we can state

Corollary 2. 1. 1. Let M,, be h-isotropic with R with respect to TT (or TT,).
Then if M, is totally geodesic and each tensor Q 5", vanishes then M, s also h-
isotropic with R with respect to ITI" (or ITT.).

Note 2. 1. In the above Corollary, R in general is not a constant. And the

range of validity of the Corollary is fairly broad.

(1) All GT-connections: 'y = G’y + T, I''s = G/v + T}
(or GT(o)-connections)
(@) If 7T = HI' (Hashiguchi connection) then R = 0 or M, is a
Riemannian space of constant curvature R.
(b) If 7T, = BI' (Berwald connection) then M,, is of constant curvature R.
(2) All TM (or TM(o))-connections with the following tensor @/ :

‘.4_



—  MBNERAERE
Qi'v =uh’s + hip,,
where #; and », are both (0) p-homogeneous vectors and # ' = 0.
(@) AMNI (or AMNT,) : Ty = fLh's, Q' = — Lfi;h's.
(b) AMBI" (or AMBI,)) : "'y = fLh's, Q/y = 2fl.h'; — Lf.h's.

where [/ = f(x, ¥) is a (0) p-homogeneous scalar.
In particular, if f is a constant then R = 0 or M,, is a Riemannian space of
constant curvature R [4].
(3) All TMD (or TMD(o))-connections with the following tensors @, :
Qv = f( Lk — Uk ) + vih'..

(a) AMBDI' (or AMBDT.): Ty = 0, @/ = f Uh's + Lik's — I'hy),
(b) BDI (or BDI',): T': = 0, Qv = f(1;6' — l'gi).
Contracting (2. 3) by »”, we obtain
2.5) H', =@, ,(=D'.NB")

where D', ( = @, ) is the deflexion tensor on M,,

The following assumption on IMI" is called the D-condition :
2.6) D', =0(b=m+ 1, -+ --+-- 7).

From (1. 11), (2. 1), (2. 3), (2. 5) and (2. 6), we can state

Theorem 2. 2. Let M, be endowed with a TT" (or TT,) and M,, be totally
geodesic. Then if the induced connection ITT (or ITT,) satisfied the D-condition
then the contracted h-tensor R...; and R.... with respect to ITT (ov ITT,) are

civen as follows:
] kh Pk
(2- 7) Rn:r')ﬁ = Rl)l‘khB}uB',ﬂ 3 Ruuuﬁ = RmnhBu:a .

Immediately from Theorem 2. 2, we can state

Corollary 2. 2. 1. Suppose that M,, is endowed with a TI' (or TI',). Then if
M, is tolally geodesic and the induced connection ITI' (or ITT,) satisfied the
D-condition. Then if M,, is of scalar curvature R (resp. constant curvaiure R) with
respect to T (or TT,) then M, is also of scalar curvature R (resp. constant
curvature R) with respect to ITT (or ITT,).

_5_
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Note 2. 2. The range of validity of the above Corollary is extensive.

(1) All the TM (or TM(o))-connections.

(2) All the TMD (or TMD(0))-connections whose deflexion tensors are given
by D', = fLh',.

§3. Totally ncd-free (or nc-constant) subspaces. In this section, we
assume that M,, is endowed with a 7T (or 7T,) and the induced connection
ITT (or ITT,) on M,, satisfies the TDQ-condition i.e.,

Tb«, ( o T:lkBk-,N'b) = 0, Q?b“( - QJ",‘_B‘;-,M{:}"’)
(3. 1)

together with the D-condition (2. 6).
Let M,, be totally ncd-free (resp. nc-constant). Then for direct-free scalars f*
(fi1, = 0) (resp. for constants /" ), we have

b &
(3.2) H' =Lf"(b=wm+1, - 1)
And further we have the following equivalent two equations:
P b Il rovs ze g
(33) I{. =fy,_§L)\r'yfny1=gﬂvy’
[ =
(3 4) Hl’fﬁ'x o fhgﬁv- = fr (}\flfyw + )\f'vyﬁ) = %szl (}\:,‘.'vlh’i T }\f}ﬁkfv)
If we put

(anh + Ru.‘mf) B:éoh + LENEIZ-,& + l@-';,,

= 74 s oy !
(3 U) 2(Ru~,n§ + Row}) = 2

Do~

b, =U,;+ V,;, N=N (u’ »° :normal curvature in y”-direction, then we
have [8]

Uy = L* (L (NN = Coannf'f" = ZENNGSF)

(3. 6)
— (Cherys + Cousy YF'F° 1, being £y = 8uf",
Vo= — L2 Tyt + Tosy + 2(Con.Ts + Cus T, + 2P 4s)
+ (g,B" + guB")D'wiNi ) 1* + | 51}’ P, o ke
3.7 —(Tywys + Tsy ) )V ' + & (D' — DN { ' (B'y, + B'y)
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- %Ez BNy + BN) ) + [-L(Cre D'y + Cup D) f*
bR i b Bl — %L" (G 2% Bale ) 1D F 1,

where all the terms in brackets vanish for /7T,.

Suppose that the tensor &.; in (3. 5) is expressible in
(3.8) @&, = 2L%h,,.

Then from (3. 5) and (3. 8) we can state [8]

Theorem A. Suppose that M, is endowed with a TT" (or TT,) and the induced
connection ITT (or ITT,) satisfies the TDQ-condition and that ihe tensor ®.; is
expressible in (3. 8) for a scalar p (resp. a constant ). Then if M, is of scalar
curvature R (resp. of constant curvature R) with respect to TT' (or TT,) and M,, is
totally ncd-free (resp. ne-constant) with N then M, is of scalar curvature (R + N°
+ p) (resp. of constant curvature (R + N° + p) with respect to ITI (or ITI,).

Since the tensor U,; is very complicated, we need to impose some conditions
in order to simplify it. Firstly we shall consider the following assumption called
the CN-condition [8] :

(3.9)  guNiN/\, = guN/N/\,, i.e., N, = \i,.

From (1. 5) and (3. 9), we get A, =C.’, and hence (3. 5) becomes
(3.10) Uy = L* ( L (5Coi,C%s = Cuan) = (Conys + Cuay ) } FF
where C,., = C.ulNVN/B*, = C,5, = C/’,.

Secondary we consider another assumption called the SN -condition

(3.11) Cif’ = 0 i.e., gizNi Ny, = 0, being N’ = Nif".

Then it follows from (3. 10) and (3. 11) that the tensor U,; vanishes under
both the CN- and SN-conditions.

Now we shall consider a special TM (or TM(o))-connection TMAI" (or
TMAT,), whose non-linear connection is defined by I'y = G', + fLh'\.

In this case, we have

T = fLh'y, Ti's = LEyh's + F (' = Lk’ — U'hy),

(3. 12) T,.'g; = g.-_ﬂT'l, T,u- = g.-.\-T.-“}_, Qi =D =0= Q_;‘hi-:

—-7-



—— A STUDY OF SPECIAL SUBSPACES IN A FINSLER SPACE, I —
T, =0T =0, T, =fLh*,, Toys = Lf:Nil 5.
Applying (3. 12) to (3. 7), we obtain
(3.13) Vi = =L [ 2flNikys + 4 (Conf L + Pow) } F.
If we apply (3. 10) and (3. 13) to (3. 8) through (3. 5) then we get

U\_;‘ijfh + s + 2(0-.&6_[1; + Poy) "+ éLJ (Cb-"ry-“ +
(3. 14) ; |
o bea}'-, + Coeany — 2"Chd~,cruﬁ)_f‘)f‘. = 0.

Under both the CN- and SN-conditions, the above (3. 14) reduces to
(3 15) (ful,\fgfﬁ + M) 1{’175 + 2(C-,ﬂnajfl + Pﬁh.\)fh =),

Thus from (3. 14), (3. 15) and Theorem A, we can state

Theorem 3. 1. Suppose that M, is endowed with a TMAI' (or TMAT,) and
the induced connection ITMAI (or ITMAT,) satisfies the Q-condition (Q,", = 0).
Then if My, is of scalar curvature R (resp. of constant curvature R) with respect to
TMAT (or TMAT,) and M, is totally ncd-free (resp. nc-constant) with N then M,
is of scalare curvature (R + N° + p) (vesp. of constant curvature (R + N° + w)
with vespect lo ITMAT (or ITMAT',) under the following facts :

(1) For a scalar p (resp. a constant n), the relation (3. 14) holds under the CN-
condition.

(2) For a scalar p (resp. a constant p), the relation (3. 15) holds under both CN-
and SN-conditions.

Note 3. 1. In the above Theorem, the tensor @,, may be written in

Qi = Wi + hiw,,

where W', is a (¢) p-homogeneous tensor satisfying W,’, = W,, = W, = 0

and v, is a (o) p-homogeneous vector. Examples are as follows :
(1) AMNI (or AMNTI,): @, = =Lf,h's (vs = 0).
(2) AMBI (or AMBI,) : Qj'y = =2flih'; — Lfsh's (vy = —211)).
(3) AMCT (or AMCT,) : Qs = 2fLLh'; — Lfjh's — Py (s = 2f15).

(4) AMRI (or AMRT.) : Qv = —Lfih'y + flih'; — FLC}, — Py (i = fl4).
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We shall call a TMDI" (or TMDI',) a AMDI (or AMEPG) if the tensors 7
and D, are given by T, = fLh', and D', = — T".. Then the k-connection is
expressible in I’y = G/, where W}, is a (0) p-homogeneous tensor satisfying
W, » = 0 = W,".. And we have

Fja- =G + 1 o Q;’{'k = Wy - Tifk; Qu’lk = —T";\.,
(3.16) Q" = Ty, Qs = Wi, + T, T*, = 0,
£, B D' wsNyf = —g B T Nef* = = T
Applying (3. 16) to (3. 7), we obtain

Vis = =2L* (fFLCou + 2P,) /' (for AMDT),
(3. 17) &
Vi = —4L(fLC,ss + Pos) f° (for AMDT,).

From (3. 17), we have in the same way as before
28 uh, + FLCs + 2P) '} + 2,5 = 0 (for AMDI),
(3.18) 2 (phy + 20(LCs + Pu) f') + 2,5 = 0 (for AMDT,),
Q. = | Lf(éc,,dn,ct"a = Cienir ) = (Coerys + Coayy ) ) F'f,

phos + (FLCos + 2P ) fP = 0 (for AMDI),
(3.19) B
ghos + 2FLC s + P} P = 0 (for AMDT,).

From (3. 18), (3. 19) and Theorem A, we can state

Theorem 3. 2. Suppose that M, is endowed with an AMDT (or AMDT,) and
the induced connection IAMDT (or IAMDT',) satisfies the Q-condition. Then if
M, is of scalar curvature R (resp. of constant curvature R) with respect to AMDI
(or AMDT',) and My, is totally ncd-free (vesp. nc-constant) with N then M,, is of
scalar curvature (R + N° + u) (vesp. of constant (R + N° + p)) with respect to
IAMDI (or IAMDT,) under the Sollowing facts :

(1) For a scaler u (vesp. a constant w), the relation (3. 18) holds under the CN-
condition.

(2) For a scalar p (resp. a constant p), the relation (3. 19) holds under both the
CN- and SN-conditions.
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Note 3. 2. In the above Theorem, the tensor W;'; may be written in

ik = ijia + by,
Where W}, is a (0) p-homogeneous tensor satisfying W,', = W, = W,", = 0

and v, is a (0) p-homogeneous vector. An example is as follows :

AMDIr (01‘ AMDF“): W,'lk = ‘—‘fLCj‘.,(- = P_;J,lf, vy = 0.

We shall call a TMDI (or TMDI,) a GQDAI (or GQDATI,) if its non-linear
and h-connections I'’; and I';, are defined by

3.20) I''v =G Ti'e = Gi's + Qi'x, Qs = D'y = fLh's, Q°s = —g;sD's.
Then it follows from (3. 20) that
3.20 1% =0, .85 D"l = LHNET"
From (3. 7), (3. 20) and (3. 21) we obtain
Ve = —2L% (LfulVihys + LFC s + 2Pus) (for GQDATI).
V,s = =2L% (LfuNih,: + 2P f° (for GQDAT ).
From (3. 22), we get in the same way as before

2L + Wy + 2(FLC s + 2Pus)f’ + 2,5 = 0 (for GQDAT),

(3. 23)
20N + whys + 4Puf" + 2, = 0 (for GQDAT,),
(LY + i + Q2UFLC s + 2P ) = 0 (for GQDAI),
(3. 24)
(LA £ i s + EPif® =10 (for GQDAT,).

Hence from (3. 23), (3. 24) and Theorem A, we can state

Theorem 3. 3. Suppose that M, is endowed with ¢ GQDAI (or GQDATL',) and
the induced connection IGQDALI (or IGQDATI,) satisfies the Q-condition. Then if
M, is of scalar curvature R (vesp. of constant curvaiure R) with vespect to GQDAI
for GQDATL,) and M,, is totally ncd-free (resp. nc-constant) with N then M, is of
scalar curvature (R + N° + p) (resp. of constant curvaturve (R + N* + p)) with
respect to IGQDALD (or IGQDATL,) under lhe following facts :

(1) For a scalar p (vesp. a constant p), the rvelation (3. 23) holds under CN-
condition.
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(2) For a scalar p (resp. a constant p), the relation (3. 24) holds under both the
CN- and SN-conditions.
Note 3. 3. In the above Theorem, the tensor @, ; may be written in
Qv = FUR'Yy = Uk + hlve + W,
where v is a (I) p-homogeneous vector and W', is a (o) p-homogeneous tensor

satisfying W.', = W, = W;*, = 0. Examples are as follows :
(1) MDr (01’ MDP,,) 3 Q,i(- = f([f] il.‘,- —_ Ei;l_f/,-) — Pjii;-(v_l_- = 0, Wj!lj_- = ""P;'i{-)
(2) AMBDIr (Or AMBDP.,) i Qj';g- = j‘(i'.‘}? 'lj_- m— lj-llrl?jj.- + l,u_j‘l. !j) (?/'k = Jr};, m:k = 0)

(3) AMCDIr (or AMCDI') : Q' = fllih'y — l'hj + Lih') — P}y
(i = Ly, Wiy = =Pj)).
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