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Introduction・InRiemanniangeometry，ａｓｉｓｗｅｌｌｋｎｏｗｎ，ｌ１１ｅＬｌｌｅｏｒｙｏｌｓｕｂ‐

spaceshasbeendevelovedthroughtl1eRiemannianconnectionandtlleinduced 

RiemannianoneBecausetheRiemannianconnectionisthebestIorinvestigat‐ 
ingthisgeometryandtheinducedRiemannianconnectioncoincideｓｗｉｔｌｌｔｌｌｅｉｎ‐ 

trinsicone 

InFinslergeometry，thecircumstancesstatedaboveareentirelydifferent． 

OnFinslerspaces，variousconnectionsaredeIinedandthepropertiesofthemare 

d…sed(f･…mpleI1l)[31[51[91[101[川[131[15M171[181[l91l231
[26]，［30]，［311ａｎｄ[32]etc.）Itseems，tothisauther，ｔｈａｔｎｏｏｎｅｃａｎ、forthe

present，saywl1ichconnectionisbestIortheinvestigationolFinslergeometry・

Next，thetheoriesofsubspaces(includingllypersurlaces)havebeenstudied 

bymanyautl1orsfromIheirownstand-points(forexample，’2]，１４]，［6]，［7]，［81, 

[121,［14],［161[20Ｌ[21】,[22],[24],[251[26]’’27],[291,［301,[33],[34]andl35l

etQ）Exceptspecialcases([6]，［20]ａｎｄ[21])，anyinducedconnectionstreated 

byeveryauthordonot，ｉｎgeneral，coincidewiththeintrinsicconnections、May‐
bethisfactwillbeinevitable・

Asiswellknown、aFinslerspacejVisametricalspaceendowedwithFinsler

metric，Inthepresentpaper、ｗｅｃｏｎｓｉｄｅｒｔｈｒｅｅｋｉｎｄｓｏｆｃｏｎｎｅｃｔｉｏｎｓｏｎＭＴｈｅ

ｆｉｒｓｔｉｓａＭａｔｓｕｍｏｔｏｃｏｎｎｅｃｔｉｏｎ１ｗｌｌｉｃｈｉｓａｑｕｉtegeneralconnectionwitllnomet‐ 

ricalproperty・ＴｈｅｓｅｃｏｎｄｉｓａｍＭＤ(ｏｒTMD(O))-connection，whichisaless

generalconnectionwithsomegeometricalproperties・Ｔｈｅｔｈｉｒｄｉｓａ７Ｍｏｒｎｌ‘

1）NumbersinbracketsrefertothereferencesaItl1eendo(thepaper， 
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AtheoryoIsubspacesinaFinslerSpace 

(O))-connection、whichisaslightgeneTalizationofthetypicalconnections(forex‐

ample､theCartanconnectionorlheBerwal｡） 

Theprincipalpurposeofthepresentpapel･ｉｓｔｏｃｏｎｓｔｒｕｃｔａｔｈｅｏｒｙｏ（sub‐ 

spacesofjllthroughtheaboveconnections・Ｉｎ§LaMatsumotoconnectionis

defin6dandthevariousaxiomstobeimposGdonitarelisted、Theremaining

twokindsofconnectionsarecharacterizedbyseveralaxiomsandmanytheirspe‐ 

cialconnect1onsareconsideredl、§２，asubspaceofA'isconsideredandvari‐

ousquantitiesandrelationsarediscussed・Ｉ、§３ａｎｄ§４，ｗｅin[roduceIl1ein-

ducedMatsumotoconneciionandsludythevariouspropGrtieso【it、AndIurther

wederiveIhegeneralizedGaussandCodazziequations・Twosections§５ａｎｄ

§６aredevotedtotheinvestigationso(theinducedTMo『ＴＭＯ))-connectionand

oftheinducedTＩＭＤ(ormMD(O))-connectiolLInthelastsecLion§７，thevarious 

specialsubspaceareinvestigated・Ｆｏｒexample，totallygeodesics11bspacesand

totallyncd-freesubspaceseIc・

Tlleterminologiesandnotationsrefertopapers[30]～[35]unlessotherwise 

stated 

§LPreliminaries・ＬｅｔＭ７１ｂｅ,､ａｎ”dimensionalFinslersl〕acewithafun‐

damentalfunctionL(⑪,』,andendowedwithaMatsumotoconnectionMr＝(7)i，

F》ZyJ([31]Ⅲ32]）ThenwehavethreetensorsThQXan｡ごionM,suchthat

（a)TIjsa(,ﾙhomogeneou:(]〃t…［

(1.1）（1〕）Ｑ臘脇isa(Oルーhomogeneous(1,2)-tensor．

（c)ご`鵬isａ(－１形homogeneous(Ｌ２>tcnsor、

AndfuItherthenon-linearconnectionandtl1eA-connect1onaregivenasfollows： 

(12）ｒＨ＝Ｇ`臘十Ｔ鵬，

whereＧ２脂isthenon-lmearconnectionolCaTtａｎ(orBerwald)．

(Ｌ３）刀`パーハ,j-I-Q/脳＝Ｇ１』朧‐ｌ－Ｚ]`胸＋Ｑ/礎，

whererji`】j＝aTf腱／ayj,２７`俺＝TMA1jandqM＝Ｇｚ欄j)istheA-connectionofBerwald

Ｎｏｔｅ1.1．GiventhreetensorssatisIying（1,1)，aMatsumotoconnection 

2）“(rルーhomogeneous，，means“positivelyhomogeneousofdegree（ｎＶ`，｛し
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MPisuniquelydeterminedTheMr，isoneofthemostgeneralconnectioｎｓｏｎ 

Ｍｎ、

ThefundamentaltensorandtheC-teｎｓｏｒａｒｅａｓｆｏｌｌｏｗｓ： 

（a）９，j＝形丘,郎冷
(１４） 

(1)）ｑｊ朧＝だg1jM朧．α朧＝ｇ`'`ｑ,`廠

wheregzﾉ`isthereciprocaltcnsoro（８）,． 

AMatsumotoconnectionMrWhasnoothergeomeIricalproper(ｙｔｈａｎａｃｏｎ‐ 

nectiononM腓Thereforeweneedtoconsiderthevariousaxiomstobeimposed

onMr1Weshalllist［hemextensively． 

（Ｆ１）MrvismetricaLi.＆、ＬI脆＝０

（F2）ThedeflexiontensorDf腱vanishes,ＬＧ，Ｄ１臆＝yiI7`臆-1-M朧＝Ｏ

（F3）Mrwis沙一metzicalandu-symmetric,ie..Ｃゲバ＝ｑ腿

（F3)】IVr，isひnaturaLLe,ご魔＝Ｏ

（Ｆ３)２ＭＩ７ｉｓひsemi-symmetric，thatis，（ｈｅり-torsiontensoris

(Ｌ５）可施(＝ｑ髄－CYjノーd`ハーJ`M1》

whereZ臆isａ(－１ルーhomogeneousvec(or．

（F4）WilhrespecttoMrItheabsolute〔lifferentiaLlqy`ｏｆ)'((＝gijyj）isgiven

byDb1＝gbDyj(orequivalentlyyjDgb＝Ｏ） 

（F5）PalhswithrespecttojdlrvarealwaysgeodesicsofMm． 

（F6）Mrmisかmetrical，Ｌｅ､ｇｂ１臆＝０

（F7）mTisA-symmetric、thatis，ｔｈｅ/i-torsiontensor万`胸(＝１７`臆一ZI`j）van

ishes． 

(F8)Thehu-torsiontensor戸狐=-QipoWrrvanishes

（Ｆ９）Mrvisルーsemi-svmmetric，thatistheA-torsiontensoris

万1ｋ＝８`ｊｓｋ－６`ksj，(1.6） 

whereskisa(Oルーhomogeneousvector．

（FlO）Tllenon-linearconnectionoIMrvisgivenbyG`朧(orequivalentlyT`パ

ーの

Ｎｏｔｅ１．２．Mostoftl1econnectionsusedhithertomaybecharacterizedby 

choosingsuitableaxiomsin(Ｆ１）～(Ｆ10)． 

３ 
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AMatsumotoconnectionMI-iiscalledaTMrespTMO))-connectionifitis 

characterizedbyfiveaxioms(Ｆ１)，（F2)，（F3)(resp(F3),)、（F4)ａｎｄ(F5)．Itis

known([30],［31])thataTMresp､７ＭO)>connectionisuniquelydeterminedifwe 

havethreetensorssatisfying(1.1)ａｎｄ 

(１７） Ｔｌ＝Ｔｍ｡＝０，Ｑｊｏｋ＝Ｑ;脆＝０，口代＝ＣＭr…ロi艫＝０ﾉ，

wlleretheindexOindicatescontractionofatensor,foremxapleT`賑，ｂｙＸ(or)'化）

Typicalconnectionsonn4，thatis，theBerwaldconnectionBI-ltheHashi‐ 

guchiHrltheRundRr1andtheCartanCrvareallspecialmM(orTYM(0))-connec-
tions，andthetensorsdetermingtl1emarｅａｓｆｏｌｌｏｗｓ： 肛趣函割

ｒ
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(1.8） 

whereＢ`ﾊﾟistheAひtorsiontensorwithrespecttoOr1

Anh-metricalTTMもconnectioniscalledanRm`-connection，Itisknown[30］

thatthisconnectionischaracterizedbyfouraxioms(F2)，（F3)，（F5)ａｎｄ(F6） 

andthatitisuniquelydeterminedifthreetensors瓜，ご`ﾍﾞandzj腱aregivenas
follows： 

（a）Ｔ`服satisfies(17）（b）ｑ`脆＝α府．
(1.9） 

（c）Ｚ陶漏isa(Oルーhomogeneous(0,3)-tensorsuchthat

Z1j臆十ｚ`パー０，Ｚ６ｊ脂＝Z}｡k＝０

Intl1iscase，tlleA-connectionisexpressiｂｌｅｉｎ 

(Ｌ１０）爪＝1Ｗ腿一ｑ》ＴＨ＋形gけ(Zir施十可γバー?7ＷＪ，

wherejWﾊﾟistheﾉb-connectionofCr'andｺﾙﾍﾞｰｇｒｈｚｈｋ、

TheCartanconnectionCITtheZSLconnectionEZ~'andanAMR-connection 

AjfRr1areallRT｡M2connections,andtwotensorsT`kandZj火aregivenasfollowsi

４ 
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(a）ForCrv，Ｔｌ火＝OandZ2j朧＝０．

(1)）ForZSrv、ＺｉＪｋ＝ＯａｎｄＴ`代isdefinedby

TI,腿＋ｺﾙ;＋2(CﾘｧＴ恥十月j雁)＝Ｏ

(c）ＦｏｒＡＭＲｒ１Ｔｆ魔＝/(z,y)Ｌ〃魔andＺ`ｊｋ＝Ｌ(（ｊｈ`随一（`ん）

(1.11） 

where（r,)j)isａ(OルーhomogeneousscalarandAiパー６`に－JＶ臆．

Inthiscase，theA-connectionsoIZSTandAMZ-Wareexpressiblein 

(112）刀臓＝Ｇ/臆＋ｺｱ礎，

(113）Ｉ]'に=Ⅳ(施十./ｒＭ`雄一Z`ルーLC/施ﾉ

Ｎｏｔｅ1.3．Ｔｈｅハz1-curvaturetensorPj霞服,`withrespecttoI;STalwaysvanish‐

esandhenceQA(＝－yjEf朧,`)＝0．

Ｎｏｔｅ1.4．AWagnerconnectionischaracterizedbyfouraxioms(F2)、（Ｐ３）

(F6)ａｎｄ(F9)[12］ThereforeanAMRmsaspecialWagnerconnectionsatisfy‐ 

ing(F5）Inparticularifthescalar巾,y)isdefinedby卜LCh／(7,-1)(C`=

C/蝿gj施),thenthisAMRPiscalledtheBarthel-Matsumotoconnection([181[32])

AnA-symmetricTMrespZMO))-connectioniscalledanSZMrespsTMO))‐ 

connectionanddenotedbySnMlr(respST~ＭＺ~B）IIisknownl30]thati(wehave 

atensorQﾉﾉ`satisfying(b)in(L1)tllenanSTMP(orSmMrB)isuniquelydeter-

mineｄａｎｄｎ`，Ｉ}‘たareexpressiblein

(Ｌｌ４）Ｔ【朧＝Ｇ`術十Ｔ囮代＝形ｇｊｏ，

(Ｌ１５）刀魔＝Ｇ/髄＋％(Ｑ/臘十Ｑ：jノ＋％(121.,,Ｊ＋ｇ/0,,,Ｊ

ＡｍＷＢ(ｏｒＡＭＢ(O))-connectionAMBI~【ｏｒＡＭＢＪ~b）ａｎｄａｍＷＣ(ｏｒＡＭＣ

(O))-connecljonAl`Cj~，(or』WCJ-B)arespeciaLSTM(orsTMO))-connections，and

tensorsdetermingthemareasfollows： 

(Ll6)Q/,;=2/7ﾍﾞﾙ`｣-Ｍ,jA`kforAMBr(orAMBIZ)､ 

(117)Q/蝿=2/Ｍ`j-LJFiljh`雄一耳腱forAMCT(orＡ１`CI;)

Inthiscase、thenon-linearconnectionsarecoｍｍｏｎｌｙｇｉｖｅｎｂｙ

■
●
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(1-18）ｒ加代＝Ｇ１施十Ｔｉ臆，ＴＩ代＝/Ｌｈｌに，

andtheA-connectionsarerespectivelyexpressiblein 

(1.19）〃`k＝Ｇ/け/ｒＭ`鷹＋J臓Alj-J`ハ』朧ﾉ，

(120）１７`パーrMii脆-ＭＭ`k＋Ｍ`ｊ－/iAjkﾉ．

AMatsumotoconnectionMnscalleｄａＺＭＤ(respTMD(O))-connectionifit 

ischaracterizedbyfouraxioms(Ｆ１)，（F3)(resp.(F3),)，（F4)ａｎｄ(F5)，ａｎｄｄｅ‐ 

notedbyTYMDF(respmMDrb)．Itisknown([31Ｍ32])thataTMDr'(resp､mMD 

rB)isuniquelydeterminedifthreetensorTiに,Q/にandO/虚aregivenasfol-

lows：Theysatisfy(1.1)and 

(1.21)ToﾙｰT`｡=０.Djk-l-Qjo雄=0,C/ﾊﾟｰC/WaSjb.○/臆=じり，

w]lereD`k＝ｇｏ`雄andQojk＝Djk＝ｇｊ７ＤｉＸ、

ＡＴMDI~,(resp､TYMlDI~b)ｉｓｃａｌｌｅｄａｎＳＴＤ(ｒｓｅｐｍＤ(0))-connectionifitfur・

thersatisfies(F6)ａｎｄ(F7)，ａｎｄｄｅｎｏｔｅｄｂｙＳ７Ｄｒ(resp､S7DrB)．Ｉｔｉｓｋｎｏｗｎ 

[31]thatanSTDrYrespSTDIU)ischaracterizedbyfouraxioms(Ｆ１)，（F3)(resp 

(F3)!),（F6)and(F7)，andtheh-connectionisexpressiblein 

(122）１７`k＝J~ｱｻﾊﾟ十VW腱，VWk＝Ｃｊ庵γＴγ』－Ｃ/γＴ'ルーＣ｛γＴ；：

wllereTrl＝９１夢Ｔ、、Inthiscase，theaboveconnectionisuniquelydetermined

ifwehaveatensorTi侭satisfyingT'｡＝Ｔ％＝Ｏwith(a)ｉｎ(１１）

ＡｎＳｍＺ－ｌ(respSmlrB)ｉｓｃａｌｌｅｄａｎＡＭＤ〈resp・ＡＭＤ(O))-connectionandde-

notedbvAＭＤＴ(respAjiDI~U)．ifatensorT1代isdefinedbyTJ臆＝/LA`舟The

non-linearconnectionandtheA-connectionaregivenby 

(Ｌ23）Ｔ`パーＧﾋﾞﾍﾞ＋/LA`腿，刀`施＝r,農i`パーJLC/蝿．

ＡｎＳＴＤｒ'(respSTDJ-b)iscalledaCD(resp・ＲＤ)-connectionand〔lenotedby

CDrrresp､ＲＤＤ,ifatensorT`鯰isdefinedby

(1.24)T'雌=〃C1C施(Ｃｌ=Cﾉﾊﾟg』朧,C脆=g施胸Cリ

Inthiscase，thenon-linearconnectionandtheAconnectionareasfollows， 

６ 
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(1.25）刀`雌＝Ｇ`施十ｊＤＣ:Ｃ"，

７ 

(126）爪＝アヤ臓十/ＣＤ(Cj臆γＣ℃’一Ｃ/γＣ｢Ｃ臆－ｑＡＣｒＣＪﾉ．

ＡＴＭＤＦ(respmMDIB)iscalledaGQLD(resp,CQD(0))-connectionandde-

notedbyGQDT(resp､GQDLJB),ifitsatisfies(Ｆ10)insteadof(Ｆ１)． 
GivenatensorQﾉﾍﾟsatislying(b)in(Ll)and 

(1.27）ＤＭ＝Qoj蹄ノ＋ｇｊｏｋ＝０

aGQDI~v(respGQDIB）isuniquelydetermined、andthenon-linearconnection
andtlleA-connectionaregivenby 

(Ｌ28）ハーＧｆ岬Cf服＝r『富ｹﾞ雁十VW腿ＪＷ腱＝ＱルトＢｆ蝿．

AGQDI~Yresp､GQDrb)iscalledanjMlD(resp.』、(O))-connectionanddenoted

byMDrv(respMDJZ）ifitfurthersatisfies(F6)and(F9)．Ifweputsj＝－巾Jﾘｰ
ﾉjin(1.6)，ｔｈｅｎtheルーconnectionisexpressedin

(129）ｎｋ＝巧`代‐I-VW髄，Ｖ呼応＝/|(iljd`パーz`gﾊﾞﾉ．

Ｎｏｔｅ1.5．ＡｎＭＤｒｖ(orMDrB)isaspecialMironconnection， 

ＡＧＱＤＩ~i(respGQDLrB)iscalledaHD(respBD)-connectionanddenotedbv 

HDrm(respBDn,ifitfurthersatisfies(F7)． 

AHDrr(respBDrｱ)isaHD(respBD)-connectionanddenotedbyHDIYresp 
BDn,ifthetensorWW臆in(128)isgivenby

(１３０）Ｗ;`朧＝/`z;(IJC'Ｃ蝿-|-Ｊ侭Ｃ`ＣＪ－Ｊ`ＣｊｑＪ十月`肘

Ｎｏｔｅ1.6．ＡｎＨＤｒｖ(resp・BDI~')iscloselysimilartoHI-m(resp・Ｂｒ，)．

ＡｎＨＤｒ(respBDjn)iscalledanAjUBD(respAﾙiBD(O))-connectionandan 

AIl'CD(respAjICD(O))-connectionrespectivelyifthetensorWiiⅢ侭isgivenby(Ｌ
31)and(1.32)below． 

(1.31）wWk＝ｊ(ｒＭ`ﾊﾟ＋Ｍｌｊ－Ｊｊハj礎ﾉ，

(1.32）Ｖｒ施＝/rZj〃磯＋Ｍ`J＿/`/>ｊＡＪ－Ｂ`施．

Ｎｏｔｅ1.6．T11eaboveconnectionsarecloselysimilartothecorresponding 

７ 
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connectionswithouttheletterD・Ｆｏｒexample，ａｎＡｊｌＣの-connectioniscloselv

similartoanAjVOconnection． 

§２．Subspacesofルih・ＬｅｔＭ凧ｂｅａｎ，ﾙdimensionalsubspaceofMhre‐

presentedparametricallyby(heequation 

(２１）ｚ`＝ｚ`(iｲαﾉ3）（/＝１２，．．．．，，?；α＝１，２，．．．．，，，，)， 

wherewesupposethattl1evariablesz/aIormacoordinatessystemq/1`洞
Ｗｅｐｕｔ 

Ｂｊ｡＝ark／ａ〃。(2.2） 

andassumethatthematrix(Ｂ`｡)isofrank池．

IfwedenotethecomponentsofavectｏｒＸ‘tangenLtojV歴ｂｙＸ”intermsof

thera-system，thentl1eyarerela(eｄｂｙ 

Ｘｆ＝Ｂ`ｏＸｑ (２３） 

Weconsi(IeracurveC：z`｡＝z`｡(OcontainedinM,,、ThentheCisalsoa

curveinM1representedbyz`=（z(｡(Z)）andtheIollowingrelationholdsbe-
causeof(2.2)： 

(2.4）Ｊ`＝`,hr`／"＝Ｂ`"(Z/1,,.／“ノーＢ`｡ｙ､4）

Theinducedmetric{unclionL(【八Ｊ｡)onMmfromL(r',ｙｉ)ｏnＭ,1isgivenby

(２５）Ｌ〃,Ｊ侭ノーＬ(:r`(i‘・人Ｂ`"),リ

ThefundamenLaltensorg．"(ＩＡｙ｡)(=za2L2／a)'⑰ａｙりonnI銅isexpressi-
blein 

(2.6）９｡`(hJa,yαノーgij((r`,ＷＢ`ａＢｊｐ，

Thecovariantvector)１両correspondingto〕・isexpressiblein

(2.7））h＝９ｍﾂ鰹＝ＬａＬ／ayc＝ｊ１ｌＢｉ．，

differentiationofwhicllbyy`｣ｙｉｅｌｄｓ 

3）Hereandinthefollowing、Latinin(licesムメル，…．ｒｕｎｆｒｏｍｌＩＣ〃、whileGreek
indicesa，β，γ，…ｆｒｏｍｌｔｏ７"、

4）IInoconfusionoccurs，ｔｈｅｎｗｅｓｈａｌｌｕｓｅｌｌ"insleado[theusualnotation刀α＿

８ 
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(２８）８%＝Ｂ､`Ｂ`｡，Ｂｉ:＝ａｙ`／a川26j

Thenthereciprocaltensorgα‘ｏｆ９噸ｉｓｇｉｖｅｎｂｙ

(２９）ｇｏ衝〃,yαノーg"伝,)リＢ・`Ｂロノ

Ｉｎｔｈｉｓｃａｓｅ、thefollowingrelationshold：

Ｂｏ,＝９．，９`ＪＢＬ，Ｂｊ凰g“＝ｇＩｊＢｏｐ
(２１０） 

Ｂ：｡＝ｇ“Ｂβｊｇ〃，ｇ`jBj｡＝９．画Ｂ``・

WithrespecItoavectoryiin(２４)，wechooselL-''７ 

`…，７z)salisfyingtherelations 

(2｣1）MAjVl=`・ﾀﾉjW:=ｇＷｉ６),jVfB'鰄=０

'2-,,7nOrmalS〃'ｎ(α＝刀Z＋１

Ｔｈｅｎｗｅｈａｖｅ 

(212）ＨＷＡ＝０，BfoBS＝Sfj-jV`j， 

(213）１Vい=・為jvijW=MW171

From(2.4),（2.7)ａｎｄ(2.11)～(2.13)it(()llowstl1at 

(214）ｊＷｊ１`＝jVAy1＝０，ＪV(J３，`＝jV(jyJ＝Q 

Hereafterweshallusethefollowingnotations： 

ＢＭ:::::ＩＦ＝Ｂ:Bjl……Ｂｻﾞ,Ｂ『j::::::X＝ＢｆＢｸﾞ……ＢＸ，Ｂ翻＝Ｂ;ＢｊＢＩｉｅｔｃ

Ｔｌ１ｅｎｗｅｈａｖｅ 

(２１５）g2j＝9.,,Ｂ：j-l-jV,‘，ｇＺｊ＝g・`Ｂ::＋Ｎ:入

wherejV`J＝g鱗ｊVい､dlV``＝ｇＪＷ`k,

TheOtensorCa図γonMh1isdefinedbyC｡"γ＝光g“iγ(＝光ago"／ayγ)．In
lhiscase1from(2.6)ａｎｄ(2.10)ｗｅｈａｖｅ 

(216）Ｃｏａγ＝ｑ』腿Ｂ鱗，Ｃ内＝go⑰Ｃ`け＝Ｃ/臆Ｂ緋

HeresndiI1lhefollowing，Latinindicesa，６，４．…ｒｕｎfrom〃z＋ｌｔｏ７ＩＩ・

Weusethisnotationinsteado(jV6`－９`jjViforthelatersummationConvention・
Ifnoconfusionoccurs，lhenweshalluseIl1esummationconventionalsoforin(lices 
cz，６，ｃ，．．… 

１
Ｊ
１
 

５
６
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１０ 
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Differentiatingggo噂＝8qEby)'γandcontractingtheresultbyg｡｡,from(2.9)：

(２１０),（２１２)and(2.16)weobtain 

(217）9.1,γ＝-29｡`ＣＡ＝-29(伽ＣＡＢ鷲＝gul,鵬Ｂ解

ＷｅｄｅｆｍｅｓｉｘｑｕａｎｔｉｔｉｅｓａｓｆｏＵｏｗｓ： 

Ｃ"γ:＝Ｃ"臆jVABi＃、Ｃ､．γ:＝Ｃ`』脂jVAJViB$，Ｃ…:＝Ｃｉｊ臆jVWW6，
(2.18） 

ＱＡ:＝Ｃ/ＷｈＢｊ#,Ｃみ:＝Ｃ【い｢AjV）Ｂ#，ＯＡ:＝Ｃ`WAjVW：

Ｔｈｅｎｗｅｃａｎｅａｓｉｌｙｐｒｏｖｅ 

Ｌｅｍｍａ２､lomesirql`α'z"Ziesi"(２１８)αｉｒｅａＪ町１７"'"鉱γici"jAeZOm〃i加或c“

Fz`γjAe'鏑Z/Ｗb"0zﾋﾟﾉi?197℃/αtio'1SAO/`J

CA＝g“Ｃａ｡γ、ｃ占＝cooγ，○八＝ｃ…
(２１９） 

Ｃ､ｗＢ３＝Ｃ`ｗ－Ｃ｡”jV$，ＣＡＢ:＝Ｃ;γ－Ｃ`AjW;， 

"A`'ＦＣｍγ＝CijkjVhB$α"`ＱＡ,＝Ｃ`ＷＡＢｆ． 

IfwedifferentiateBa`ｉｎ(2.10)ｂｙｙγａｎｄｍａｋｅｕｓｅｏｆ(２１０)，（2.17)ａｎｄ(２ 
１９１tllenweobtain 

(２２０）Ｈ１Ⅱγ＝2ChjVf 

Differentiatingthesecoｎｄｉｎ(2.12)ｂｙｊ１γ，｛rom(２１３)and(2.20)ｗｅｈａｖｅ 

(221）jVlⅢγＭ{＋A7Wルー－２ＣＭ7）ＢＬ

Ｉ{wecontIact(２２１)byA7f,thenweobtain 

(222）１ＷⅡγ＝入協jVjM：－－ｊＶＷルー１VⅧ１V;,

SincejV，＝g』鵬１V:,from(222)wGhave

(223）jVA,,γ＝入:γA7jlg`j-2C8γ・

Applying(２２３)tothesecondin(２２２),ｆｒｏｍＬｅｍｍａ２１ｗｅｇｅｔ 

(224)，入:γ＋入舟＝2CA＝2○A．

ＩＩｗｅａｐｐｌｙ(2.24)ｔｏ(2.23)andtakeaccountof(2.19)，ｔｈｅｎｗｅｏｂｔａｉｎ 

－１０－ 
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(225）ノV8,γ＝－２CAB:－入:γjV;・

Forthelateruse,wedefinetwotensorsonMw1asfollowsl 

(226）１′６｡`γ＝ｑ･`,,γ-l-2C師"Ｃ協十Ｃ…ハル，

(２２７）〃ん＝ＧＢ`【γ＋ＣＡＡ:γ,

Ｔｈｅｎｗｅｃａｎｓｔａｔｅ 

Ｌｅｌｎｍａ２､２．Ｔﾙ“e7zso71ﾉb･町zsSyｿ7z'"ａ７ｉｃｉ〃α〃Ｇ７ｃｅ虎ｊ72必CGS，ｕﾉﾊ』ん'６ｶＧｄＢ）zso7

"ＡγisEy'""z`"ici"βα７２‘γ・

Proo(．Ｆｒｏｍ(2.18),（2.24),（2.25)ａｎｄ(2.26)itlollowsthat 

B雛ＣｉｊＭ,,↓Ｎ:＝Ｂ鱗Ｑﾉﾙ,雄jVI＝ＢＭＣｌｊｈ,γjVl

＝Ｃ…`γ－Ｂ::ＣＨｊｈｊＶ:uγ＝功…

whichshowstllatthetensortﾉ…γｉｓｓｙｍｍｅｔｒｉｃｉｎａ，βａｎｄγBecausetlletensoI 

Cfﾉﾊﾟisalsosymmetricini,jandA． 

Next,ｂｙｖｉｒｔｕｅｏｆ(2.17)，（2.26)and(2.27)ｗｅｇｅｔ 

(228）Ｕ…gco-2(C舟ＣＡ＋ＣＡＣハノーノu,》

whicllindicatesthatthetensor岾了issymmetricinβandγ
Ｆｒｏｍ(2.28)ｗｅｏｂｔａｉｎ 

ＱＥＤ 

(229）ノu…γ:＝g"/uJi．γ＝必｡`γ－２のγ卿術ｏｎ＋Ｃ…Ｃハノ

§３．InducedMatsumotoconnections・ＯｎＭｔｌ]eabsolutedilferentialof

avectorｊ１ｆｗｉｔｈｒｅｓｐｅｃｔｔｏａｎＭｒｖｉｓＲiｖｅｎｂｙ 

(3.1）Ｄｙ`＝`fyj＋ｒｗ'kaj,yjMrk， 

whiletheabsolutedifferentialofavectorXI(zj,ｙＪ）ｉｓｇｉｖｅｎｂｙ 

Ｄｘ:＝`Ｚｒ`＋(r7i＋ｃ/恥ハノｘ`"＋ｃ/臆ｘ`｡y〃

(3.2）＝ＸｉＩ腿`frk＋XjlkDy賑，

Ｘｔ,雁＝４Ｘ`－Ｊ７ｉＸｊ，Ｘ`ルーｘ`]ﾍﾞ十石/ｋＸｊ、

－１１－ 
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whered1X`＝ａＸ`／ａｕ腱一ＨＸ'1‘andＸ`Ｉ－ａＸｌ／ay髄．

Letvectorsj11andXfbetangenttoMmthatis,theysatisfy(２４)and(２３)re 

spectively・Thentheexpressions(3.1）and(3.2)arewrittenin

Ｄｙ`＝(Ｂｊ＋八ＢＷｉ`γ‐Ｉ－Ｂｉが，
(3.3） 

ＢルーaＢｉ／az`γ,Ｂ;γ＝Bj7yo，

ＤＸ'＝Ｂｉ側｡X`＋⑱/γ＋乃鵬Ｂﾒﾄﾞ＋Ｃ/ｈｎＢｉｌ$
(3.4） 

＋Ｃ人ＢハＢｉ)ＸＭ１`γ＋Ｃ/鵬Ｂ:$Ｘ`〃

ＮｏｗｗｅｄｅｆｉｎｅＤｙａａｎｄＤＸｏａｓfollows： 

(３５）Ｄｙ｡＝Ｂ:、)'f，ＤＸａ＝ＢｏｐＸ１．

ThenonMhwecandefineaconnection正(凧，１－W;，Ｃハ)bymeansof(３
－ 

５)．Intermsofthisconnection,Ｄｙ戯andDXoareexpressiblein

(3.6） Dy・＝の｡+凪`z`７，

ＤＸａ＝`fX⑪＋(TIA,-ｌ－ＣＡｒｗｐＸ'Ｗγ＋ＣｆＸ`ぬiγ

＝ｘα,γ`ili(γ＋ｘ衝lγＤｙγ，

ｘα,γ＝４ｘｏ＋I~I:Ｘ,,xolγ＝ｘ･岬十ｃｈｘ感，

(3.7） 

wheTe4X"＝ａＸγa1イァーrv:Ｘ･'@andXqI,アーａＸソayγ、

Ｉ(ｗｅsubstitute(3.3)ａｎｄ(3.4)into(3.5)andcomparetheresultswitll(３６） 
and(3.7)，ｔｈｅｎｗｅｈａｖｅ 

(３８）ＯＡ＝Ｃ/聡Ｂ鰯，

(３９）八＝BiMBj十八ＢＭＢ内＝y`ＢＡ，

(310）ＩＨ:＝Ｂ$(ｎA＋瓜Ｂ:ｷﾞﾉｰＧＬＴ:-l-B：ＯＡ(T'kBi-LBJリＢ１ｂ・

Ｉｆｗｅａｐｐｌｙ(３８)ａｎｄ(３９)ｔｏ(３１０)ａｎｄｕｓｅ(2.12)ａｎｄ(2.13)，ｔｈｅｎｗｅｏｂ‐ 
tain 

(３１１）期＝Ｅ３(B内＋j7iBｶﾞﾄﾞﾉ＋５AＨ；

一］２－
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ｗｈｅｒｅｗｅｐｕｔ 

(3.12） 頁$＝でAB2Wi，

(313）虹＝１Ｗ(BルI-rmiBり

Weshallcallaconnection民(rlA,,凪,Ｃ幻onIUhmdefinedby(３８),（３９）

and(3.11)i｣ｌｅｊ"`邸c”Ｍ`zZszl"zoZoco""Cctzo7z,ａｎｄｄｅｎｏｔｅｉＬｂｙＬＭＩＴ
Ｗｅｐｕｔ 

(314）ＣＡ＝ＢＷ:jViqL 

(315）ＨハーZVfrB；γ＋rlABﾒｻﾞﾉ＋ＣＡＨ;・

TheniIwecontract(３１１)ｂｙＢｌａａｎｄｕｓｅ(ａｌ５)’ｔｈｅｎｗｅｈａｖｅ 

(316）Ｂ」＋J~!/鵬Ｂ:#＋Ｃ人ＢｉｊＶ:Ｈ;＝Ｂ`orlA＋jVAHA．

Inviewof(3.16)wecandefinetl1eA-relativecovariantderivativeof氏with
respecttondlrvasfollows： 

(317）Ｈ;γ＝Ｂ1,,γ＝aB`圏／a"γ十Ｊ~lABjk-riﾊBzo，

(318）瓜＝１－M蠣Ｂ：＋ＣＡｊＶ:Ｈ;．

Itthenfollowsfrom(316)～(318)tllatHh＝JVfHん

LetXj:beanobjectdeIinedonnいuchthatitisatensorinM1｡ftype(1,1）
and，atthesametimaatensorinIU;wpftype(1,1）Thentherelativeﾙｰａｎｄひ

covariantderivativesofXj:aredefinedasfollows： 

(319）ｘ;:,γ＝４Ｋ;:＋ｘ》:rYγ－ｘ;:r『（十Ｋj:凧一ｘｊ:J-W;，

where4andE`γaredefinedin(３７)and(318)respectively． 

(320）Ｘｊ:Iγ＝Ｘｊ:!γ＋Ｘ':ＣＡ－Ｘｉ:ＯＡ＋Ｘｊ:ＣＡ－Ｘｊ:Ｃ凡

whereｑ/γ＝α』凪．

Ｆｒｏｍ(２１２),（2.13),（316),（3.17)ａｎｄ(3.20)ｗｅｏｂｔａｉｎ 

(３２１）Ｂ:,γ＝ＨＡ＝jVAHA，Ｂｉ`|γ＝jVAUハ

－１３－ 
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whereCルーｊＶｆＣ/鵬Ｂｵｷﾞ．Becauseof(212),(213),(３９)and(313)ｗｅhave

(322）Ｂ;γ－Ｂ`orwサーーrWJ鰭Ｂ:-l-jV:Ｈ;，

whichimplies 

(323）４＝Ｂ：a／az鵬十(Ｅ;γ－Ｂ`鰯rv:ﾉa／ay`＝Ｂ`γ４＋Ｈ:jvAa／ay`，

whereｄ＝a／azz-j~ｱjIa／eM 

Theniteasilylollowsfrom(３１９),（３２０)and(２２３)that 

(324）ｇ"け＝g`j,鵬Ｂｉ＋g`｣1,JV:Ｈ:,ｇｊルーg`山Ｂ;、

Furtherfrom(２１４)and(3.23)ｗｅｈａｖｅ 

（3.25）Ｌ,γ＝Ｂ`γLIi． 

From(３２５)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ３､１．」yα〃MrYsmaricα“ﾊe〃jAeLMTisaJso刀zetricaZ

From(２１１),（3.20),（3.21)ａｎｄ(３２４)ｗｅｏｂｔａｉｎ 

(３２６）ｇ…＝91“ＢＭ；＋g`人Ｂ８ｉＷ:Ｈ＄

(３２７）ｇｏルーg山ＢＩＭ$．

Becauseｏｆ(3.26)ａｎｄ(3.27)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ３,２．」Ｗ〃ＭｍｓＤ－"ZetγＭ，dAe〃llAc｣Ｍ~YsaLsoU-"ZeZricaL〃α〃

MIYs60t/Ｍ-7"c"i“/α，z‘Ｕ－?"８１１７.ｉｃａ４ｚ/ｉｃ?MAGZMrYsﾉ1-"zet7-iczzJ、

ThedeflexiontensorDWitllrespecttolMZ~『is，becauseｏｆ(３９)and(310)，

givenｂｙ 

(３２８）Ｄ；＝J-UL-八＝か雁Ｂ:＃＋ＯＬn$』

where、`腱isthede(lexiontensorwithrespecttoMrWaｎｄＣＬ＝y℃八，

Weshallsaythatthen14r'is蛾"α、γaZifthedeflexiontensorisgivenｂｙⅨ

＝Ｄ`臆Ｂ:$．Ｔｈｅｎｆｒｏｍ(３２８)wecanstate

Ｌｅｍｍａ３､３．ＴﾙＧｍｎ~Ys蛾-刀atZｲImZi/cα"‘oll6MWbe/bZﾉ0画′"g…α"0'2ル0Ｊﾋﾉ３Ｊ

(3.29） でLHW＝０．

－１４－ 
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Ｎｏｔｅ３．１．WeshallsaythatanMriis`jyib:/>-“ilitsatisfies(F2）Inthis 

case，thejM-visalsMﾉｴﾉ>でeifandonlvifitis蛾-"αｍｒａＺ・
Ｆｒｏｍ(ａ２６)and(3.27)ｗｅｈａｖｅ 

(330）、9厘`＝ｇｗＢ::$`i/邸γ＋g`山Ｂ:ＡＷｉＨ;`邸γ＋Ｂｍｙγﾉ．

WeshallsaythatanMI-，ｉｓＤｙ-,℃cjlP7･ＤＣα/ifitsatisfies(F4)．Thenitiseasily 
seenthatanMr，isDy-reciprocalifandonlyif 

(3.31）ｙｉｇ`j,腿＝０，Ｊ`９１ルー０

Becauseｏｆ(３３０)and(3.31)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ３,４．〃a71MrYsDy-7でcｵﾉｳｱｏｃα“helzdhemn~YsallsoDy-7mPr℃caL

LetXnmandγf,bethechristoffelsymbolso(thesecondkindformedwithg“ 
andｇ`jrespectively・Thentheyarerelatedby

(332）蝿＝ＢＭＢＪ卿十%`例:ﾉ＋gγずＣ１ＭＢｉ:Ｂ弍十Ｂ船ＢハーＢ;:Ｂ〃

Contracting(３３２)ｂｙｊ１ａゾ，ｗｅｈａｖｅ

(333）２０γ＝xnj'ｙ＝BWBJo＋2Gリ

Ｏｎｔ１１ｅｏｔｌ１ｅｒｈａｎｄ,contractiono【(３９)ｂｙｊ１γ’1)ecauseof(３３３),yields

(334）八yγ＝20.-1-Ｔ`･圧．

Ａ、ハゴlrviscalledageoPatAco7zlzectj01zifitsatisfies(F5)．Thenitfollows

from(１２)thatanMITsageo-pathconnectionifandonlyifT`｡＝０．Therefore 
fromC34)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ３､５．〃α'1Ｍ丁，isα深ｏｐａｊﾉ>ＣＯ""ectio〃o"Ｍｈ，ｵﾉie抑ｵﾙemZlrySaJsoa

gmlazhCO"""ziO''０，'Ｍｈ:、

Ｗｅｐｕｔ 

(336）Ｔ:＝Ｔ`kBf#，ＱＡ＝Ｑ/鵬Ｂ黙
、

唖=BWBﾒｱ+Gj`臆Biﾄﾞﾉ,九=B：(Ej7+G`ｋＢＤ,(3.37） 

(３３８） i:＝jWBあ＋Ｇ`鵬Ｂ:ﾉ,ｉ:＝ﾉWBJo＋2G`ノ

Differentiating(３３３)ｂｙｊＩ７ａｎｄｕｓｉｎｇ(2.20)and(3.37),ｗｅｈａｖｅ 

－１５－ 
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(339）α＝ＧｏＩγ＝凪十ＣＡｉ８・
b 

Subtracting(3.9)from(3.38)andusing(3.36),ｗｅｇｅｔ 

ｂ 

（340）Ｔ：＝I可:－α＝ｎ－ＣＡＨ３・

Differentiating(3,9)ｂｙｙ`andusing(2.20),ｗｅｈａｖｅ 

(341）ｒ､ルーＢ《(B;γ＋r'`蝋!』ＢＩＭﾉ＋2CAH；

SinceZ-vZ侭0Ｊ＝I~ＩＡ－Ｑ/腱,from(ａｌｌ),(336)and(３４１)weobtain

(342）ＱルーJ~UYy-mm＝ＱＡ＋(Cハー2Cハノ亙り．

Consequentlywecanstate 

Theorem3・ＬＴﾉieLMTisaMh1tsl`”0JひCO，z'ｌ"tio〃o1zM11`ilbj`'wzi"cｺﾞﾑyﾒﾙγ“

巧"sorsT:，ＱＡα"`Ｃ〃"(340),(３４２)α"`(３８）

TheoriginalconnectionMmsaMatsumotoconnectiondeterminedbythree 

tensorsT`鵬，Ｑ/臆andＣ/鵬．ThetensorsinducedonM"`[romtheabovetensorson

〃lhmareT;,QAandC&Thereforethe…nsicMr4.Bn脚sdefinedastheMa‐
tsumotoconnectiononnAdeterminedbyT3､Ｑ』andCA．Ｉ{wedenotethiscon‐

nectionb㎡=(庫,ハ,５A)化henfrom(340)~(342)weobtaiⅢ

(343)！凪＝凪十ＣＡｔ;，
】河

(343几ＩＹｉ,＝｣nA.＋(Cハオ;ルー(C八－2Cハノ叫
加

Consequently,becauseｏｆ(３４３),ａｎｄ(3.43LwecanstaLe 

Theorem3､2．ＴｈｅｎM[I~，iSjﾉhci'127力zsルＭＺ~『o'1Ｍ%,ｉＷ，！‘0"b'1/t/Ｗb"。zﾋﾞﾉillg

e9Hatio77ル0〃：

cAri8＝０，（cA-2cハノＨ;＝０(3.43k 

Ｆｒｏｍ(2.11)ｗｅｈａｖｅ 

(344）ｇ`jＢＷＶ;＝０． 

Differentiating(３４４)l胚covariantlybyll(γandusing(2.10）（2.11)and(３２１)，

ｗｅｏｈｔａｉｎ 

*）Thisconnectioncannotbedefinedintheusualsense、ＳｏｗｅｄｅｆｉｎｅｉＬａｓａｂｏｖｅ

－１６－ 
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(345）ｇ“ＢＷｌ,γ＋ハルＨ占十g`小ＢｌｏｊＷ＝０

Hwecontract(３４５)ｂｙ９噸andsuccessiblycontracttheresultbyBi､then
wel1ave 

(346）ハア腹｡,γ＝(jVjIV:!γﾉA7l-goYgJMγＢＷ:＋Ａ６Ｈ〃氏．

Similarly,bydifferenLiating(３４４)v-covarianllybyyγ、ｗｅｏｂｔａｉｎ

(347）ｊＶ:|γ＝(ＭＷｉ|γﾉjV:－９｡ご(:gj鵬lγＢＷ#-'一ヘ｡α〃Ｂ:s、

Contracting(3.5)ｂｙＢｊα、ｆｒｏｍ(2.12)ｗｅｈａｖｅ

(348）Ｄｙj＝BjhDyo＋｣V:(JV:Ｄｙｿ，ＤＸ`＝ＢＪＰＸｏ＋jV:(jV1DXソ

lfwecontractthefirstin(３３)byjVfanduse(３１３)，［henweobtainA｢：Ｄｙ 

＝Ｈ$〃・ThereforeIromthefirstin(3.48)ｗｅｈａｖｅ

(３４９）Ｄｙ`＝Ｂ`γＤｙγ＋jVA(Ｈ;`nγ） 

Contracting(３４)bWV1andmakinguseoI(3.14),（315)and(３２３)’ｗｅｏｂ‐ 

Lainハ71ＤＸｆ＝Ｈ:(ＨＫＭＺ'＋ＣＡＤyγ）Hencebecauseofthesecondin(３４８）

DXfisexpressiblein 

－－ 

(3.50）ＤＸｉ＝ＢＺγＤＸγ＋ﾉＶｉＸ画(HACi/Z`γ-I-QA,Ｄｙγノ

ThevectorH;willbecalledthe〃ｏｒ"lα/α"z）αZz`γeDectorinanormaldirec‐

tionjVi，whilethetensorsHAandCAwillbｅｃａｌｌｅｄｌｈｅｍＧｃｏ７ｌ‘ん"`ih"1Ｇ,１ＩＺａＪルー

ａｎｄＷど"so,可inthesamedirectionjV:respectively・

Forthelateruse、wesllallgive

LemIna3､６．ＴﾉＷbI/Ozﾋﾞﾉｲ'29〃cjsa花"１１‘majjbﾉ`9z(iUaZcﾌﾞル

（１）Ｔｈｅ"。"Zi'Zea'℃・"""tio"I~Ｗｑ/ZMI-YstAef72ll7-i"sjcO"ａ

（２）CAh:＝０（３）２ＯＡ＃:-ＭＢ､γｉｔ:＝０ 

(4)ＯＡ戯=Cﾊﾞｶ;
Proofltiseasilyseenfrom(3.43)Ｉthat(1)ａｎｄ(2)aremutuallyequivalent． 

'{wedif[erentiate(2)ｂｙyγ，ｔｈｅｎｆｒｏｍ（２２２)，（2.26）ａｎｄ（３．３８）ｗｅｈａｖｅ（３） 

Conversely，ifwecontract(3)ｂｙｙ風，ｔｈｅｎｗｅｏｂｔａｉｎ(2)．Ｆｒｏｍ(3)ａｎｄＬｅｍｍａ２

２itfollowsthat(4)holdsConversely，ifwecontract(4)ｂｙｙ：ｔｈｅｎｗｅｇｅｔ(2) 

andhence(3)．ＱＥ.，． 

－１７－ 
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§４．Varioustensorsoll〃、ａｎｄthegeneralizedGaussCodazziequa･

tions・Withrespecttothen14r芒(凧,凪，Ｃ』),wecandefinethetorsionten‐

sors，thecurvaturetensorsandthemixedtensors、

Firstly,theh-torsiontensorrA，theルひtorsiontensolFP､γand沙torsionten
sorSAaredefinedby 

(４１）承＝rlFγ－m，Ｐ:γ＝｣F:!γ－１－V1薊，ＳルーＣハーＯＡ‘

ThecuIvaturetensorR渦withrespecttotheinducednon-linearconnectionnis
de[iｎｅｄｂｙ 

(４２）Ｒ:γ＝＆'－，%－６，１~『:：

whichiscalledalsotheA(A)-torsiontensor、

NowweconsiderascalarX(ｚ`,)'`）onjUh，whichisalsoascalarX(zf("｡),Ｂ`。
y画)ｏｎ､偽．ThenfortheXthefollowingRicci'sidentitieshold：

（a）ｘ,`,γ－ｘ,７M＝－ｘ,｡熟一ｘｌａＲ､γ，

(4.3）（b）Ｘ,ルーＸ|γ,`＝－Ｘ,ｏＣＡ－ＸｌｍＰ%γ，

（c）ＸｌルーＸ|ルー－XloSA．

Becauseof(323)wehaveXl｡＝Ｂ`･Ｘｌ`andX,｡＝Ｂ`｡Ｘ,'十ＭＨ:Ｘ卜TheIe

foreitfollowsfrom(318)～(３２１)，（３２３)andtheRicci'sidentitiesonM,,that 

bothsidesof(4.3)areexpressibleinlinearhomogeneousexpressionsofXI`ａｎｄ 
ＸＩ・Bycomparingthecoefflcientsolthemweobtain

氏R耐+jV:H:銃γ=瓦臘B2#+戸`j鵬(BJhH:-玖H:ﾉﾊｧ:

＋jVW:Ｈ:Ｈ;S/ｋ－(Ｈ:,γA7:＋Ｈ:A7ルーβ|γﾉ，

及孫＝ＴＡＢｵｷﾞ＋Ｃ人(ＢｉＨ;－Ｂ４Ｈ:ﾉjV#＿jV:(ＨＡ－Ｈハノ，

ＢｉＰ内+ｊＶｉＨ:C息=P;鵬Bﾒﾄﾞ+醜AWE:Bｷｰ｣VⅢH:_(H:I-HHjWL，

Ｂ[`Ｃふ＝Ｃ/腿ＢｉドーＣＡＭ、

Ｂｉ8曲＝S/臆Ｂ:$－(ロハ,＿ＯＡﾉﾊ７A，

(a)， 

(a)２ 
(4.4） 

(b） 

(c） 

－１８－ 
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whereＲ`,臆＝４乃一ｄＴ１鵬,Ｐ`j脆＝巧,,"-1-Vj，Ｃ/臆＝Ｃ/臘一Cfj,andthesymbol
～～～ 

β|γmeanstheintercl]angeofindicesβandγintheforegoingterms・

Ｎｏｔｅ4.1．RhjsthecuwaturetensoronMwithrespecttorMorA(〃>tor‐

siontensor),whileＰ>臆andSAaretheﾊ沙andひtorsiontensorsonjM【hrespectively、

Secondly,theﾙｰcurvaturetensorR八｡，ｔｈｅ〃沙curvaturetensorHi⑯andthe
ひcurvaturetensorSAがaredefinedby

（a）ＲＡ`＝(４凧‐l-J-iAJ~L:－γＷ＋ＣＬＲ:i,，

(４５）（b）ＥＡ`＝r}ルーＣ曲,γ＋ＣｊＬＰ:…

（c）Ｓ』,＝Ｃ恥＋Ｃ燭ＣＡ－γ'。

Lastly,themixedA-cu｢vatuIetensorR川themixedAひcurvaturetensor

B舟andthemixedひcurvaturetensors/`γaredelinedby

（a）Ｒ/側γ＝低r７画十ノーI,Hryγ－β|γ]＋Ｃ/霞Ｒ`輿γ：

(4.6）（b）Ｂ`βγ＝IVh,,γ－Ｃﾉｱ,`＋Ｃ/塵Ｐ:ｧ，

へ－～－

－－A８－－ 

(c）Ｓ/働了＝Ｃ/``γ＋Ｃ」似αγ－β|γ，

whereＥ`回andＣ/似aredefinedby(３１８)and(320）

ThenforamixediensorX:、thefollowingRiccrsidentitiesｈｏｌｄ

(a）ｘ:,働,γ－β|γ＝ｘ:Ｒ/βアーＸ:ＲＡγ－ｘ:,．熟一ｘＡＬＲｉγ，

(4.7）（b）Ｘ;,ルーＸ:|γ,．＝Ｘ:Ｂ`圏γ－Ｘ:Prbγ－Ｘ:,．Ｃ`γ－Ｘ:loP2γ：

（c）ｘ:|ルーβ|γ＝ｘ:s/`γ－ｘ:ｓＡγ－ｘ:|βか

Applying(a)～(c)ｉｎ(４７)ｔｏＢ`aandusing(3.21)，ｗｅｏｂｔａｉｎ 

ｆ
ｂ
 

ｉ
い
Ⅳ

〃
ｃ
β

γ
 

這
幻
一
Ｐ

一卿一蹴
一
ｆ
ｂ

ｆ
ｂ
〃
・
；

馴一柳一Ｍ
照
玉
一
郎

”
｜
 

’
ヒ
ロ
γ

忠
一
Ｊ
一
鴎

一
尺
’

’
９
Ｂ
１
画

Ｂ
｜
Ｂ
 

γ
一

一附一咽一川
晄
一
一
Ｂ

β
｜
｜
 

｜一
利
Ｔ
ｌ

ｖ
ノ
ｔ
ｎ

町
毛
羽

γ
γ
－
－
〃

’
β
１
 

１
β
 

Ｉ
⑥
！
ａ
ｔ
ｑ
 

Ｂ
Ｂ
Ｂ
 

１
ノ
ミ
ー
ノ
、
－
ノ

ａ
ｋ
Ｕ
Ｃ
 

グ
ー
Ｉ
ノ
ー
ｒ
‐
し

(4.8） 

Ifwecontract(a)～(c)ｉｎ(４８)ｂｙＢ`ianduse(321),（３４６),（３４７),ｔｈｅｎｗＧ 

ｇｅｔ 

－１９－ 
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(a）ＲＡγ＝ＲＡγＢAr＋[H&(igj礎ｗＢＷｉ＋ｄｂｃＨ月ﾉg"－β|γ]：

(b）PWB了＝Ｅｉｉ７Ｂｉｆ＋g生(lY品(ｇｊ腱|γBLjVi＋ルＣど；ノ(4.9） 

－Ｃ鳥(ｇｊ礎,,,ＢＷ:＋d"亙曾:ル

（c）ＳルーSﾉ),ＹＢ３:＋[ＱＭｇ小ＢＷｉ＋dbcC』ﾉg"－β|γl

Similarly,bycontracting(4.8)ｂｙﾉVfweobtain 

（a）ＲＡγＢＷｆ＝Ｈｂ:冤:＋ｑ:Ｒ:γ-ﾄ[Hdimγ＋jVi,γjV'亙鮎β|γＬ

研γＢＷｆ＝HhfC内＋ＣＡＰ:γ＋ﾉV:'7ＪV;照
(4.10）（１）） 

＋HJi,|γ－jViMjVyC釣－Ｃ局｜圏，

（c）８AγＢｉＷＦ＝CLS,内十lA7ilγA7FCA＋ＣＡｌγ－β｜γl

Theequations(4.9)ａｎｄ(4.10)arethegeneralizedGaussandCodazziequa‐ 

tionsrespectively 

lfwecalculate(４６)anduse(4.4),ｔｈｅｎｗｅｈａｖｅ 

（a）ＲＡ７＝ＲＡｈＢ:！＋ＥＭＢ:Ｈギー氏Ｈ:ﾉjVi＋Sﾑﾙﾊ7:A7tH:Ｈ：

(4.11）（b）２A"＝ＢｉｈＢ:$＋S/臆伽jV:Ｈ:Ｂ$，

（c）Ｓ/βγ＝８人伽Ｂ勝，

whereRﾉﾊﾟ典＝1.,`r，`鵬十ITmr'ｈ`－A|A]＋Ｃ/rRYwBuM＝r【/腱Ｍ－Ｃ加十Ｃ/ｻﾞＦＡ〃

andＳ/鵬h＝Ｃ/鵬!〃＋Ｃ人α鵬一A|A,

Ｎｏｔｅ４．２．Ｒ/鵬蝿，Ｅ'MandS/Maretheルーcurvaturetensor，ｔｈｅﾊﾘｰcurvature

tensorandthezﾙcurvaturetensorrespectivelyonnL 

Applying(4.11)ｔｏ(4.9),ｗｅｏｂｔａｉｎ 

Ｒ…γ＝g瀝尺品，＝Ｒｊ"ｈＢ:蝋＋Ｂ:;(ＰｊＭＢＷ$－ＢｉＨ%ﾉjvI
（a） 

十s,鰄応１V:Ａ７ｌＨ:Lr；)十lHAい,γＢＷ:＋ヘcHAノーβ|γ］

(412）Ｒ"γ＝go壜Ｒ:γ＝乃雄hBij鰯十s』轆胸Ｂ::Ｗ:jY：
（b） 

＋ＨＡに`鵬|γＢ:ﾊｧｶﾞ＋AcCJij-C占い,働ＢＷｌｉ＋8ｈ.Ｈﾊﾉ，

－２０－ 
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（c）Ｓ…＝9.β品γ＝Sj雄,↓Ｂ:::》＋[○・%にj↓ＢＷ:＋cDbcC:ノーβ|γ１，

whereRjw,＝gけＲ/R几，Ｐ,`鵬胸＝gけ巳臨ａｎｄＳｊｆ姉＝g"Ｓハル

§５．InducedZYjfLconnections・ＴｈｅmducedMatsumotoconnectionZMr，

ｉｓｃａｌｌｅｄｔｈｅｉ"ぬ`cc‘ＴＭｒｅｓｐＴＭＯ))-ＣＯ"'zecdiio〃anddenotedbyJTY1Zri(resp、

ITYMrB),iftheoriginalconnectionMI-iiｓａＴＭｒｅｓｐ・TMO))connection、Ｔｈｅｎ

[rom(1.7),（3.8)and(３３６)ｗｅｈａｖｅ 

(５１）ＣルーＣＡＯＧｓｐＣｈ＝の,ＣルーＣ;鵬Ｂｾﾞﾄﾞｰ０，

(５２）Ｔ９＝Tob＝０，ＱＡ＝Ｑルーo

Becauseof(3.40)，（3.42)and(5.1)ｗｅｏｂｔａｉｎ 

(５３）Ｔ:＝Ｔ:－Ｃハオ8,口ルーＱルーＣＡＨ:6℃』Ｗｇ易-2CAH:ﾉ，

which，ｂｙｖｉｒｔｕｅｏｆ(5.2),implies 

(５４）Ｔｍ＝Ｔ$＝０，９９＝ＱＬ＝０ 

ＦｒｏｍＬｅｍｍａｓ３１，３．３，３４，３．５ａｎｄ(5.1)itfollowsthatthemMrv(resp、

InFMZ~､)satisfiesaxioms(Ｆ１),（F2),（F3)(resp(F3),),（F4)and(F5)．Therefora 
Lakingaccoutol(5.4),wecanstate 

Theorem5､１．ＴﾉiGITMI-Yresp､mMlrbﾉｉｓａｍＭ(respTMZlﾉ1ﾉｰCO""“"0?ｌ０１ｚ 

Ｍｎ…jw2i"e`bWAe花"ＳｏｊＦＴ:、Ｑ釣α"`Ｃハi"(５３Ｍ,!`(５１）
Ｗｅｐｕｔ 

(５５)！Ｔ;＝ＴＷ;Ｂ＄ 

Ｔｈｅｎfrom(１７),（3.13),（3.38)ａｎｄ(5.5)ｌｗｅｈａｖｅ 

(55九Hﾄﾞｰな十Tい〃;=ｉｔ:､

Thereforeitfollowsfrom(5.1)and(5.5)2thattheequationsin(3.43)3reduceｔｏ 

(５６）ＣＡＨ;＝０ 

ConsequentlyfromTheorema2wecanstate 

Theorem5､2．TAIGITMr，(ol-ITMrL)jWAci"ｌｆｒｊ，jsjcco"""Zzolzo〃必１Ｗ"’
0'lZyがα〃““tioll(５６)A0Zdb．

－２１－ 
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From(3.9),（ａｌｌ)and(5.1)ｗｅｏｂｔａｉｎ 

Ｏ Ｏ 

(５７)，凧:＝以伍ﾉｱ＋I~I/腱Ｂ:ｷﾞﾉ,凧＝r'Ａ＋ＣＡＨ；

(57)‘ｙ`魚＝y`凪＝1画＝B:(Bj7＋rw`凡人

毒γand熟respeclfwedenotetheh-torsiontensorsofIZYWoandlTMTby 

tively,ｔｈｅｎfrom(5.7),ｗｅｈａｖｅ 

(5.8） ；Ａ－ｒｎ＝角1鱸B腓冤:＝態＋(CAH:＿CAH:ノ

DifferentiatingT:in(5.3)by)'`,ｆｒｏｍ(２２０),（2.21),（２２７)andLemma2 
２ｗｅｏｂｔａｉｎ 

(５９）凧＝Ｔ9,｡＝唖十2CAT:－⑫Cﾊﾞｶ:＋/uムァオ;ﾉ，

where唖＝Ｚ』鵬Ｂ腓Similarlyfrom(337)and(339)wehave

b 

(５１０）ＧＡ＝α,｡＝凧-卜2Cムオド＋復CAii:＋ﾉuﾊｧｵ;ﾉ，

whereGAistheintrinsicかconnectionofBerwald

lntlliscase,itiseasilyverifiedfrom(5.3)，（5.9)and(5.10)ｔｈａｔ 
Ｏ 

Ｇｈ＋TMγ-ｌ－ＱＡ＝rMI,(Iesp・凧）

WeshalldenotetheinducedconnectionsonM,fromBJ~lHrlRTandCZ-vby 

ZBI~IIHrMRrrandICI~１Tl1enfrom(１８),（３３６)and(5.3)ｗｅｈａｖｅ 

(5」l）ＴガーーＣＡｉ；foranyofIBInHr7ZRTandICn

(a)則=-2ＯＡ戯でﾊｰOforIBri,

（｡）q＝－CAiir;１５A＝Ｃ釣forIHn
(5.12） 

（c）ＱＡ＝－剛－２CAii;，でルーOforIRn

（d）ＱＡ＝－用一ＣＬｉ:，石占＝CAIbrICn

wherejcW;＝Ｐｊｉ鵬Ｂ僻

Differentialing(5.11)ｂｙyγ，ｗｅｈａｖｅ 

(513）ｺｻﾞｧｰ－２CAi:－ﾉuAY力；

From(5.10)ｗｅｇｅｔ 

－２２－ 
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ｂ 

(514）、ルーＧＡ－２(C几ｶｷﾞ＋ＣＡｉ:ﾉｰﾉｕｈγZi3

WeshalldenotetheA-connectionsofZHrTIRFandlCFbyな,瓜andた：
『

respectivelyTllenitfollowslrom(5.12)and(5.13)tllat 
h 

(515）ｒＹｉ,＝Ｇハー(CAji;＋2ＯＡ竝:十/uAγｉ:ﾉ，
了

(5.16)凧=Gﾙｰ(:FU1,+2ＯＡ堂十2CAi:+ﾉuﾊﾂな；ﾉ,
Ｃ 

(517）聰＝Ｇルー(PlA,＋ＣＡｉ;＋2CAri:＋/ばんｉ:人

ThustakingaccountofTheorem51andTheorem５．２，wecanstate 

Corollary5､１．１．Ｔﾉlei，zdace‘ZiyPica比o"，zectio"sZBr;IHr；ZRr,α'z‘ICrｱα，で

TTM(o1-ZZM(O川0""８cdわ"so"jl4i形花γ”ilze鋤M`"so，＄Ｔ:’９＃α"`則i"(５１１)α"‘
～～ 

(5.12),α"Ci/rhei7ﾙｰ“7z7ZeC亙0"Sαγど…だSSWGi"(5.14)～(5.17)，”ﾊｶﾞﾙtAerﾑｅｉγ刀O”

""garco7l，leclio"sargco'","o"１３'e9“〃orw:,Ｔｈ８Ｑ６ｏＵどん!〃i"Q/t‘Ce`ＣＯ""eaio"sαγe

Zhei",Irj"ｓｉ`CO""""olzso"Ｍ１，'〃cc"uelly〃α'１`。"lbﾉﾘWheSα"Zeeq"α"o〃ＣＡＨγ＝ｂｂ 

ＯムoA1ZS・

ＷｅｓｈａｌｌｃａｌｌｔｈｅＩｍｌﾉｰ，thelr71c九Ce‘RZYM-co""cctio7ziftheoriginalTMZ-7is
anR7YWconnection，ａ､ｄｄｅｎｏｔｅｉｔｂｙｎＵＹＭｒ１ 

ＳｉｎｃｅａｎＲＴＹＭＺ~ｖｉｓａｎハーmetricalmf-connection，ｉｔｆｏｌｌｏｗｓｆｒｏｍＬｅｍｍａ３､２

andTheorem51thattheJmTMI7satisfiesaxioms(F2),（F3）（F5)ａｎｄ(F6),ｔｈａｔ 
is，ｉｔｉｓａｎＲＴＭＪﾏonMhz・Ｉｆｗｅｐｕｔ

Ｑ…＝g"Ｑ：，Ｚ｡.γ＝Ｑ…_Ｑ､.γ， 

thenfrom(5.3)ｗｅｈａｖｅ 

(518）Ｚ・働了＝Ｚ`,雁Ｂ鰯，Ｚ``臆＝QHj臘一Ｑｊ,臆，

whereＱ"膳＝gjAQA・SinceQm膳＝Ｑ`・鵬＝０，itfollowsfrom(５１８)tllatZo働了＋
Ｚβαγ＝ＯａｎｄＺ｡`γ＝Ｚ｡.γ＝OTherefore，takingaccounto{(1.10),weobtain 

(５１９）凪＝芯:－Ｃふれ＋老ｇａｉＹＺ"γ-1-幻`γ－２３，｡γﾉ，
￣－－－戸

whereT鵠istheintrinsich-connectionofCartanandZ;命＝g衝衝聰．
Thuswecanstate 

Theoren１５．３．Ｔﾙei"`i/j`Ce`ＣＯ""ectiio"IR7MFisα"RmM-coll"eaio"o"Llh,叱一
rerl"i"‘６Ｗ８，１sClざＴ:,Ｚ…(i"(5.3),(５１８))α"`ＯＡ，α，z‘Zｈｅﾙｰ"""８℃"。,ｚｉＳａＵ‐

－２３－ 
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p7計assiZ)んilz(5.19)．

IncaseofICnitfollowsfrom(1)ｉｎ(111),（２２９),（5.9)and(5.18)that 

ｂ 

(5.20）Ｚ;姉＝－２C萢・Ｈ:－(”…γ－２(Cγ・ｃｃ:｡＋Ｃ"どＣｆγﾉ)ｉ;’
６～ 

(5.21）Ｔ：＝一ＣハＨ;，Ｚ愈興γ＝o

Applying(5.20)and(5.21)to(5.19)ａｎｄｕｓｉｎｇＬｅｍｍａ２２,weobtain 

C 

瓜＝r'顎十ｕｈ＋ｃ@γ`か｡一○八ｉ:,ｉ"＝９．．功:．
(522） 

ＵＡ＝(cハＯＡ＋ｃＡＱＬ－ｃＡｃＡノオ:，

lfwedenotetheAzﾉｰtorsiontensorwithrespecttotheintrinsicCartanconnec‐ 

ｔｉｏｎｂｙＰ鋪，Ulenfrom(5.17)and(5.22)ｗｅｈａｖｅ

Ｐ圏iF,;＝ＧＡ－Ｔ鶴
(5.23） 

=Pb:+ＯＡ滋十cAi:+c圏γ伽Ⅳ｡｡+Uふ+ﾉαﾊｧｵ;
b 

Applying(5.23)ｔｏ(5.16),ｗｅｏｂｔａｉｎ 

(524）瓜＝rMii;,＋ＵＡ＋Ｃｏγ`か僅一ＣハカギーＣＡｉ:．

Ｔｈｕｓｗｅｃａｎｓｔａｔｅ 

Ｃｏｒｏｌｌａｒｙ５､3.ＬＴﾉiGICI~Vsα'zRTM-co冗冗ecZio'`０?'Ｍ,`ただ'7"i〃e’６Ｗe"so（

T3,Ｚ・回γ(j"(５２１Ｗ'i1`Ｃハ，α，!`zAeA-"""""011isα/soaWessi6肱i"(522）TAe

AzMo滴i・"t`'zsorP:聡ｚＵ"肋で妙""ojA`i"Zri"sicCαγml1Co""8c"0"/sgjUe"ｂｙ(523）

Tﾉｶ`/b-cO""cc"０１Ｗ〔ZRI~YsaJsoa”ﾌｰcssj6彫i"(5.24)．

Note5oLTheA-connections(5.14)and(5.15)arealsoexpressibleinterms 

ofrw顎bymeansof(５２３）

Ｆｒｏｍ(5.22)ａｎｄＬｅｍｍａ３６ｗｅｃａｎｓｔａｔｅ 
Ｃ 

Ｃｏｒｏｌｌａｒｙ5.3.2．ForICI~'八＝Ｇ：and期＝｣r'ｷﾊifandonlyifanyone

offacts(1)～(4)ｉｎＬｅｍｍａａ６ｈｏｌｄｓ， 

Ｎｏｔｅ5.2．SincetheルひtorsionwithrespecttoOj~visgivenbyPj1艇，ｔｈｅAひ

torsiontensorwithrespecttotheintTinsicCartanconnectionshouldｂｅｇｉｖｅｎｂｙ 

Ｐ鶴＝PF}Ⅲnthiscase,wehaveCハオギーOfrom(523）
FoHtheinducedJB-connectioilitfollowsfrom(b)in(L11),(５６),(59)and 

8）ThenMI~viscalledthei?7`zｲ“‘応-ｃｏ７ｌｗａｊ０〃iftheMrvistheISconnection

－２４－ 
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(5.18)that 

(525）Ｔ:＝T2-CAii8,宮"γ＝ＱＣＡ＝Ｃ；，

ＴＢ輿γ＋n分-'-2(○｡"Ｔ:＋Ｃ…Ｔ:＋PL侭γノーα
(5.26） 

ｂ 

Ｚ,"＝T2`γ＋2c"｡Ｔ;－２cγ`｡Ｈ:＿ﾉu…ｉ;． 

llwedenoteth…｡nnecUonoftheaboveMY； 
(2.25)ａｎ(l(５２６)ｗｅｏｂｔａｉｎ 

thenfrom(2.29)，（５１９)， 

(527）虹=が爵＋唖十既十CAT:＋C鰯γ`iroo-CAh:＋則

Consequentlywecanstate 

Corollarｙ5.3.3．Ｔｈｅ/"`皿"`jUB-m""ectiolzisα〃ＲＴ１Ｍ－ｃｏ""“ぬ〃０〃jIdZ,,火一

蛇'wzille`刎逼"so従ｓＴｑｒ，Ｚ・卿γα"`CAi"(５２５)mge1be'･mjt〃(５２６)，α,z‘Z〃cA-co”
"Gcrio〃isaZPreSSi6ルノ"(５２７)．

Ｎｏｔｅ５．３．Ｉｎｖｉｅｗｏｆ(5.22),（5.27)ischangeableto 

ZC 

(528）J-Wi-鴫＋唖十既＋ＣＡＴ;・

ForlheinducedAMRconnecliof)from(c)in(1川(53),(59)and(518）
ｗｅｏｂｔａｉｎ 

了:＝江A:－ｃＡ｣ｉｔ:、らふ＝ＯＡ，
(5.29） 

Ｚ…＝Ｌび1脚A”一八画ｈ‘γﾉ，

where/isthescalarinducedonM腿fromノ｡nMhandA3＝砥－１。【γ、

ｚ],､,＝/7Ｍ〃－/γ/ｉ‘,]－Ｍ`γﾉ＋Ｌ八`ん
(5.30） 

ｂｂ 
＋2cだ‘亙凰－ﾉub"γｋ；

Applying(5.29)ａｎｄ(5.30)ｔｏ(5.19)andusing(5.22)ｗｅｈａｖｅ 
Ｃ－ 

(5.31）ｒＹｉ,＝Ｚｒ;＋/(ﾉﾛﾙ：－Ｊ･ハ画γ－ＬＣＡﾉ．

Hencewecanstate 

Corollary5､３．４．Ｔｈ`i"`z`"`ＡＭ:R-m↑z"“Zio〃is風〃ＲＴＭ－ｃｏ""ectio"olUU;ｍＱｂ－

"γ"zili1G`bytel2so朽四，Ｚ…α"`Ｃｆ,ilz(５２９)，α"’１ﾊGA-co""ｇａｉｏ〃iseZPresSi6比

9）TheJZMrviscalledtllei"dllzce‘AMR-co?z"ecfib〃iItheMr1isanAjIRI-1

－２５－ 
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i〃(5.31)．

WeshallcallthemMI~，(resPInMr，｡）thej7z`"Ｃｅ`,lSZMrespSTMO))_ＣＯ" 

"ccjio〃anddenoteitbynSmMrv(ｒｅｓｐＪｍＭＦ｡)、iftheoriginalT1MP(resp・ＴＭ
Ｊ~b）ｉｓｈ.symmetriQInthiscase,ｆｒｏｍ(５８)ｗｅｈａｖｅ 

(532）患＝0,熟＝ＣＡＨ:－CAH；

whichimpliesthatthetensor熟vanishesifandonlyifthefollowingholds：

(533）ＣＡＨ$＝ＣハＨ:．

Contracting(5.33)byyγ,weobtainCA｣ir;＝OThereforeitfollowsfrom 

(5.33)ａｎｄ(4)inLemma36thattlleequation(5.33)holdsifandonlyifthefol‐ 
lowingequationsl1old： 

(534）ＣＡ覚:＝０，ＣＡＴ;＝ＣＡＴ：

Consequentlywecanstate 

Lemma5､１．Ｔﾉleco"'1eaio7zlmYMI~Ysα〃,STMZ-『o1zZM【h:１Ｗ"’0"bﾉが(5.34）
A0jZjs・

Ｔｈｅかconnectionin(1.15)isexpressiblein

(535）ｒ1,匹鵬＝Ｇ/腱＋ＴＭ＝ｚＱｉｏＩｊﾉ＋□ん

whereＱ/鵬＝塔(Ｑ/殿十Ｑ紗＋海(Ｑｊ｡$"－Ｑｉｏｌｊ）Thenwecanstate
-

Lemma5､２．Ｔ〃etc"soγＱ/臆coi"ciね画itﾉｂＱ/〃α"`o冗肌／

(536）Ｑ/騰一ＱＡ＝ｚ(QjoI"－ｑ゜,ﾉノ

ＷｅｓｈａｌｌｃａｌｌａｎＳＴＭ~YrespSmMrU｡）ａｎＳＯＺＹＭ(respβ,ﾛnＭ(O))-CO,z7leaio〃

anddenoteitby1SbnMIrYrespMS,TYMlT6),ifitisdeterminedbyatensorQ/庵satis-
[ying(５３６）Inthiscase，theinducedconnectiononMhfromtheabovewillbe 
denotedbyLSoTMrv(respEZYVr1｡)． 

Ｎｏｔｅ5.4．TheconnectionsCJ~ｕＹｎＡＭＢｒ『andAMCTareqTTMconnec-

tions,whiletheconnectionsRJ~lBnAMBrbandAjVCIZareS・TMO)connections
lfweputQﾉ｡＝ｑｏＢＷｆ，thenfrom(220)ｗｅhave 

(537）Ｑｉｏ１ｊＢ源＝Ｑ;｡,,｡＝2CAgA昨

Letthe風、､~『beﾙｰsymmetriQThenitfollowsfrom(114）(５５Ｌ(514)：

－２６－ 
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(5.35),（5.37）Ｌｅｍｍａ３､６ａｎｄＬｅｍｍａ５､１thattlleh-connectionisexpressiblein 

凧=顛十(%Qi｡``＋Q/鵺ﾉＢｆｉｆ＋CAH；
(5.38） 

＝ＧＡ＋形Ｑγ九＋２A，

whereQA＝QA-QfWiW＋だ“｡)＝ＱＡ－ＣＬＨ:andQハーＱＡ，
Ｆｒｏｍ(5.34),（5.36)and(5.37)weobtain 

(５３９）ＱＡ－ＱＡ＝だ(Q:｡,γ一旦;｡,‘．

Then，ｆｒｏｍ(３３０)and(5.39)ｗｅｇｅｔ 

(540）ＱＡ－ＱＡ＝ｚ(Q:｡Jγ－Ｑ:｡!"ノーだ(Q:｡!γ－Ｑ;｡!`ﾉ．

Consequently,ｉｎｖｉｅｗｏｆ(5.40)wecanstaIe 

Theorem5､４．〃ｊｈｅｉ"ん"`ＣＯ""ec"011瓜mMr，ijSA-Sy柳'，ｚＧ１ｆγiGrA81z肱isα〃

qmMrb"jUh池te77"i"ｇ`6lyaZe"ｓｏｒＱ〃"(5.38）

For1heinduced』WBT(onWCJjf)fmm(Ll8),(211)and(55),wehavo
T3＝OThereforefrom(116)，（１１７)，（５３８),Ｌｅｍｍａ３６ａｎｄＬｅｍｍａ５１ｉｔ 
ｆｏｌｌｏｗｓｔｈａｔ 

(5.41)醜=城上H-L(圏A3-CAな,
ｆｏｒＺＡＭＢＴ 

(5.42）凧＝Ｇ釣十ｆｒＭｉ,＋/γﾙ､－/`〃`γノーＣ八ｶ$，

(543)囚=2/Ｍ:-L(`ﾊ3-0Aな-凧,
forIAZ1`Ｃｒ７ 

(544）１－W１，＝Ｆ鵠十/(い：＋Ｚｊ％－Ｊ"〃｡γﾉ．

Hencewecanstate 

Corollary5､４．１．〃ﾒｶGilzQhzce`』ＷＢ(resPAⅢC)-CO'2"cc"0〃ｉｓか.Eyl""Letric・

rAe'1it応α'2`SbnMFo'2Ｍ耐ぬ死'7"i"2`ｂ１ｎ花'2soγＱハブ，iI(５４１)(７２Ｗ5.43)),α"‘脆‘
ﾉ１－００""eCrjo〃iSgiﾋﾞﾉβ〃６y(5.42)(ｊでqP.(５４４)）

Fromtllefirslin(5.32)itisseentl1at(1)enlnMr7,isA-symmetric・Inpartic‐
ular,fortheIHSGTYMrBweput 

ｂ 

(５４５）ＱＡ＝Ｑ』－２CAH;－ＣＡｑ｡．

10)ThenMlI~Tscalledthei,2`z』"(ﾉＡ〃!Ｂ(resp・Ａｎ'C)-co71wec虚D7ziItheMr'isanAjM[Br『(re‐
sPAAfCr，)． 

－２７－ 
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ThentheAconnectionisexpresslblein 

D ｂ 

Ｉ－ＷＹ＝瓜十％Ｑｉｏ１ｊＢ鰯十ＱＡ
（5.46） 

＝ＧＡ－Ｉ－ｚＱ;｡Ⅲ鰯十ＱＡ．

Furtheritisprovedthatthefollowingrelationllolds： 

（５４８）ＱＡ－ＱＡ＝だ(Q:｡!γ－Ｑ;０１Ｊ

Consequentlywecanstate 

Theorem5､5．Thei7mli`Ce`colZｿﾞﾙecilio"瓜TMMsa7zShTYMrbo'１Ｍ%比Ze7w2i71“

6)'ａｔ`'lsorQハイ"(５４５）
１１） 

FortheinducedAMBrB(orAZ1ICI~B)，ｗｅｈａｖｅａｌｓｏＴ：＝OTherefore，ａｓ 

ｂｅｆｏｒｅｗｅｏｂｔａｉｎ 

ｂｂ 

ＱＡ＝2ＷγhH-LfMoA3-2CAHγ， 
ｆｏｒＬＷＢｒＢ 

ｂ－ 

１Wγ＝z~『A＋/(“：十Ｊγﾊ％－J・ﾉｶβｱﾉ，

ｂｂ 

ＱＡ＝2/ＭＨ１－Ｌｆ,,圃ﾊﾘｰPMi,－２CAHγ，
ｆｏｒＬＷＣｎ 

Ｔ－ 

噸＝１－１A,＋βＭ３＋ﾉｧﾊ％－/塵/i`γﾉ．

(５４９） 

(5.50） 

(５５１） 

(5.52） 

Hencewecanstate 

Corollary5､5.ＬＴノルil2`il`Ｃｅ`ＡＭＢ(O)(reSP､ＡＭＣ(O))-colz"ectio〃ｉｓα〃Ｓ;T‐

Mrbo"Ｍｈ此Zeγ"zi'1`ｺﾞﾑyａｔ`"soγ旦占i"(５４９)(，でSP.(５５１))，α72‘tﾙeA-co"""tio〃

isgiUe〃6)'(５５０)(７８s1Ｍ5.52))．

§６．InducedTIi`D-connections・TheinducedconnectionlMr，iscalled

thei"“"`､TZMD(resp・ＴＭＤ(O))-co7i"cc"o〃anddenotedbyIZ~MDrm(resp・ImMD

rb),iftheoriginalconnectionMPisaTTMD(resp・ｍＭＤ(0))-connection・Ｔｈｅｎ

from(1.21)and(3.36)ｗｅｈａｖｅ 

(６１）ＣハーＣハ舵qpCA＝０ﾉの$＝Ｄ`朧Ｂｾﾞﾄﾞｰｇ;朧Ｂﾄﾞﾄﾞ，

(６２）、＝Ｔｑ｡＝０：Ｄ`γ＋Ｑ`｡γ＝０，

whereg嵐｡γ＝ｇ４ａｎｄＤ`γ＝g閥｡瓜．

11）ThenMlr'iscalledthei"`,MCC“ＭB(O)(resp・ＡＭＣ(0))-CD"'ZBC"o7zifthejMr，ｉｓａｎＡｊＷ

ＢｒＫ(resp・AMCrl)．

－２８－ 
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Ａｓｂｅｆｏｒｅｗｅｏｂｔａｉｎ 

(６３）Ｔ:＝Ｔ３－Ｃハオ；ロム＝Ｑ鰯－ＣＡＨ；６eWgA-2CAHﾄﾞノ

Applying(６１)to(３２８)､wehaveD:＝Ｄ:、There【oreitfollows(rom(６２）
and(6.3)that 

(6.4） T9＝Ｔ$＝０，，`γ＋gooγ＝０ 

Consequenllybyvirtueo((６４)ｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ６､１．ＴﾉiCITYMDrv(rcSP・mMDrbM;αT1MDI~v('で８lb､７TMDrb）ｏ〃

Ｍ１,叱蛇γ'''２，２８z/j1yz`'１s。'ざＴ３，Ｑ;α"`CAZ'2(６３)α'1`(６１）

Intheabovecasalherelations(5.5)，ａｎｄ(5.5)２arestillvalidTherefore 
wecanstate 

Theorem6､2．ＴＺ１`mVDrv(oirImMDI-b）たZA“"かillsfccolzlzecrio〃。〃ＭｈＪｒ
α"`o几ｌＷｔｍ`9zJarionC几亙;＝OAoZ本

TheconnectionnMIrviscalledthei"“"‘ＳＴＤ(resp・ＳＴＤ(O))-co7z"“"0?zand

denotedbyZS?、r,(resp・lS7TDLIB),iftheoriginalconnectionMPisamSYTDIYresp、

STDrb）Thenitfollows{｢｡m(L22)lllattheﾙｰconnectionrWXrespftiJisgivenby 
Or 

rW1v＝riハ＋ＣＡＴ：＋ＷＡ，ＩＦ{,＝爪十Ｗｂ;，
(6.5） 

Ｗ}8,＝(C』朧rTr`－Ｃ/ｒＴｗｋ－ｑγＴﾘﾉＢ腓

Inthiscasathenon-linearconnec(ioniscommonlygivenbyI-W;＝α＋Ｔ:, 

ThetensorT:satisfiesT9＝Ｔ$＝Ｏｂｅｃａｕｓｅｏｆ(6.4）There(orebymeansol 

thistensoエａｎＳＴＤＩ~『(ormnDrb)onMi,isuniquelydeterminedlIwedenote

theﾉbconnectionofthisconnectionby期，thenaccordingto(Ｌ２２)ｗｅｈａｖｅ

(6.6）蝋＝r'*ルトＣ懲了瞳Ｔ"－ＣｊｉＴｉ－ＣＡＴ盧罫，

wllereT唇｡＝ｇ“Ｔごβ・

Weshallcalltheaboveconnectionr『＝(1W;,ｒｉ;，Ｃ鳥("SjD(O))｡njWhes8加一
i-i,,`z《Ｃｅ‘STD(respSTD(0))-ＣＯ'２，zec1Iio7landdenoteitby垣ｍｒ『(respjimDZ-b）

Forthelateruse，wes11allgivethe[ollowingrelations： 

(6.7） (CﾙｧＴｒソＢ藤＝Ｃ回γ壜Ｔ霞侭十Ｃ`γbToo，

－２９－ 
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(ＣＡＴリB鰯＝ＣｆＴ１＋ＣハＴ:，

ｑ＝Ｃγ－FCow，Ｃγ＝Ｃγ－FCn， 

(６７） 

(6.8） 

whereT｡｡＝gαγＴ;，Ｃγ＝Ｃ"γgo凰ａｎｄＣγ＝Ｃ鵬以．

IIweapply(5.22)and(6.3)ｔｏ(６６)ａｎｄｍａｋｅｕｓｅｏ[(6.5)and(６７),thanwe 
obtain 

､ルー瓜十ＣＡＨ:－Ｃ圏γｂＨ｡。

＝愈十ＣＡＨ$＋ＣＡＨ:－c輿"〃｡｡，
(6.9） 

wlIereH｡｡＝Ｈ:g麺

Forthesakeofbrevity，ｗｅｓｈａｌｌｓａｙｔｈａｔｔｈｅＺＭＩ－『issimplyi7zdﾉｰi"s允iIitis

theintrinsicMrvonMm・FurtherweshallsaythattheZSTDP(respだ、r『)isj"

かi"sicifitistheintrinsicSZDrYrespSTDZ~b）ｏｎｊｌＡ・

SincetheintrinsicSTDrW(orSTDrb)isanSmP(orSTDrb)｡nＭ,,determin‐ 

edbythetensorT;,theﾙｰconnectionTら｡fthisconnectionis,becauseof(122)，
givenｂｙ 

(６１０）」rM:,＝Ｆ鵠,＋ｗ);１，，ｗ);,＝ｃ師暦Ｔ麿・－ｃＡｔＴ３－ｃＡＴ：

Thereforeitfollowsfrom(６６),（６１０)andthefirstin(6.3)thatrW＝α＋ 

T:andIH;＝IyYyifandonlyifq;厳;＝ＯＦｒｏｍ(６９)andthesecondin(６３）
～一

ｗｅｈａｖｅ 

(611）19A＝rﾙｳﾞｰ｣７$,`＝２Ａ＋ＣＡＨ:－ＣｈＨｏｑ 

whichimpliesthatQA＝QAilandonlyi(Ｃハ〃:＝O

SincethelatterCAH;＝OimpliestheformerCA＃;＝Owecanstate 
ｓ Ｓ 

Ｌｅｍｍａ６､１．Ｔｈｅ盃TDrv(０７．ZSiTDI~b）isｊ"かi'2si“/α"’0"ｊｌｙ１Ｗ〃e9iMα"0〃

CAH:＝OA0山h

ltfollowslrom(６９)しhat、バーn3ifandonlyiI

(612）ＣＬＥ:＝Ｃ九Ｈ:，

andthat五:=且:ifandonlyi{C…H$＝Cγ､｡〃:－C圏γ鰍,whichisequimlemto

(６１３）ＣＡＨ:＝０ 

-３０－ 
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Hence,ｆｒｏｍＬｅｍｍａ６１ａｎｄ(6.12)wecanstate 
S 

TIIeorem6､３．ＴＭｍＴＤＺ~vcoj7zc雄s画ｉＺ〃ZﾊCjmDj-Vα'２‘０７z」(yがtAe澱TDr1

iSﾙｰsyl"''zcﾉﾉｾﾞＧｚ`ﾉﾉｶｺﾞﾉetﾉ>CiSiTDI1，cojl，lci`ilbsmiZbj〃`ZSimIBW"`O"“/ZAeZgTD‐
rbisi"か'"S/C、Ａ'１ｼo1zeq/t/ieCo"""ZiO"slSmnZSmI-MmDrvα',`たZDrbな

Ｓ 

ｉ７ｌＺ７ｉｓｉｃｖａ"(Zlo'､(yijMesα"ｌｅｃｏ"`iZioﾉz(6.13)ﾉioJ小．

TheinducedconnectionLSTDr7(resp・lmYDrb）ｉｓｃａｌｌｅｄｔｈｅｊ"`"Ce‘ＡﾙＩＤ

(respAZMlD(O川o'z"cctzo，ｚａｎｄｄｅｎｏｔｅｄｂｙＬＷＤＦ(resJ〕・LWDrb)，iftheorigi‐

nalconnectionSmF(resp,ＳｌｍＩＢ)isamWDF(respAj1mI-b)ｏｎＭh．Similar‐ 

lythesemi-inducedAjMlD(Tesp・AMD(O))-connectionjiWDrYrespjiAMDJB)can

bedefinedlnthiscase↑itfollowsfrom（123)，（6.5)，（6.9)，（６１０)ａｎｄ(6.13） 
that 

(6.14） 

(6.15） 

(６１６） 

(６１７） 

四＝fLに，Ｔ：＝０，

ｂ－－ 

rW,＝r':＋/LA:，Ｈ:＝ｉｔ;’ 

た:=ﾊﾙｰ兀酬IH3=車一兀Q偽,可=刀鴛一fL助
～γ－－ 

瓜＝rB;－/ＬＣ鳥＋CAj1i:＋ＣＡｉ:－ｑγ`か｡．

Hencewecanstate 

Corollary6､3.1.Ｗi/肺CSjｳ"“０tﾙCCC""ec"0"sIAnmI-MXlMDI-io，ｉＡＭＤＴ
ｇＦ 

α"‘ＬＷＤｒｂ＞ｵﾙ６J/bZJ0mi7zg/hcZsAo〃：

（a）Ｔ１ｈＧ"oﾙﾉﾉ"８口'て0,z"ectioﾉzisco7,z'"0"l(ygﾉﾋﾞﾉe〃の!(６１５)．

（b）Ｔﾉ>c/i-co，!"ectzo"sα'･Egizﾉ2〃ムy(6.16)α刀`(6.17)，カノ℃ﾋﾞﾉｶﾞ化‘tﾉ>α“AerAか`２，１

（6.16)iis2ﾙe/'１〃i"sicﾙｰＣＯ""“tzo7z．

（c）ＥａｃﾙＣＯ""cc"｡,,ｉｓﾉｱ,"/"sicw,Z`｡"ﾉｗ℃ハォドーo

TheinducedconnectionZSmri(respJmDrb)iscalledthelr"ぬに“ＣＤ(resp・
ＲＤ)-ＣＯ"'zectiojzanddenotedbyICDI-i(respZRDI-)，iftheoriginalconnectionSL 

TDF(respSTDI~b)isaCDr，(respRDr)。ｎＭ,、SimilaIlythesemi-inducedCD

(respRD>connectionfCDF(resp正ＤｎｃａｎｂｅｄｅｆｉｎｅｄＦｒｏｍ(124)ａｎｄ(Ｌ
ＪＴ 

２５)ｗｅｈａｖｅ 

T:＝/Ｌ３ＣｏＣ７，Ｔ；＝かＣ℃γ（Ｃ`＝ＣＷ〃
１１－－ 

F;＝r':＋/L3C画Ｃγ，Ｈ:＝オギ十.面Ｃ℃諺．

(6.18） 

(6.19） 

－３１－ 
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Ｂｙｖｉｒｔｕｅｏｆ(6.10)ａｎｄ(6.18)，theintrinslcﾙｰconnectionofthefourconnec‐ 

tｉｏｎｓｉｓｃｏｍｍｏｎｌｙｇｉｖｅｎｂｙ 

(6.20）I-h9＝I，鶏十Ｗ１５;，Ｗｈ３＝/L3(ｑ僅壜Ｃｏ－ＣＩＬＣγ－ＣＡＣ圏ﾉＣｅ・

Ｆｒｏｍ(6.5)and(6.9)ｗｅｏｂｔａｉｎ 

Ｄ－－－ 

通=｣fl;;＋WH;,ｒﾙﾘｰrii:十W}:+J/Ｌ３(QmP愈一CAC`ﾉ○・：
(６２１） 

Ｗ}ルーＷ):,＋/LYC`γｏＣ"－Ｃ＆Ｃγ－ＣハＣβﾉＣし，

(６２２） ｎ=カサ＋耐十ｃｈｉ:＋cAAW-c`ｱﾙit“

Hencewecanstate 
S S 

Corollary6､3.2.Ｗｌｉﾉﾑ7波《i/l)"Z/otAccp""Gctio7zsICDI可，JRDnICDr『α７M/IR･

ＤＩＺｔﾉj‘ん/Jomj"gﾉｶ(cjsﾉＩＣ〃：

（a）Ｔ/be〃o”lilzeajで01】71ecrio〃isco7717"o1jb1giw〃6y(６１９)．

（b）Ｔﾉl1eA-co",jcctio7Zsq１℃ｇｉｗ〃Z)y(6.21)α’1‘(２２２)，⑬ﾑiん//he/7zZri7?sicル･ＣＯ”

？,lGajO〃なgiUe,z恥Ｉ(６２０)．

（c）Ｅα`んc０，１""/i･"iSi,2kγi"siclW"`｡,､(Wi/Cハオ:＝－/L3C:ｈＣｏＣγ・
NowweconsideratensorT3onM風definedbv

(623）Ｔ：＝/L3C⑪Ｃｙ 

Ｔｈｅｎｆｒｏｍ(６８)ｗｅｈａｖｅＴ９＝Ｔ､｡＝0．ThereforeanSTDI可(resp、sTDrB）

｡､』心isuniquelydeterminedbythistensｏｒＴ：,Thisconnectionisdefinedas

follows： 

ｒＷ＝Ｇ３＋/Ｌ３Ｃ⑨Ｃγ，ＣルーＣ』O-es/ＡＣＡ＝の‘

r1,:＝r『範十/L3(ｑγ壜Ｃｏ－ｑｉＣγ－ＣＡＣ､ﾉＣ員

(6.24） 

Weshallcalltheaboveconnec[ionLhe7zaZz`、Jい"がi"sicCD(resp・ＲＤ)－６０"

７lLectio7LFrom(６８)andCorollary3､３２wecanstate 

Corollary6､３．３．丁A`ICDZ~，(γGSP､ＪＲＤＩ~v)jsrAe〃α/"ｒａＺｂ１ｊ"ﾉﾉ．i"sjcCD(ノゼSP、

ＲＤ)-co7z7Zectio〃ｉｆα77‘o7zhiftAe/bﾉＩ／Ｏ砂i"２.”“ﾉﾉ0刀S/io〃：

(625)cA戯=-J/L3cAC℃γ,｡､｡Ｃｏｗ=0
－－ 

－３２－ 
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TheabovefactisalsovalidforthefCDZTrespiRDr，） 

TheinducedconnectionIZMDI-'(respmlmrB)iscalledtheGQD(resp､ＣＱ 
Ｄ(O))‐ＣＯ""ecjio〃anddenotedbyICQDI-w(resp・ICQDrb)，iftheoriginalconnec‐

tionTYMDj~YrespmMDIU)isaGQDIYrespqgDrb）Inthiscase,wehaveT:＝ 
OandH:＝it；Thereforefrom(６１)and(６３)ｗｅhave 

ｂへ－

T:＝－ＣＡＩＴ:，Ｏ"．γ＝ｑ･アレ`ＳＩＩ).Ｃルー0ﾉ，

“=叫一cLな:仇３ｌｂ.ｑ=Qﾊｰ2cfoiW
(6.26） 

From(1.28)ｗｅｏｂｔａｉｎ 

ｂ 

ｒ，;＝rW二=α＋Ｔ:、ｗＨ;＝Ｑ鳥＋凧：
０「

17;;=JJ:-1-wkM7n=fib3＋wh印
(6.27） 

Hencewecanstate 

Theorem6､４．TVWCQDrr('ｾﾞｺｶ・ICQDrb)isa7YMDIT(７GSP､７YMlDZ-B)。"Ｍ１〃
…'７"ﾉｱzc`6yte"so酒Ｔ:,Ｑ；α'z`Ｃ；i"(６２６)，α,zaZﾉbe〃･"""“rco,z,z"Zib〃α’2‘

ZﾉlどんＣＯ""eaio"αregiw"by(６２７）EacAco"ｱlcctio刀isi7zt1㎡,zsicがα"`。"１３'がＣＡ－
麺=o

TheIGQDI-『(resp・ICQDZ~b）iscalledthei"`"cc‘』、(respMD(0))-ＣＯ""“＿

tio〃anddenotedbymmIYresp・LMDLrb)，iftheoriginalconnectionGQDT(resp，
GQDI-b）isanMDJ~『(resp・MDrb)．Ｆｒｏｍ(Ｌ２９)and(6.27)ｗｅｈａｖｅ

Ｏ 

(628）ＩＨ:=ri3+汀.｡:－J｡g圏γAIZK-IZ:＋CL唾
O 

Hencewecanstate 

Corollary6､4.1．ＷｉｌｌﾙreSP8ajoｵﾉhCco7z"eaj07zsnMlDI-baﾉiMml`ＤｎＺﾉＷb"0z(ノー
i?'9ノウctsﾙ0〃：

（a）Ｔﾉleh-co7z"“血。"sarcgiuC〃by(6.28)．

（b）ＴﾉiemmrMsﾊｰﾌ'2FがｉｃａＪ．

TheICQDﾉｰ7(resp・JCQDZ-b）ｉｓｃａｌｌｅｄｔｈｅｉ,z`九Ce‘ＨＤ(resp．Ｂ､)-co7z7z“rzo〃

anddenotedbynYDj-,(resp・ZBDI-，)、iftheoriginalconnectionGQDZ-v(resp・ＣＱＤ‐
几)isaHDrv(resp,ＢＤＰ)．Thenwecanstate

Corollary6､4.2．WiZ肺でSP"ilZotAccolz7z“tio"slfmZ-『α'i1`ZBDrM/Ｗb比z､ノー
i7zg/hctWio〃：

－３３－ 



3４－Ａｔｈｅｏｒｙｏ｛subspacesinaFinslerSpace-

(a)TMImFisﾙﾛy"z,"鉱,ﾌﾟcがα"`｡,ＩＷＣ勲;=o
（b）TMBDrYsh-symmcかjc・

Ｔｈｅｎｍｒｖ(respJBDI~'）ｉｓｃａｌｌｅｄｔｈｅｆ"`z`Ce‘ＨＤ(respBD)-ｍ""ecZzo〃and

denotedbynYDZ~v(resp・IBDI~7)，iftheoriginalconnectionHDZ-『(resp､BDr')isa
HDrｱ(respBDI-1)．Then,becauseｏｆ(1.30)and(６２７)wecanstate 

Corollary6､４．３.Ｆｂ７ｔﾙeco""ecjio"sZHDFa7mrZBDnfheA-co，L"ectio7zsa花

ｇｉＤｅ冗勿

Ｊｌ Ｏｂ 

(６２９）Ｉﾌ、＝IX9十ＱＡ，IZ3＝IH:＋０A

”ｈｅγeQA＝ｆＬ２(/脚ＣｏＣγ‐|-JγＣ・ｑ－ＺｏｑＣγ）

TheZHDIYresplZiDJ7）ｉｓｃａｌｌｅｄｔｈｅｉ"`/z`"‘ＡMBD(resp`ILMBD(0))‐ＣＯ" 
"ectio〃anddenotedbyZAMBDrv(resp・LWBDrb)，iftheoriginalconnectionis

anAjVBDI句(resp・AjVBZ)rb）Theabovedefinitionandnotationwillbeapplied
toalsoanAnICDrｱ(resPAn`CDrb)． 

Ｆｒｏｍ(Ｌ３１)!（1.32)and(6.27)wecanstate 

Corollary6､４．４．FbrjAeco'z"“"wzslAMBDrW(γeSlMAMBDrB)α'2‘ＬＷＯ 

ＤＩ~，(γGSP､LWCDj~b)，tAeﾙｰCO""“tio〃sαγereSPectiuebﾉgiue〃の’
ん Ｏ 

(630）凧=IX3＋QA,IZ3=童:＋QA，

(631）瓜=たり＋Qふな=凧十ＱＡ，
７ 

”〃Ｇ７で恥＝J､(Ｊ`ｈ：十Ｍ%-Ｊ｡〃卿了）

§７．SpecialsubsI〕aces・Intl1issectionweshallbeconcernedwithvari‐

ousspecialsubspaces、LetuslirstconsideracurveC:〃α＝z`｡(s)(ｓ:arc-length）

injU;n．Sincezi＝（〃｡(s))alongC,theunittangentvectorisgivenbWiHr`／`１１(ｓ
＝/f＝Ｂ`α(ぬα／恥)＝Ｂ２｡/゜・Ｔｈｅｎfrom(3.４９)wellave

(7.1）ＤＪⅢ／い＝Ｂ`γ(ｉｎ/〃ぬﾉ＋ﾉV`煙(亙り”Z／qKs）

SinceDZ／`ib＝ＯａｎｄＤＺソ恥＝OareequationsofpathswithrespecttoMr

andLMPrespectively,itfollowsfrom(7.1)thateachpalhinM,1isapathinMif 
andonlyifH;＝Ｏ(α＝"z＋1,．…，〃）

WeshallsaythatMhⅨisatoZZzZ4'αz`Zo-Pαγαルルｓｚ`6Space(orsimplymmZIya雌
､､､αγαZﾙZ）ｚＵｉＺハ花S/)ｅｃｔｔｏｍｆＩ~『ifeachpathinj心withrespecttonn-，iｓａｌｓｏａ

－３４－ 
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pathinMwithrespecttoMrw， 

Ｔｌｌｅｎｗｅｃａｎｓｔａｔｅ 

Ｔｅｏｒｅｍ７､１．Wit肺eSP2cIftoZﾉieil2“Ｃｅ‘co7z7/ccrio7zmInZ/be允Ｉ／ＯzUi"gfzcts
”`"'z“αZb'e9l"zﾉａＪｅ"｡： 

（１）Ａｓ"6spaceＭ;,:qﾉＭｆ､isliojaJ！(yaz`jO-pα'.α"eJ． 

（２）Ｔﾙe"。'ｱ"α此z"りα加花Ｗｃｊｏ'一Ｈ;/"ezJcA〃ｏｒｍａＺ碗"c"０，zJV1Uα"jSh“iい'zti‐
czmhA 

（３）TAepαiγ(rW値,１－W:）ｈａｓ/ﾉＩＣ(H)-ｶm/be'ちｗａＭｙ

(７２）Ｂ･;－J~WBi-l-rMB#＝０（[211[34]ﾉ． 
ｂ 

（４）Ｔﾏﾙe…Z`"s0,3瓜(＝１Ｗ(B内＋ＧＡＢ;ザル"Ｑｌｎ:(＝jV河iB:$）α'一`花ZbzZ‐
”ｂｙ 

ｂ 

Ｈﾊｰﾄ唖＝０(7.3） 

ProofItisclearthattwofacts(1)and(2)aremutuallyequivalenLIfH;＝ 
０，ｔｈｅｎfrom(3.22)ｗｅhave(７２)．Converselyifweapply(7.2)ｔｏ(3.13)，then 
weobtainH:＝oNext,ifwedifferentiate(3.13)byy回，thenfrom(１３),(２２２)，
(3.12),〈3.14)and(３１５)ｗｅｈａｖｅ

(7.4）Ｈ:!‘＝(入:`－Ｃｆ･ﾉＨ:＋Ｈｆγ－Ｑ駒（Q:γ＝ＭｇＡＢｉｌ〃

Ontheotherhand,thetensorHAisexpressiblein 
b 

(７５）Ｈｆγ＝Ｈｆγ＋唯十19Ｊγ＋Ｃ:｡Ｈ;，

Ⅱ〃;＝0,lhenitfollowsfrom(7.4)and(7.5)tllatthecondition(7.3)issat-
isfiedConversely，contractionof(7.3)ｂｙｙ`yeilds 

Ｃｌ 

Ｈ:＋Ｔ:==jY:＝０ ＱＥＤ 

Ｎｏｔｅ7.1．IntheaboveTheorem,thesecondfactH;＝OimpliesHA＝QA 
becauseof(7.4)．Howeverlhelatterdoes，ｉｎgeneral，notimplytheformer・

Nextwecanstate 

Theorem7､2．Letn416ee，z`iIbme`”ﾉｵﾙα８℃opatAco""""0"jMTLT〃e"fﾊeガル

`〃"`ＣＯ""eaio〃LMITisaJSoageoPaZAco7L"cctio''0,2Ｍm、ＷＩ沈了eSPectZothiSm”，
tﾉＷＭｂｚﾋﾞﾉｶﾂﾞ'９ルｃＴｓａ７ｗ’2噸ｨα/６１eqz`ifﾉａＪｅ，zz：

－３５－ 
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Ｊ
１
１
１
Ｊ
 

１
２
３
４
５
 

く
く
く
Ｉ
く

Tﾉles”SpaceＭ;,!ｑ/Ｍ』isfotaJ6'9℃oね北．

H;＝Ｏ(α＝ｍ＋z,．…，〃）

Tﾉ>…か(rH,刀:)ﾊａｓ鮒c(H)-prQpe7力１．
ｂ 

Ｈ;＝蝋＝Ｏ(α＝"z-l-Z,Ⅷ…，〃)．

nbcseco"`ﾉｾ`’1血沈e"taZ蛇7LSO｢Ｈ息j"eacﾉＭｉｉ７`ctio"jVfjlsgjiD`〃h)ノ

(7.6）Ｈｆγ＝Ｑ偽＄

',りり雄`det(d:＋Ｃパ)午Ｏ

ＰｒｏｏｆＴａｋｉｎｇａｃｃｏｕｎｔｏｆＬｅｍｍａ３５，ｗｅｃａｎｐｒｏｖｅｉｎｔｈｅｓａｍｅｗａｙａｓｂｅ‐ 

forethatthefacts(1),(2)and(3)aremutuallyequivalentSincetheMI~visageo-

pathconnectioILwehaveT`｡＝ＯａｎｄｈｅｎｃｅＴ`｡＝OThereforeH;＝Oimplies 
ｂ ｂ 

Ｈ:＝０，dlfferentiationo[whicllbyj1γyieldsH:＝OFurther,bydifferentiating 
b 

thisbyy側ｗｅhave剛＝OHence[rom(7.3)ｗｅget凧＝0．Afterallwehave
b 

(4)Conversely，contractionof(4)by)'@yieldsH;＝、,＝OandhenceH;＝O

Lastlyif(2)holds，ｔｈｅｎfrom(7.5)ａｎｄ(4)ｗｅｈａｖｅ(7.6）Conversely,suppose 

that(7.6)holdsThenIrom(7.5)ｗｅｏｂｔａｉｎ 

ｉＡ＋Tyv＋ｃ:｡〃:＝０，
～ 

(7.7） 

contractionofwhichby内γyieldsXi｢:十石人ｉｔ:＝OSincedet(｡:＋ＣＡ)キ０，
６ b 

thisequationimpliesH8＝０，HenceasbeforewehaveH;＝OTherefore,con-

tractionof(7.7)byyγyields卯yγ＝O0ntheotherhand,ifwedifferGntiateTビハ

y腱＝ObyyjthenwehaveTyPﾉ鵬＋Ｔｉ＝qwhichimplies照yγ＋Ｔ:＝０There‐

forewegetT:＝ＯＣonsequentlyweobtainH:＝ｉ:＋Ｔ$＝Ｏ ＱＥＤ 

ＦｒｏｍＴｈｅｏｒｅｍａ２ａｎｄＴｌ１ｅｏｒｅｍ７､２wecanstate 

Corollary7､2.1．ＬｅｔＭｈ６ｅｃ"ぬzUe‘ｗ"〃qgcopaIiAco""ec"0'zMrv．Ｔﾉhe〃

αブリ0"gqﾉｲrﾉ>eｶﾞﾋﾟﾉe/《hcな(1)～(5)il2TAeo7.e"１７．２isasw(/C/1iciel〕tco"`itio"んrrAei必

"zLce‘CO?？?zealiO71皿ＴｔＯ６ｅｉ７ｗＷ"sic・
b 

ProofThesecondIact〃;＝Oimpliesﾉ?;＝0．Thereforethecondition(3

43)3holdsHencethemn-visintrinsic・ ＱＥＤ・

Ｎｏｔｅ７．２．ConnectionsT｡M1-W，T1Mrb，nVDI~'andTIMDZ~bareallgeo-path 

connections・Therefore，fortheinducedconnectionsonM"fromtheabovecon‐

nections，Ｔｈｅｏｒｅｍ７､２ａｎｄＣorollary7､２．１arevalidlnthesecases，wehave 

alwaysdet（J：＋ＯＡ)＝detい:)＝1

－３６－ 
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Nextwe 

fieldsy｡(s） 

Ｂ(･ぬzγ６１Ks．

shallconsideracurveC：〃｡＝".(s)inMhendowedwithavector

Sincer`＝工囎（"｡(s))alongC,wehavey＝Bfoy｡(s)and`Zri/士＝

Thenitlollowsfrom(3.49)ａｎｄ(3.50)that 

Ｄｙj/ゐ＝Ｂｉのyソホノ＋jWH;`１Ｍ/zibﾉ，

(７８）DdZ;Uj/22,ノーＢ；(Ｄ仇]j/bZsﾉ／い}＋〃:{Ｈ舟(ﾋﾉz`ﾂ/ZMh/邸〕;/tZsノ

－－ 

＋ＯＡ(［ん，/1`fsﾉ(Dy]；/`１１s｣

ThecurveCiscalledanA-PatAi71LMﾙ1ZUirhrcSP"ｉＺｏｍ４ｒ↑iIitsatisfiesDyソ

応＝ＯａｎｄＤ(ん?/kfs)／hな＝０，whiletheCiscalledan妙αﾒﾉｶi,!“`ｍｉｔｈ７”"t勿

MnfitsatisfiesDLyソロ1s＝ＯａｎｄＤ(dzj/ﾋﾉb)／ZZs＝OWeshallsaythatM;､isaro-

taJ61A-azJZo-〃7泣此Ｊｓｚ４ｈＷ“(orsimplyjDZnJbﾉﾉh-aiMlo-Pa7aルノ)てUiZハァCSIｂ“tllomlrvif

eacM-pathinMhzwithrespecttonn~,isalwaysanA-pathinnf1withrespecttoJm 

From(7.8)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ７､１．ＭW`jStDtaZM-aMtopaml化Zuﾉﾌﾞt肺aSPGcjmnUrVα'Mio"１Ｗ!/t/>‘

/b/J0zﾋﾞﾉi"９８９"αZio7zs〃0〃：

Ｈ:＝0,％(亙勗＋瓜ノー０(α＝"2＋z,．…，’リ

FromTheorem7､１，Ｌｅｍｍａ７・ｌａｎｄＮｏｔｅ７１ｗｅｃａｎｓｔａｔｅ

Ｔｈｅｏｒｅｍ７､3．ＷＩｔｈｒｅ幼"“otAei〃`i/tuce`ＣＯ"'１１cc"0/1LMrﾘﾊﾊiSf0raZlbﾉﾊｰαz`わ‐

pα'ﾛﾉZeJ1W"`０，ｌｂ'ヴル１１W,istDtα/l(yα皿Ito-pa7p此Zα"`ｵﾙe形"so'詞SQA(α＝"z＋Z，…．，

72)ａ７ｒＳﾊe⑬－５yﾌ7Z??ZCt7-iCi'Zβα'Z‘γ、

ByvirtueofTheorem72andTheorem7､３wecanstate 

Corollary7､3.1．ＬａＭ１６ｇｅ'mlbm`‘⑫ijAageo-PalfAcD""０ctわれＭｊｎＴﾉｹﾋﾟ〃

fuiZ肺eSjbcc〃ｏｎ､~１Ｍ腕istoZal6'ルーαz`ZoPa7pZ彫1,Ｗ"‘0"」Ｍ/Ｍ"jslIolMygeo火ｓｆｃ

α"`JAG歴"so'でＱｊＷ＝'"＋Z,．…，'】)a7esAem-"'""zet7icj"βα'１‘γ・

Ｎｏｔｅ7.3．LetM1beendowedwithanMr，satisfyingQ/蝿＝ＯｏｒＱﾉﾊﾟ＋ｇｊ，

＝OThenwithrespecttomn~Ithefollowingfactsarethesame：(a)M1jstotal-

lyハーauto-parallel．（b)Mmistotallyau↑o-parallel、

FurtherifthejUr，isageo-pathconnection，thenthefacts(a)，（b)andthefol-

lowingfact(c)arethesame:(c)皿冗istotallygeodesiQAsthepracticalexamples

ofthelatter，ｗｅｈａｖｅＢｎＨＺ－ｖａｎｄ垣rietc．

－３７－ 
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Ｗｅｐｕｔ 

Ｒ,`腱AyJ)'臆XZX応
Xノー(g北gdh-gj蝿g1JyJj,にＸ`ＸⅢ(7.9） Ｒ他ｙ，

ｗｈｅｒｅＲＪｌ鵬,,istheルーcurvaturetensorwithrespecttoMr（ThenweshallcallR(z，

y，Ｘ)thesectj07zaZc”Ｕａ２ｚ"e`蛾"ど‘ｂ１ｙｊａ?！‘XUmitAγaWcttoMI-v、Furtherwe

shallsaythatMhisq/Scα/arc"γりα,I泌丁BRorqﾉ'CO,zsZa'2tα"zﾉａｔ"ｒｅＲｚ(）"肘汐Sﾉｩﾋﾟctj0

Mrvaccordingtowhetherthesectionalcurvatureisindependenｔｏ(Ｘｉｏｒｉｔｉｓｃｏｎ‐ 
stanL 

SimilarlyweshallapplytheabovedefinitionstojMl;mwithrespecttomdlI-【If

wecontract(a)ｉｎ(4.12)ｂｙｙｏｙ回，thenwellave

R・・・γ＝尺｡`・伽Ｂ静十s…Ｂ；ＭＷＩＨ:Ｈ：

＋Ｂ:jWjEbl｡,`ＨリーＢｗ１Ｂ＃Ｈ;ﾉ＋Ｈあい,γＢｊｊＶ:＋ＪＭＴ:γノ

ーＨ;い,my閥Ｂ:＋６%｡ＨＪ１･ﾉ．

(7.10） 

Itfollowslrom(7.9)andthedefinitionthatjVhisofscalar(respconstant)cur‐ 
～ 

vatureRwithrespecttoMrvifandonlyiftlIefollowingholds： 

(7.11）老(Ｒ･`｡兆十尺･応.』ノーＬ２Ｒハｌｈ６Ｕ”.Ｒ：CO"sZz7?zリ

SupposethatH:＝OThenfromNote71wehaveHノア＝ＱルーＤ‘鵬ｊＷＢｉ

＝Ｄ3．ThereforeweshallsaythatjUh,ｉｓｍｍｍ【)ﾉazJtoやα、Z彫ZzUiメハリα,zisﾉhi"gD

mitルγ`…aZoLMr'ifthesecondfactH;＝Ｏ(α＝加十1,．…、〃)impliesD；＝O
Inthiscase,ｉｆ(7.11)holdstlIenfrom(7.10)ｗｅｏｂｔａｉｎ 

(7.11)！老(尺｡。｡γ＋Ｒ…ノーＬ２ＲＡ〃

Ｉｎｖｉｅｗｏｆ(7.11lwecanstate 

Teorem7,４．〃j"sqfsazJa7-(raSP・CO"s2α"r)c"γｚ１ａｍγｅＲｕﾉitルeSPec雌ｏＭｒ１

α"`Ｍ:isZOmJbﾉα"ｔｏｐα'五ルノｍｊＺﾊzﾉα"iSAi"gDzUit肺ＧＳＰｅａｍｍｍｔ〃e〃、L:iSaJSo
q/､sczz｜hγ(？〃､CO"sZα"肌"γzﾉatz"ｅＲ”ijhresp“Zlfonn-vl

Furtl1erwecanstate 

Corollary７．４.ＬＬｅｔｒ，Dea7zyo刀eq/jﾊe允叱zui?LErco"7zGctio"s：

zYMlrv,AMDrT,ＭＤｒ『,ＡＭＢＤｎＡｎＩＣＤＺ~Ｋ

－３８－ 
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α"‘tﾙeβWCCγ"SPO"磁'iIgco""ecZzo"szUiZﾙ児．、`〃,Ｗ１ムメ、/零s“ルァ(γGSP・CO"sZzz"〃

C"γZﾉα此"ｅＲ”itﾊｧ…eCZZOFα"`jVhiStOZaZ41geO火ＳｉＧｔ〃e"ハムiSaJSOq/Scαﾙγ(極P・
CO，ｌｓｍ７ｚ肌z(rz）αtz`'でＲｚビノガル･espeaifOZﾊGi"`zzce`i/CO""“tiO〃ｍ

ＰｒｏｏｆＡＴＹＭ（orZnMrlo)ｉｓ。[t-free，ｎａｍｅｌｙＤ`雄＝０．Fortheremaining
connections､wehaveDiに=fL〃`上r-/(LムリTherefore,inanycasewellave

ユーOTheaboveconnectionsareallgeo-patllconnectionS QED 

Itisknown[28]thattheWeyltensolW`鵬hvanishesifandonlyif皿1isofsca‐
larcurvaturewithrespecttoBnWeshallsaythatMmisW仇riftheWeyltensor
vanishes・

BI7isaspecialTYMrbandhenceageo-pathconnection、Thereforebyvir‐
tueofCorollary72・landCorollary7､４．１wecanstate

Corollary7､4.2．〃jVhisVMatα"`必fsjoZZzJJb'９６０企silGtﾉhe"Ｍ,,isaJsoWL
J/《ilhML

WeshallsaythatMhisU/ZZztiftheDouglastensorD/雁Wanishes・Ｔｈｅｎｗｅ
ｃａｎｓｔａｔｅ 

Ｌｅｍｍａ７､２．１/M1dJDﾐﾉﾉﾙ12α"`ＭＷｚ＞，"＞2)jstoZZJJbgFo虚ｓｊＧ’Aelz必ｉｓ
ａｋ０ＤﾌﾞI7Zzz・

ProofFromD-flatnessonMh、tllel1v-curvaturetensorG/Mwithrespectto
Briisexpressibleiｎ 

(7ユ2）Ｇルー６１℃j鵬恥＋ｄＹＡｈ＋JiG倫臘＋８`んＧｊＪ/Ｆ１＋Z人

whereGﾑﾊｰＧＡＩ,脳andＧルーＧ鮎

SinceMhmistotallygeodesic,theinducedconnectionlBFisintrinsicThere‐ 
foretheA-connectionisgivenｂｙ 

(713）ＯＡ＝氏伍占十ＧAＢ２ｷﾞノ

Ifwedifferentiate(713)byyoandtakeaccountof醜=0,thenwehave

(7.14）Ｇ&｡＝ＧＡＩ｡＝2cAir釣十ＧA伽Ｂ鰯＝０A応Ｂ鰯．

Substituting(7.12)into(7.14),weobtain 

(715）ＧＡ衝＝(ｉｙａＧ`了Ⅲ`＋ｄＨＧγ`＋Ｊ:Ｇ"＋J:０回J/､l＋ﾕﾉ，

whereGpγ＝Ｇ’腱Ｂ腓ThetensorG,γis(－１抄homogeneousinyo、Takingac‐

－３９－ 
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countofthisfactandcontracting(7.15)ｉｎａａｎｄｄｗｅｈａｖｅ 

（716）Ｇ､,＝Ｇ九＝(''2＋ｴﾉＧ`,／､z＋〃、

Applying(7.16)ｔｏ(7.15)，ｗｅｏｂｔａｉｎ 

Ｇあび＝(yoG…＋ＪＲＣγ‘＋d3G“＋d:Ｇ"〃6"＋〃，

whichshowsthat“isalsoVMaL QED 

ItissaidthatM:isprojectivelyflatiIM,isbothWTlatandD-flat・Then，

IromCorollary7､４．２ａｎｄＬｅｍｍａ７２ｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ７､５．〃Ｍ`isP7叩ctiwM肱Zα"‘Ｍ耐(〃＞"z＞2)fsmmZZygW`ノセｓｉＧ

ｔｈｅ'2Ｍ,1isaJsOpr砿ctiひeﾉ(yルム

Letusnowretumto(7.1）WeshallcallDZ｝/hlS,Ｂ`γ(Ｄｊ〕j/ZZs)andlV:(Ｈ:`u，

／ZZs)theabsolutecurvaturevector，therelativecurvaturevectorandthenormal 

vector，ｏｆｔｌｌｅｃｕｒｖｅＣ，respectively・

Ｉｆ”｡＝y・(`2S／Ｌ),thenthefollowingrelationholds：

馴帆…=雛鮒=鰍沿(7.17ハ

InparticularifHハーＨ;，ｔｈｅｎ(717)jisalsoexpressiblein

《αﾉ血倒dｾｲγＨ:〃，nA仏｡’’1`Ｗｉ`倒回/Ｚ
ｇ`ん。,‘皿７`Z&輿`zノ

y･ノ
(7.17)２Ｈ:`z(ﾉﾘ/２２s＝ 

~Ｚ２(zJa,ｙ･ノ

Ｉｎｖｉｅｗｏｆ(7.17),ａｎｄ(7.17)2ｗｅｐｕｔ 

(7.18）ｊＶＹｚ`｡,ｙα)＝ﾉｿﾞ:(z`",Ｗ/Z2(邸､,３１αノ

lnthiscase，ｔｈｅsquareofthenormalcurvaturejV(z`α,)'｡）ｉｎ),a-directionata 

poinL（,↓α）ｏｆＭ`isgivenby 

(7.19）jV2(z（⑥,)'@ノーdBhjVWb‘

ThereIoreハ7.isthejVA-componentofjV：ThisisthereasonwhyH:iscall‐

edthenormalcurvaturevectoIinadirectionArA 

Intl1efollowing，weassumethat14Iisendowedwithageo-pathconnection、

Ｔｈｅｎｗｅｈａｖｅ 

－４０－ 
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(720）Ｔｇ｡＝０，Ｈ:＝ｉ;＝１V:(BJ｡＋2Gｿ． 

Ｉｆｗｅｐｕｔ 

(721）２月＝渚Ｈ:Ⅲγ…

then(rom(２２２)ａｎｄ(7.2)ｗｅｈａｖｅ 

(7.22）Ｊ２A＝Ｈﾙｰ|イ入ルオド十入ｈＨ:ﾉ＋形汝:(Ｍ,Ⅲ‘十入ｈ入:｡ノ
ｂ 

４］ 

WeshallcalLDAthes"0"‘cα"。"jczlIlMMw“"z`"raZZe"sori〃α碗,哲c"0〃Ｍ・
NextweshallsaythatascalarC〃,ｙ･）ｏｎＭｗ:ｉｓ虚γecfU/>でGifitisindependent
ofya，ｎａｍｅｌｙＣＩ,｡＝O 

Weshallcallapoint（!`｡）ｏｆＭｂ:ａｎ〃cCjL/>･GGPoj,ｚＺｏｒａｎ'zc-co"srα"tpointac‐
cordingtowl〕etherlhenormalcurvaturejV(zJa,，α）ａｔ(ｈｅpoint（皿｡）isdirect-free

orconstant・FurtherweshallsaythatM1istotaZﾉbﾉ〃c`弓/うぜc(resp〃c-co7zW"Oif
everypointonMlhisanncd-free(respnc-constant)point・

Ｎｏｔｅ７．４．Anncd-free(respnc-constant)pointcorrespondstoanumbilical 

(respaproperumbilical)pointinRiemanniangeometry・

ＬｅＷｈｂｅtotallyncd-free(respnc-constanl)．Thenfordirect-IreescalarsC｡ 
(resp・constantCcLwecanput

(7.23）Ｈ:＝Ｌ２Ｃ‘（α＝ﾉﾌﾞz＋1,…．，〃）

Differentiating(7.23)ｔｗｏｔｉｍｅｓｂｙｙａａｎｄｙ`andmakinguseof(721),ｗｅｈａｖｅ 

(724）Ｊ2ルーＣａg`γ（α＝，"＋Z,．…，〃）

Converselylet(724)besatisfiedTllen，contracting(7.24)ｂｙｙβyγandｕｓ‐ 
ing(7.21)，ｗｅｈａｖｅ(7.23）Thereforelrom(7.18)ａｎｄ(7.19)weobtainjV2＝ 
ｄｃｂＣＱＣｂ，Consequentlywecanstate 

Theore、７．６．Ａs"6SPaceM耐qfMhjStoZzzﾉﾑ'"c〃でe(rgSP・nc-colzsZzz"｡)１Ｗ"‘
0"１５ﾉWieseCO"`cα"0"icWiM'2""zβ"taZ魔"so'汐J2ル(α＝ノルl-Z,…．，〃）α７℃“;jb'麹ｓｊ－
６ルガ〃(7.24)J/もγdI7でctheescα/ZJ7芯(アゼS，､ＣＯ"sZZz"2s)Ｃｏ、

Ｎｏｔｅ７．５．ＩＩｅａｃｈｓｃａｌａｒＣ③vanishesintI]eaboveTheroem，ｔｌｌｅｎｗｅｌｌａｖｅ 
ｂ 

Ｈ:＝OThereforejUh,istotallygeodesicifT：＝０ 

－４１－ 
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