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Introduction,Inpreviouspapers[4]]１，[5],wehaveintroducedaTY1fconnectiｏｎ 

ＴＭＴｏｎａｎかdimeI1sionalFinslerspaceMfromthestandpointoftangent

Minkowskispacesandprovedthatn'isaG-LandsbergspacewithrespectｔｏｍＭｎ 
－員－

thatis,itsハzﾉｰcurvaturetensorP川vanis]lesifandonlyiftheTjMlとconnectionincon‐

siderationistheZSLconnection、AG-LandsbergspacewithrespecttotheCartan

connectionisnothingbutanordinaryLandsbergspace・AFinslerspace〃iscalledan

LSLspaceifmadmitstheLSLconnectionIST・Ｔｌ〕enanJ5LspaceisalwayshU-flat
へ_

(Pj朧伽＝Ｏ）andeachindicatrix丘(、:anypointofIMl)asaRiemannianspaceisiso‐

metricundertheparalleldisplacementwithrespecttqZSP・FurtherthelBTisalso

泙metricaLnamelyDg`j＝０．Asaspecialcase,theIHSTinvolvestheBerwaldcon‐

nectionandthecorrespondingZSLspacebecomesaLandsbergspaceWhen〃＝２，

theabovecasealoneoccurs・Inapreviouspaper[5],aconditionwasfoundforjV

tobeanon-LandsbergjjSLspaceWithrespecttotllisspace,however,therestillmany 

problemstobesolvedForexample，whatspecialpropertiesdoesitpossess？ 

Doessuchaspacereallyexist？Andsoon 

lnthepresentpaper,weshalldiscusstheaboveproblemsanddevelopthetheory 

ofthisspace・SincetheZSLconnectionisaGPconnectionofSKLtype,weinvesti‐

gate,ｉｎ§１，propertiesofthelattergenerally・Ｉ、§２，wefindaspecialproperty

ofanLSLspaceandconsiderapplicationsofittoothercases・Asaconsequenca

wehavethatifaCLreducibleFinslerspaceMIsanISLspacethenjMisaRiemannian 

spaceoraBerwaldspacewhen7z≧４，ａｎｄｔｈｅｎｎＩｃａｎｂｅａＬＣＰＬｓｐａｃｅｗｈｅｎ〃＝３．

１，§３ａｎｄ§４，westudyaRiemannianZSLspaceandaC-reducibleBerwaldZSL 

spacerespectivelyindetai1．Ineitherofthesecases,ｔｈｅルーconnectionoftheZSLcon‐

l）Numbersinbrapketsrefertothereferencesattheendofthepapem 
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nectiondependsononlythepositionalarguments、Thesespacesmaybeconsid

eredasspecialISLspaces、ThelastsectionisdevotedtothesludvofaC-reducible

LCPLspace・ThisspaceisaninterestingexampleasanISLspaceandllasanote‐

worthyproperty，ｔｈａｔｉｓ，itadmitsaLCPframe 

Theterminologiesandnotationsrefertothepapers(１４】,[5],［6Dunlessotherwise

stated 

§１．GT-connections、LetMbean7z-dimesionalFinslerspaｃｅｗｉｔｈａ（unda‐

mentalIunctionL(エツ)andbeendowedwithaTM=connectionTYMr＝(ｒ弘ｒＸ，

ＣＭ・Ｔｈｅｎ叫爬andrXaregivenby

(Ｌ１）Ｐｊ脂＝α施十珂施十ｑ魔，ｒルーｙｊＰｊ胆

Let〃ｂｅﾊﾘｰtorsion-freewithrespecttoTYLT，ｎａｍｅｌｙ

(１２）Ｔｌ施＝Ｇ}施十Ｔｊ胸（ｑ随－０)．

WeshallcallaTMとconnectiondefinedby(１．２)aGTLco""ectio,z・ＴｈｅＡ.curva‐

turetensorwithrespecttoaTM豊connectionisgivenby

へ－

＝Ｋ；応,`＋ＣルＲＨ,`，ＲＸ,`＝y'ＲルルーyjXj雁ハ

ー=ｊ,`ｒ）雁一．雁ｒｊｈ＋ｒ鬼叫,`－１Ｖ,ｉＴネハ

ｈ
ね
た
施

町
一
厘(１．３） 

From(１．２)ａｎｄ(１．３)ｗｅｈａｖｅ 

へ－ 【1）（１）（１）

KルハーーＨｊ脂胸＋Ｔｊ脂,`－ＴｈＬ魔，Ｔｌ作ｈ＝=ａＴｊ腱／ａｚ'`－ＴＨＣル

ーｒＸＴｉ雌,,γ＋Ｔｙ朧、ハ＋Ｔｙ蝿“ん，
(１４） 

whereＨ}臆ハisthecurvaturetensorofBerwald

Ontheotherl1and,thecurvaturetensorRｶﾉ`withrespecttothenon-linearconnec‐ 

tｉｏｎｒｉｉｓｇｉｖｅｎｂｙ 

Ⅲ】（１）

＋Ｔｉゐ－Ｔﾙﾉ`，

Ｔギハ＋ＴＸａハ

＝ｊｈｒｉ－ｊにｒｉ＝＝ｊ１ｊＫ}に'‘

＝ｙ』ﾁﾘ魔〃＝azx／ａ鐘〃＋ｒｘ

。
〃
ｏ
ｎ

・
ル
パ
。
Ｌ
允

刀
▲
⑪
Ｔ(１．５） 

whereKj施histhecurvaturetensorofRundTheniLisverifiedthatthefollowing
relationshold： 

ａ２Ｔｉ／ａｙｊａｚ)↓＝=ａ刀漉／ａｚ'↓，ｒＡＭ＝=Ｇｊ廠十乃施

ＩＷＴ；ん,，＝=ＩＷＴｊｈＭｒ，(ｙｒＫｷﾞﾊﾟ侮川＝H;ｋｈ．
(１．６） 

, 
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Ｆｒｏｍ(１．４)～(１．６),ｗｅｃａｎｓｔａｔｅ 

ＬｅｍｍａＬＷｊｊｉ川甸aljDcctZDaGPco〃"“dioﾉz,rAe/b"0zﾋﾞﾉi,ｚｇ'ＦＪａｔｉｏ〃MZfsJ

(１．７）ａＲＡｈ／ａｙｊ＝ＫｊＭ‘ 

WeshaUsayaFinslerspacemtobe'Ｍｌａｊａｎｄルールtwilhrespecttotheconnec‐

tioninconsiderationifthecurvaturetensorsRihandRjMWanishrespectively、It

isseenfrom(Ｌ３)thatifndrisA.{laLthen1M｢ｉｓａｌｓｏ〃flat、Ｆｒｏｍ(Ｌ３)andLemma
Lwecanstate 

Theoreml、Wit肺でsZ〕ccZjoaGTZco,z"ｃａｌ0",ａＦＹ"s肱rSPacej`isハールォ１Ｗ"‘０，３，
i/CMisルノ72Ｊム

ＵｓｉｎｇＲｊｗルーｇＺ７Ｒハハｗｅｐｕｔ

Ｒ“んハｙＪｊ'んＸｚＸ７ｈ
(１．８）Ｘにｙ,Ｘ)＝

(9Ｊ代ｇ‘ん－９』んｇ』脆）ｙｊｙねＸ‘Ｘｈ

ThenwesllallcallK((ｚＷ,Ｘ)theｓ"jiio?ｚａｊｃ１"てﾉatz"edefinedbyy‘andXjwith

respecttotheconnectioninconsideration・EspeciallyweshallsayjMrtobeq／

Scαﾉﾋzγcz"zﾉatz"汐Ｋ(:r,妙ｏｒｔｏｂｅｑ/『ＣＯ'zsta7zZcz"Ｕａｊｚ"aKrifKYhl,ｙ,ｴﾉisindepen‐
dentofX‘orKisaconstantrespectively、Ｆｒｏｍ(１．３)ａｎ。(１．５)，ｗｅｈａｖｅ

(１．９）尺｡`｡,‘＝=Ｋ･…－Ｔ:ﾉｭ'。＋ＴｉγＴＸ

wheretheindexOmeanscontractionbythevectorV2andtheshortverticallinein‐ 

dicatesthecovariantdifferentiationofCartan 

Applying(１．９)ｔｏ(１８),ｗｅｌ１ａｖｅ 

(１．１０）（Ｋｏｊ｡'ｉ－ＫＬ２Ａｊｊ，－Ｔｶﾞﾉ`'。＋Ｔ`『ＴズノＸ‘Ｘ'ｉ＝=０．

１{(１．１０)holds(ｏｒａｎｙＸｆ，thenweobtain 

(１．１１）２(Ｘ･…－KL2ﾉiMノルノー(Tihlo＋Ｔ,uiloノ＋(T`γＴＸ＋ＴｈγＴ『ノー=O

Converselyif(１．１１)holds､then(１．８)holdsforanyX‘・Hencewehave

Tlleorem2．Ｗ"〃8`Hb“〃ｏａＧＴｃｏ"，l1ectzo",ａＦＹ"sん,．,sHbacB〃ｉｓｑ/RSCα〃ｌ７ｃ"γＵα‐

、γｅＫ(iz,)ｿ１Ｗ"‘o"ﾉ(yiW7zeqzｨatio7z(ＺＺＺﾉﾉｶo/hZs・

LetMbe71-flatwithrespecttoaGTzconnection、Ｔｈｅｎfrom（１．５)ｗｅｏｂｔａｉｎ

６ 
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ＲＸ,`＝Ｘｋ鹿＋ＴＸｌｈ－Ｔｉｌ雁十Ｔｌ６Ｔ；,’一ＴＨＴ;応
(１．１２） 

＋ＴＸＰネハーＴズＰ*脆＝ｑｚＵｈｅｒｅＸｉ肱＝ｙｊ騨施ハ

Contracting(１．１２)ｂｙ)水、ｗｅｈａｖｅ

(113）Ｋｈｊ－ＴＡｌｏ＋四ＴＸ＝q

whichimplies 

(１．１４）Ｋ`｡,‘－Ｔ`,L,。＋Ｔ`『ＴｌＨ＝０

LetthisconnectionbeofSXとtype,ｎａｍｅｌｙＴｆハ＋Ｔｈ`＝QThenitfollowsfrom

thispropertｙｔｈａｔＴ２γＴパーＴ>`γＴ【.、Ontheoiherl1and，ｔｈｅｔｅｎｓｏｒＫ`。'&is

alsosymmetriciniandハ．There(oreinviewof(１．１４),ｗｅｈａｖｅ

(１．１５）Ｘ…＋Ｔ`γＴＸ＝=ｑＴｊ,LI。＝ａ

Ｆｒｏｍ(１．１３)ａｎｄ(１．１５)ｗｅｈａｖｅＸ３ｈ＝－ⅣＴルdifferentiationolwhichby

y光yields

(１．１６）Ｘ:ｈＩ,脂＝－ＴｉｒＴＸ－Ｔ#ＴＫ'＆、

Itisknown[31thatthefollowingidentityholds： 

(１．１７）Ｘﾙﾉﾙ＝÷(Ｘ6,`､脂一Ｋ;化,,伽ノL

Substituting(１．１６)ｉｎ(１．１７),ｗｅｈａｖｅ 

(Ｌ１８）ＫＸ,↓＝÷(TX脂一丁ズハノＴ：＋÷(ＴｈＴＸ－ＴＫ『Ｔズノ：

substitutionofwhichin（１．１２)yields 

Ｔ:Ｍ－Ｔｈ１ん＋十(ＴＸｋ－ＴＸﾉＪ、＋(Tﾈﾉ‘‐Ｈ｢Ｔ舟＋ＰトハノＴＸ
(１．１９） 

一(T；に十÷Ｔｈ＋ＰルノＴＨ＝０

Converselyif（1.18)ａｎｄ（１．１９）hold、thenitiseasilyverifiedthatequations

(112)ａｎｄ(115)hold 

Hencewecanstate 

Theorem3・WiZルノFSPecZtoaGTLconn“tio7z〃ＳKこ』yPqMjS〃"化[(birハルリ

ヴα“０，ＪｊＩｙが“iz`α"｡〃α・Ｚ８ﾘα"ＷＺＺ９ノハ0“

Underthesamecondition,theequation(１．１１)isreducibleto 

４ 
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(１．２０）Ｘ:ルーＫＬ２ｈＲ－Ｔ；ＴＸ

Ｔｈｅｎｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ４・ＷＹｔｈγ"PectroaGTZm""“tjo〃qfSXE“8,〃fsq/s“ZZzγｃ”Ｕａｔ"”

ＸｌＷ"’０〃l(yがα〃egzJariO〃(Z，２６ﾘﾙoZ6S，

Weshallseekforanothercondition、SinceX6"｢ん＝Ｘ;,小＋ＣＸ虚亙；ず－αパ

Ｘ８ｈ，wedifferentiate（Ｌ２０）byytv-covariantlyandapplytheresultto（Ｌ１７） 

FurthernoticingthatT;|随＝Ｔｌ:γ＋ＣｉにＴヌーＣ景施Ｔ：，ｗｅｏｂｔａｉｎ

8Ｋ%,ルーＬ２(ＫルハルーＫｌルハルノ＋3Kbﾉにノijl-y,`ハルノ

＋Ｔ:,．Ｔ％－ＴｉγＴＨ＋(ＴＫ施一ＴＫハノⅣ．
(１．２１） 

ConveZsely,contracting(１．２１)ｂｙｙ臆，ｗｅｃａｎｏｂｔａｉｎ(１．２０）

Consequentlywecanstate 

TI1eorem５．Ｗj飯γeSPGctroaGTLco"'zBctio〃が“二tＷ,ZVjs〃sczz〃γc"rUatz`ｒｅＫ

がα"’０"！$ﾉ１Ｗ〃`，"α"o"α、２ZﾉﾉiOjdfs・

LetthescalarXbeaconstant・Thentheequation(１．２１）isreducibleto

(１．２２）Ｋｉ九＝ＫＯ施ハル－y,`ノｈｉノ＋Ｔ$ん，

whereTX〃＝(Ｔ舟ＴＸ－ＴｉγＴＨ＋〃XパーＴｽﾞﾉﾙﾉ、｝／a

Differentiating(１．２２)ｂｙｙｊ，ｗｅｈａｖｅ 

(Ｌ２３）Ｈｊ随,‘＝Ｘ(19j廠ｄｉ１－ｇＪｈｄルノ＋Ｔｌ施胸

whereTj施九＝ＴＸＭｊ、

Supposetllattheequation(１．２３)holds・Tllenbycontracting(１．２３)ｂｙｙｊｗｅ

ｈａｖｅ(122)．Furtherifwedifferentiate(１．２２)byyjandtakeaccountof(１．２３)， 
tｈｅｎｗｅｈａｖｅ 

Ｋ,,ｊ６１施ルルーy'@ｈ％ノーｑ

contractionofwhichwithrespecttｏｉａｎｄＡｙｉｅｌｄｓ化－２Ｗ/比x,ｊ＝ｏａｎｄｈｅｎｃｅ

ＸＩ１ｊ＝ＱＯｎｔｈｅｏｔｈｅｒｈａｎｄ，wehaveaBianchi，ｓｉｄｅｎｔｉｔｙ 

(Ｌ２４）ＸＸｈｌｊ＋Ｘ洗い＋ＫＡｊｌ施十ＰおＸＫｊ＋ＰｊｒＸＸｈ＋ＰＡγＸ『雁＝Ｑ

Ｉｆｗｅａｐｐｌｙ(１．２２)ｔｏ(124),thenweobtain 

（!y聡ハＡ－ｙＭｉｉノＫｌｊ十。，ハルールノギノＸ，厄十6ｹ`啄一y，ノレｌＪＸ１臆

■
●
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￣､￣ 

＋Ｔｉ'`|」 ＋ＴｉＭ']＋ＴｉＪＩ施十ＰＡ了ＴＨＪ＋Ｐｉ７Ｔｒ'`＋PA7.Ｔ八＝ｑ

contractionofwhichwitl1respeｃｔｔｏｉａｎｄハyields

Oj-2ﾉ仏Ｋｌｊ－)bKrl雁ノ＋TJklγ＋Ｔｒｊｌ雁一Ｔ恥＋Ｐ：γＴ５ｊ－呼ァ

Ｔｇ施十ＰγＴ了パー0．

(１．２５） 

llKisaconstant，thenIrom(125)ｗｅｏｂｔａｉｎ 

￣_ ヘー ーー ーー

(126）Ｔ７Ｍγ＋Ｔｌ:ｊ|パーＴ子施ｌｊ＋ＰＸ了Ｔ５ｊ－Ｐ７『Ｔ５魔

Converselyif(１．２６)holds,thenfrom(125)ｗｅｈａｖｅ 

ヘー

＋ＰγＴＹＡＣ＝=０ 

(１．２７）ｙ応Ｘｌｊ－ｙｊＸ１に＝０

ＳｉｎｃｅＸＩｌｊ＝qthevectorXljismdependentofy‘・Thereforeifwedifferentiate

(１．２７)ｂｙｙＺ，ｔｈｅｎｗｅｈａｖｅｇＬにＸｌＪ－ｇＺｊＸｌｊＥ＝0,contractionolwhichbyg`Ac

yields仇一ZﾉＫｌＪ＝0．Thuswecanstate

Tlleorem6・WItAreSjb"ttoaGTcD""ecjj0↑ｚｑﾉﾊSIK-酌ＰＣ,nIiilsがＣＯ"s/α"tc邸γz）α、7．Ｃ

ＫｊＷ"‘０"ｌ(yがe9"αtio"ｓａ２３）α７１ゴロ、２６ﾘﾑ0ﾉﾕ

§２．IS-spaces・LetMbeanIO-spaceThenthereexistsanindicatrictensorTｊ

ｓｕｃｈｔｈＨｔ 

(２．１）Ｔ`ｊ＋Tljルー０，画ｈｅ7℃Tjj-giγTjP，

(２２）Ttj侭十巧臘施十2(Ｃｌ:ｊｒＴＫ＋Ｐ”髄ノーｑﾋﾞﾋﾞﾉﾊereTtj聡＝９１γＴｒ施

Inthiscase,thefollowingrelationshold[6]： 

(２．３）ＴｒｌＣハ＋ＴｒｊＣ瞼＋ｎ代ｏｒノー3P`jに，

(２４）Ｔｊ,`＋ＴＸｊ＋Ｐ),`＋ＴＫｑｊ＋ＴＪａ魔一皿Ｃｎ＝０，

(２．５）ｎJ,＆＋Z~Ｍ＋2ＴＪＣγJ施十2ＴＨＣγJパーｑ

(２６）Ｔ九十ＴＸｊ＋午Pj臆＝ｑ

(２７）ＧｊＭ＋Ｔｊ胸,,,`－Ｃ}ハ;パーｑｍｈ`ｒｅ

ｃｊ,`;パーｃ』ん|脆一ＴＸｃｊ,`,γ＋Ｐ;にcjF胸一Ｐ『にα,`－ＰＩＫ礎ｃ}γ
(2.8） 

＋Ｔ;伽Ｃ『ルーＴ『施叫ｈ－ＴＨ伽Ｃｌ『．

届
ロ
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Differentiating(２．６)ｂｙｙｈ，ｗｅｈａｖｅ 

(２９）Ｔ胸,`＋ＴｉｊＭ`＋ｲＰｈＭｈ＝Q

Byintercl1angingindicesjandムｉｎ(２．９),wehaveasimilarexpression・Then

ifwesubtractlhelatterf]rom(２．９)ａｎｄapply(２．７)totheresult,ｔｈｅｎｗｅｈａｖｅ 

Ｃﾙﾉﾙ;ｊ－Ｃｉハ,‘＋午(Pijll施一Ｐｉ,2,,ＪノーCl

whichimplies 

(２．，０）ｇｉｓ（Ｃｽﾞﾉ&;ｊ－ＣＸｊ;ハノ＋ｲ(P脂2Ｊ,,ｋ－２ｐ:ｊＣ…
－Ｐ,`…ｊ＋2Ｐｽﾞﾉﾑｃ…ノー=０

Bymeansol(２３),ｗｅｈａｖｅ 

3(P…Ｍｊ－Ｐｉ代ｊｍｈノー=ＴパＣにγｆ１Ｉｊ－ＴｙｑγｉＭ〃

＋(TハーＴﾊﾟﾉﾉｑｒ‘＋ＴｎｑＬγ臆一Ｔルｑγ脆十Ｔｒ侭ｑγｈ－ＴＨ侭Ｑγ”
(２１１） 

Ontlleotherhand､ｗｅｏｂｔａｉｎ 

ｇ`ｓ（ＣＸｊＩ,7．ＴＨ－ＣＸ",ＩｒＴＪ 
(２．１２） 

＋2に:几Ｃ…Ｔ７－ＣＸｊ

ﾉｰ=ｑｗｌ,γＴＸ－○ん…ｒＴＦ

ＣｚｓγＴＸノ．

FromaBianchfsidentitywehave 

(２１３）Ｃ脇`ルーＣ礎fjl,ルーＢ脆施ｆ－Ｐ>i脆」‘＋ＰＪ‘Ｃｗ－ＰＸ‘Ｃ腿jγ・

Ｂｙｖｉｒｔｕｅｏｆ(２８)ａｎｄ(２．１０)～(２．１３),ｗｅｏｂｔａｉｎ 

２ＣＸｈＱ`ｓＴアー2ＣハＣγｌｓＴ:＋2(ＣＸ代Ｐ了ｆｊ－Ｃ庇Ｐｒｆハノ

(２１４）＋8(ＣｒｊＰ…－αﾉｉＰγｋｊノ＋(ＴＸ施十ＴｽﾞﾉＪＣＳ`ｊ

－(T殉＋TXjﾉＣｒ$ハ＋(刀…－Tb`'ＪＣ;施十(Ｔ１ｓｉｊ－Ｚｓ‘ノＣＸｈ＝=o

Applying(２．２)ａｎｄ(２６)ｔｏ(２１４)$ｗｅｈａｖｅ 

(2.15）ｚ(`旅,`ｊ＝=U…ｊ，邸MEﾊﾉｰＣｒＪＰバハーＣｒｈＰｒだ〃

Ｉｎｔｈｉｓｃａｓｅ,上hefollowingrelationholds：

(２．１６）〃`腱｣ん＝－z(…好

７ 
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WeshallsayaFinslerspaceMtobePsezZカーCP-sy”'７za7icifAIsatisfies（２．１５）

Applying(２３)ｔｏ(２．１５)､ｗｅｈａｖｅ 

(２．１７）ＺｉＳＸｊﾉﾙｰＴｒ施Svjii＋Ｔ,､ｊＳＸｊ施一ＴｍＳｙｊ随＝q

contractionoIwhichbygzjyiel｡ｓ 

(２．１８）ＴＫＳγ'`＋ＴＫＳγ庇＝ＴｒＭＳ厨…十s九ｒｓパノ．

SincetensorsTrsand（is…,`十s`…ノareskew-symmetricandsymmetricin

indices7andsrespectively,Irom(２１８)ｗｅｈａｖｅ 

(２．１９）Ｓｒ化ＴＫ＋＆んＴＫ＝０

Consequentlywecanstate 

Theorem7．』〃ZHS-SPaceiSpsezzln/b-CP-ツ"刀ｌａｊ･ib、此tAisczJse,ｒｅ〃"o刀ｓ⑫.Ｚ刀

α72‘⑫.Ｚ9ﾉﾊ0脇

ＡＦｉｎｓｌｅｒｓｐａｃｅＭｗｉｌｌｂｅｓａｉｄｔｏｂｅCP-7-eJme‘ifjM｢satislies 

(２．２０）PZj施＝/u(!z,)ｿC`｣代

where/uに,)ｿisapositivelyhomogeneousscalarｏｆｄｅｇｒｅｅｌｉｎｙ駐

Inthiscaseifwesubstitute(２．２０)ｉｎ(２．１５),ｉｈｅｎｗｅｈａｖｅβにＪ１ﾉｰ=ＯｏｒＳ…」

＝ＯＬＨｅｎｃｅｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ８．〃α刀11Si-SPacejsCP-'･GjZz“ZAe7zハIfsaLα"ぬ687宮space０７．Ｗ7αム

ＬｅｔＭｂｅＰ－ｒｅ`z`ci肱tllatis,thetensorPi'んisexpressiblein

(２．２１）ＰＺｊ施＝(P‘んj施十ＰＭＩ,施十Ｐ鹿A`Ｊノ／（〉!＋Zノ（>z≧8A

wherePi＝=Phj代ｇｊ虚．Tllenapplying(２２１)ｔｏ(２１５),ｗｅｏｂｔａｉｎ

(2.22）ＣｒｊＰアハ魔,ルーＣｒｈＰアハ応ｊ＝ＣＸ’Ｐテル`ハーＣＫｊ`ＰγAZj

conrac[ｔＯｎｏｆｗｈｉｃｌ１ｂｙｇＭｔｙｉｅｌｄｓ 

(２２３）（ｹ1-8ﾉｑｊｒＰｒ＋ＰｒＣｒﾉhローＯ，ｍＡｅｌＦＣｒ＝ＣＸｈｇ虚h

Furtherifwecontract(２．２３)ｂｙｇ`，，ｔｈｅｎｗｅｈａｖｅ 

(２２４）２６z－幻ＰγＣγ＝０

８ 
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Consequentlywecanstate 

Theorem9．〃α〃LS-幼aceハ‘iSP-rc`mciZ)ん,Ｚﾙelza7沼山tio刀但.２２ノルoJZZsa刀‘tAe

zﾉect０７石ｑα"‘Ｂａｒｅ'刀"ｍａｌｌＺｖｏ"ﾉ､go"α/,ｄａ,ＰｒＣｒ＝０WA87z'z≧午､t/ietor‐

sionZe7zSo7CJj応ｉｓｏ〃Aqgo"α此０ZﾙＧｗａ０７･Ｐ４，ｊ､８．，Ｃｆ』んＰｚ＝=Ｑ

Ｗｅｐｕｉ 

C＝(ＧＣムノと，Ｃ２＝=ＣｌＣ‘，Ｐ==(PdPリム，Ｐ２＝ＰＤＰｚ

ｍｄ＝=Ｃ‘／Ｃ,〃‘＝Ｐ‘／Ｐｌ〃１２＝Ｃｆ／Ｃ,〃ｚ＝Ｐ‘／Ｐ（
(２．２５） 

Especiallywhenjz＝3,weshallcallaframe(Ｚｉ，ｍｊ，〃リａｎＬＣＲ/>zz伽eifthe

frameisorthonormaLFurtherathreedimensionalFinslerspacｅＭｗｉｌｌｂｅｃａｌｌｅｄ 

ａＬＣＰ－ＳﾉｳαｃｅｉｆｊＩａｄｍｉｔｓａｎＬＣＰＬｆｒａｍｅ、

Thenwecanstate 

Corollary9、ＬＡＰ-γe`zにi6Ie盃-SPaceq/Ｚ！iｍｅ"siolz8cα〃ｂｅα〃LCP-SPace、

LetMbeCreducible,thatis,ｔｈｅｔｅｎｓｏｒＣｚ‘んisexpressiblein

(2.26）Ｃ`j施＝(Ｃｆノij施十ｑノｊｊ施十Ｃ脂ルドノノ／(h＋ユノ化≧8ﾉ．

Thenitiseasilyseenfrom（２．２６）thaIMisalsoPLreducible・Tl1ereforesub

stituting(２．２６)ｉｎ(２．２２)ａｎｄｍａｋｉｎｇｕｓｅｏｌ(２．２４),ｗｅｈａｖｅ 

(２２７）（ｃ`Ｐｌｊ＋Ｐ，ｑ川`ん＋(ｑＰ,`~l-P鷹Ｃ,`ノハ`，＝(ＱＰｈ＋Ｐ‘Ｃﾊﾉﾉﾙ施

十(C,Ｈ＋Ｐｊｃ随ノハ`ん，

contractionofwhichbylﾍﾞhyields 

(２２８）６１－３ﾉ(ｃｆＢ＋ＰｆＣｊノー0．

Whenlz≧午,from(２２４)ａｎｄ(２．２８)ｗｅｈａｖｅｑ＝=ＯｏｒＰ`＝OLBecauseof(2.

26)､theformerimpliesthatMisaRiemannianspace・Itfollowsfromthelatterand

(２２１）thatハ`isaLandsbergspace，Ontheotherhand,itisknown[2]thataO

reducibleLandsbergspaceisreducedtoaBerwaldspace・ＴｈｅｒｅｆｏｒｅｌＩｉｓａ

Ｂｅｒｗａｌｄｓｐａｃｅ・Ｈｅｎｃｅｗｅｃａｎｓｔａｔｅ

Ｌｅｍｎｌａ２．〃α〃"“ｿ?ze"sjol1aノ１８－妙α“ＭＯ１≧懲りＷｓＣ－ｊでぬ`ci6ん，tAelz〃ｉｓａ

ＲｉＢｍα"'2iα）】妙α“０７αＢ〃”α〃sjbα“、

Let7zbeequalto3、Thencontracting(２２７)ｂｙＣ代Ｐｂ，ｗｅｈａｖｅ

(２２９）Ｃ２Ｐｺﾙ`，＝Ｐ２ＣｊＣ，＋Ｃ２Ｐ‘Ｐ」

９ 



1０－OnLS-SpacesinaFinslerSpace 

lIＣ２Ｐ２≠QthenIrom(２．２５)ａｎｄ(２．２９)ｗｅｏｂｔａｉｎ 

(２．３０）Ａｊ－"z‘〃Ｚｊ＋'z‘〃」，

whichindicatesthatalrame（/‘、）']‘：〃リisorthonomalwithoutfaiLConse‐

quentlywecanstate 

Lemma3．〃Ｃ２Ｐ２≠oWiel1aj〃eF-虚"?e"si0,2αＩＣ-,℃`"ci6彫ISS““isα〃LCP

-SpacF． 

§３．RiemannianlS-spaces・LetMbeaRiemannianI5Lspace,thatis,lVisa

RiemannianspacewhichadmitstheIBLconnection・ThenthereexisttensnrsTi

andT)虚suchthatthefollowingrelationsholdforavectory‘：

(３１）Ｔｊ施,,ハー0,Ｔｊ臓十Ｔｉｊ＝ｑＺ`施十囚j臆＝0,ＴＺｊｋ＋Ｔ`厳ｊ＝０

(３２）ＴルーｙﾉＴｊ代，Ｔｉｙｆ＝ＴＸｙ胸＝0,Ｚｊ＋Ｚ［-0L

Inthiscase,thellSLconnectionTj雁，ＰＸ，Ｏ）isgivenasfollows：

(３３）ｒｊ脳＝い）(ｴﾉ＋Ｔｊ施化Ａｒルー),ｊｒｊ脳，

whereい｝aretheChristoffelsymbolsformedwithgMzﾉL

IftheJBLconnectionissymmetric,thenfrom(３．１)ａｎｄ(３３)ｗｅｌＩａｖｅＴｊ雁＝Ｑ

Ｈｅｎｃｅｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ４．ＴﾉheZS-co""ectio〃ｑ/αRie77zα"〃iα'zSPα“jssjノガｚｍｅ力･ｉｃｊＷ７ｌ‘o1zbがthe

A-co"""tiio"rjMstABRje"zα""iα"CO""eaio〃（/施卜

Let、`ben-flat・Ｔｈｅｎｂｙｖｉｒｔｕｅｏｆ(１．１８),(119)ａｎｄ(３．１)wellave

(３４）Ｋｉ厄＝⑫ＴＸにＴ；＋ＴｈＴＫ－Ｔ鮎Ｔズノ／８，

(３．５）Ｔｉｌｊｉ－ＴＡｌｋ十号(Ⅳ'`ＴＸ－Ｔ;雄ＴＸ＋ＴＸｋＴ；ノー０

ＩｎｔｈｉｓｃａｓｅｗｅｈａｖｅＴｉｌｓｙｓ＝qdifferentiationofwhichbyy'@yieldsbecause 

of(３．１）ａｎｄ(３．２） 

(３．６）ＴＸ１ｈ＝ｙｓＶｓＴｉい(TXlJJ,,ｊ＝ＶｊＴｉ'ｉ

wheretllesymbolVindlcatesthecovariantdifferentiationwitllrespectto 
r 

WedenotetheRiemanniancurvaturetensorbyRj脆陀Differentiating

and(３．５)ｂｙｙｊａｎｄｍａｋｉｎｇｕｓｅｏＩ(３．１)ａｎｄ(ａ６)ｗｅｏｂｔａｉｎ 

(ﾉﾊﾟﾄ 

(３．４） 

－１０－ 
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７． 

(3.7）Ｒ}随,`＝(、可パパＴｊｒ＋ＴｊγＴ７ｋ－ＴｉγＴハノ／８，

(３８）ＶｊＴｉ,`＝(T卜脆Ｔｙ,ルーＴ；ｈＴ７臆＋Ｔ馬ｈＴｊγノ／a

Consequentlywecanstate 

Theorem10．ＡＲｊｅ"!α'ｚ７１ｊα'zZS-Sﾉｳα“』ＶｊｓＭｌｍ(bγ'ＭｌＺｚＬＭﾉit/i7･aslP8ctmf〃enSI‐
CO""cc"o1ziW7Mlo"lyjyPC9HaIfio"sβ・Ｚ)α'Ｗ3.81ﾉﾊ0/ｄ

Let〃beoIscalarcurvatureKに〃Ｔｈｅｎfrom（１．２０)ｗｅｈａｖｅ

Ｋ｡`ｏｈ－ＸＬ２ハ』ん＋囚γＴパーq

whicllisexpressiblein 

γ 

(３９）（Ｒ`…－Ｋ(g〔,朧ｇ''’－９'んｇｆ施ノ＋T１，KγＴ舟↓｝ｙｊｙ臆＝Ｏ

ＩＩ(３．９)holdsforanyvectoryM，thenweobtain 
γ γ 

Ｒｊｔに'@＋Ｒ代`ｊｈ－Ｘ臼gノパｇｉｈ－ｇｊ'`ｇｉに一銑〃ｇｍＪノ(３１０） 
＋ZYi`γＴ脇十Ｔ肘`γＴハーQ

ByinterchangingindicesfandAin(３．１０)weobtainasimilarequation、sub‐
tractingthelatterfrom(３．１０)ａｎｄｕｓｉｎｇＺＭ`ｈｉｎ(１．２３)ｗｅｈａｖｅ 

７ 
戸一

Rj,パハーーK1gjkgiji-gﾉﾉ`ｇｌにノ＋Ｚ止施ﾉｶ(３．１１） 

－－ 

whereTY,…＝=(Z｝i,ｒＴＪ施一、`『Ｔ',↓＋2ＴＫﾉﾄﾞＴ,`テノ／a
lnthiscase,ihecondition(126)ｉｓ，becauseol(３６),reducibletc 

yｓ（ＶγＴＫｕ・ＴＳｊ－ＶｒＴ７ｔ・ＴＳに十２ＶγＴｉｊ・Ｔｇｚ＋８Ｖ代Ｔ'１
．Ｔ:γ－３Ｖ，TKD・Ｔｋｒ＋ＷｓＴＪ‘・ＴＸｒ－ＷＳＴＸＺ．”γノ/8＝０

differentiationolwhichbyy九yields

ＶγＴｉｈ・ＴＡｊ－ＶγＴハ・ＴＡ随＋２ＶγＴｌｉｊ・ＴＩ【し＋8Ｖ雁Ｔ７ｔｏＴ舟(3.12） 

－８Ｖ，ＴＸｔ・ＴＡγ＋ＷｈＴハ・ＴＸγ－９ＶｈＴＸｔ・Ｔｊｒ＝Ｑ

Ｔｈｕｓｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍｌｌ・ＡＲｉｉｅｍａ?ｌｌ７ｌｉα〃ZS-S/l)αcemfsq/・CO"sZZz'ｚｊｃＺ〃てﾉa2zz”Ｘ２Ｕ肱肘…"Z
tOZhc盃-co7z'1“"012がα'2’011Ｍ(yreq"αZio72s(ａＺユル"‘BZ2ﾉﾊo皿

§４．CRBIS-spaces、Inthisandnextsections,weshallconsidernon-Riemannian

－１］－ 



'２－OnESpacesinaFinslerSpacc-

C-reduciblellSLspaces、Ｉｆｗｅａｐｐｌｙ(２．２１)ａｎｄ(２．２６)ｔｏ(２．３)､tｈｅｎｗｅｈａｖｅ

Ｑ（T『ﾉhﾉ腱＋ＴＪ恥十ＴＭｉｊノー8(PfAj施十Ｐ,ル広爬＋Ｐ膳ﾉiZjノ、

contractionoIwhichbyg/光yields

(４．１）ＣｒＴｒ＝8P‘． 

Ｉｆ〃≧午,thenMis,ｂｅｃａｕｓｅｏｆＬｅｍｍａ２ａＢｅｒｗａｌｄｓｐａｃｅ,ｎａｍｅｌｖ

(4.2）Ｐｆ＝=0,Ｐｊ臆＝0,Ｇjい＝=ｑＣｊｈｌ,`＝=Ｑ

Ａｌｓｏｗｈｅｎ〃==８，suchacasemaybeconsidered

From(２２）～(２７),(４．１)ａｎｄ(４２)ｗｅｈａｖｅ 

(４．３）ＣγＴ『＝=ＱｑＴハ＋ｑＩｌｊＴ１「＝０，

(4.4）Ｔｌ’１に＋Ｔｊｊ随十２(Ｃｆ、｝`＋ＣｊＴＭ／(昨l-zノー０

(4.5）、`‘＋T>穂6Ｊ＋2(1ｑＴ脇ｊ＋ｑＴ,“ノ／("＋jlノー０，

(4.6）”ん十Ｔｉｊ＝Ｏｍｉ魔十Ｔｉｗ＝=０，

(４７）Ｔﾙﾎﾟ,几＝=－Ｔ％Ｃｊハ,,『＋Ｔ；代α庇一丁恥αハーＴＫ臘Ｃｌアボ

ＳｉｎｃｅＣ`j応,,ルー=Ｃｉｊ,LⅡ臆，ｗｅａｐｌ)lｙ（２．２６）lothisexpTessionandcontractthe

ｒｅｓｕｌｔｂｙｇ』ん．Ｔｈｅｎｗｅｏｂｔａｉｎ

（４８）Ｃ`,ｗ＝=αｈ`血＋2CZCj&／ＯＬ＋]ノー(C‘Ｚｈ＋ＩｉＣ,】ノ／L

wherea-q,礎９J代／(ﾉﾉｰﾕﾉｰ2Ｃ２／６１２－Zﾉ．Ｂｙｔｈｅｕｓｅｏｆ(４．８)ｗｅｈａｖｅ

（４．９）αiルー=6ｈｉ－２Ｃ‘Ｃ胸／(h＋1ノー(Ｃ‘Ｚ胸一I-Z：Ｃ〃／Ｌ，

where、==ａ－２Ｃ２／６１＋Zﾉ．Ｆｒｏｍ(4.3),(4.4)ａｎｄ(４．８)ｗｅｈａｖｅ

（４．１０）ｑＴｒ，＝=ＣｒＴｔγｊ＝－αTi"ＴｌにＣｊ＝=6Th

Ifwesubstitute(２２６）ｉｎ(４．７）ａｎｄapply(４．３),(４４）ａｎｄ(４．８)～(４．１０）to 

theresult,ＬｈｅｎｗｅｃａｎｏｂｔａｉｎＴｉｌＥ１ｌｈ＝ＯＴｈｕｓｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ５．’/α〃JBL”α“|【ｓａＣ－７－‘ぬlIci6上Ｂｃ７ｚひαﾉｺﾞSPacG,ｔｈｅ〃ｒｈｅ/e"ｓｏｒＴｊＭｓ

ｊ７Ｚ“C7ZClb"tqfy‘． 

-１２－ 
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Ifwedifferentiatethesecondequationin(４．１０)ｂｙｙ'@，thenbecauseolLemma 

５ｗｅｈａｖｅ 

(４．１１）Ｔｊ雁Ｃｊｍｈ＝６ＭＴＡ＋6ＴＫ傭．

Furthersubstituting(４．９)ｉｎ(４．１１)ａｎｄusing(４．１０),ｗｅｏｂｔａｉｎ 

Ｔｉ（川＋264`／Ｌ＋26ｑｉ／仇十zﾉ＋Ｃ,`／Ｌ２｝＝０，

which,ｉｆＴｉ≠Qimplies 

(４．１２）6,,,`＋26Jh／Ｌ＋26CA／６z＋zﾉ＋Ｃ'1／Ｌ２＝０． 

Ｉｆｗｅｒｅｇａｒｄ(４．９)asadifIerentia]equationwithrespecttoCAthenitfollows 

from(4.9)that(４．１２)isaconditionfor(4.9)tobeintegrable・

Similarly(rom(4.8)(orfromthefirstequation(４．１０)）ｗｅｈａｖｅ 

(４．１３）α1,,$＋2αZ〃Ｌ－２ａＣｈ／(>z＋Zﾉ＋Ｃｊｉ／Ｌ２＝０．

SinceGj,`,,`－０ａｎｄＴｊ施,,,，＝ｑｗｅｈａｖｅ

(4.14）Til,`＝Ｔｊ代'んｙノ，(Ｔｉｌｈノ,,ｊ＝Ｔｊ朧|伽

Ⅱｗｅｐｕｔ 

(４．１５）ＴルパーTXl,１－丁Alに十ＴＸＴﾈﾉ`一ＴＸＴネパ，

thenｆｒｏｍ(４．１４)ｗｅｈａｖｅ 

(４１６）Ｔｊ臓,`＝Ｔｉ,`,,ｊ＝ｺﾞﾂﾊﾟＭ－Ｔｈ`|臓十Ｔ『蝿Ｔ;ｈ－ＴｎＴネハ

InthiscasaIrom(１．６)ａｎｄ(112)ｗｅｏｂｔａｉｎ 

(４１７）ＲＡ,‘＝瓜'`＋ＴｋｍＫｊ脆施＝HF臆,`＋Ｔｌ施沁

ＷｅｓｈａｌｌｃａｌｌａＦｉｎｓｌｅｒｓｐａｃｅＭａＣＲＢr-SjDacei（ハIisaC-reducibleBerwald

spaceandａｎｎＳＬｓｐａｃｅｌｆＲＡｈ＝Ｔｉ'`ｏｒＸｊｋ,`＝Ｔｊ施岬thenitfollowslrom(4

17)thaLthisspaceisalocallyM1nkowskispace 

Thuswecanstate 

Theoreml2・比aCRBZiSLSl()α",ｔﾉieA-co"'zecZio7zPj虎ｑ/ＷｉｅＺＳｉ－ｍ'jwec"。〃ｆｓｉ払

吻e7j1土７１tｑ/ｙ・ｍｅｓｃｚｚＪａ７Ｔａａ７ｊ１‘６i〃円.８ﾘα７J’〃Ｑ）sariq/3Ｗ､１０人円.Ｚ２ﾉα"’

－１３－ 
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円.Ｚﾖﾉ．Ｔﾉｹete"so'舌ＲＡ,↓α"‘Ｘ}厳ハ”ｅｇｉＷ〃６ＪＷ・ＺＺﾉbESpeciaZb,が尺iMi＝
￣、一

TX凪ｏｒＸｊ庵'&==Ｔｊ侭坤thelzlｻﾙe妙α“ilzCO"S』ぬｍｔｉＯ〃6"０噸6sα〃CaZMd｢i"ｆ0画S腕Spa“

LetMben-flatThenfrom(115)ａｎｄ(４．１４)ｗｅｈａｖｅ 

(４．１８）Ｔｉｌｈ＝ＴｉｊＬ１ｓｙｓ，(TAIハノＭ＝Ｔｉ小，

whicl1correspondsto(３．６)ｉｎ§3．Thereforeinthesamewayasin§3,ｗｅｏｄｔａｉｎ 

(４．１９）Ｈ;臓,，＝(2ＴＸ臆Ｔｊｒ＋ＴＡγＴｊルーＴおＴｙ,`ノ／８，

(4.20）ＴＭ」＝(T$脳ＴハーＴ$,`Ｔ恥＋７１F髄Ｔﾘｧﾉ／ａ

Hencewecanstate 

Theoreml3・ACRBZS-S/)αceisルノi1ZWilγﾌﾙﾐﾉ(ZZzりziﾉiオルァeSPect加沈BZSi-co'z↑z"tio〃

１Ｗ"’0脚がeq"αtio〃s円.Ｚ９ＭｚＷﾋﾂ〔､２のﾙ0脇

Ｆｒｏｍ（4.19）ａｎｄ（4.20）ｗｅｈａｖｅＨ耐`＝Ｔｉ,L1j＋ＴＫｈＴ;ｊ・Thereforeif

thefollowingrelationholds,thenthetensorHhwmvanishes,thatis,nIisalocally 

Minkowskispace： 

(４２１）Ｔﾙﾙｌｊ＋Ｔ冊,&ＴＷＪ＝０

ConverselyletnIbealocallyMinkowskispace，ＴｈｅｎｗｅｈａｖｅＸｉｈ＝Ｏａｎｄ 

Ｈｊ施九＝QThereforeitfollowsfrom(４１７)ａｎｄ(4.21)thatthetensorsRihand

Kj施九bothvanishConsequentlywecanstate

Corollaryl3．Ｌ〃ujec風〃chooseate"sorTj髄ｓ"cﾉiiﾋﾟﾙａｔα'Leq"α"０，Ｗ､２Zﾉﾙo比

fAe〃αCRBISSPaccjsaZocaJlbﾉＭｉ九ｈｏｚﾋﾞﾉs虚Sjbaceがα"‘O"ﾉ()MW1‘isﾊﾞﾙﾌﾞｉｌｔＷｂ７ガミノZZm〃

mith78SPectZmIheZSLco?z〃“tzo"、

ｊＶｂｊｅＺ，Correspondingtothiscorollary,asimilarcorollarycanbeobtainedfbr 

TheoremlO 
r 

ThetensorHii…inthissectionandthetensorRj`た,‘ｉｎ§３havethesimilar

property、Thereforecorrespondingto(３．１１）ａｎｄ(３．１２),ｗｅｏｂｔａｉｎ

(4.22）Ｈ:i`随,!＝=Kng,施９K座-9,,`ｇ`雁ノ＋巧`施,`，

whereT,…＝(ビルγＴ７廠一、jγＴ殉＋2ＴＨｋＴＤ２γノ/ａ

ＴＫ８ＩｒＴＡｊ－Ｔｙ２ｌｒＴＡ脆十2ＴＸｊｌ７ＴＸ０＋8町$|肺ＴＫ７
■ 

８ＴＸ`|ｊＴｈ－Ｉ－ｲＴＪ`|胸ＴＡｒ－千ＴＸ`|〃Ｔｊｒ＝0．
(４．２３） 
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Hencewecanstates 

Theoreml4．ＷﾌﾞｔＡ，℃ＳＰＧｃＺｔｏｔﾙe1Sco"'Ieaio"、ａＣＲＢＩＢ－ＳｌｂａｃｅＭｊｓｑｆｃｏ７ｚｓＺa71t

cl"zﾉatz`7℃Ｘ/〃ﾒﾉiese"scq/Ｒｉｅ,"α"'ﾉﾉα〃ｇｅＯｍｅｔｍ１がα"’０"ｌbﾉｉＷ`"α"０，１ｓ秤.221ﾉα'〃

円.２３ﾉﾙo“

§５．OreducibleLCPLspaces・Throughouttllissection・ｗｅａｓｓｕｍｅｃ２Ｐ２≠Q

LetMbeathree-dimensionalCLreducibleLSLspace､ThenbecauseofLemmaa 

MisanLCPLsｐａｃａＷｅｐｕｔ 

(５．１）ＴＸ＝地,)ｿＬに,ソαＸ，αルー'7ｚｚ〃だ一ｎｌｍｋ、

where/i(tr,〃isapositivelyhomogeneousscalaro（ｄｅｇｒｅｅＯｉｎｙ`、Ｆｒｏｍ(2.25)，

(４．１)ａｎｄ(５．１)ｗｅｈａｖｅ 

(５．２）ノrz,)ﾘＬに〃Ｃ＝8Ｐ、

Applying(２．２１)ｔｏ(２．６),ｗｅｈａｖｅ 

(5.3）Ｔｊ漏一Ｉ－Ｔｉｊ＋P6zfL脇十,ﾙﾉｹ％＋,,肺Ａｊノーｏ

Ｂｙｔｈｅｕｓｅｏｆ(２．２６)ａｎｄ(２３０),ｗｅｏｂｔａｉｎ 

〃ﾊ,ノー"JJlj-ql37"‘〃z’＋"‘’ルノ／９，
(5.4） 

腕`,ｊ＝”ｉｌｊ＋ｃ個加ｉ刀1Ｊ＋"‘７２ノノ／午，

’７`,リー"&ｌｊ－ｃ㈹ｚｉ７ｂ＋〃‘〃らノ／午，
(５．５） 

〃`,,ノー"ｔｌｊ＋ＣＯ'2ｉ巧十〃‘瓶ゴノ／\．

Ifwedifferentiate（５．１）ｂｙｙｊａｎｄｍａｋｅｕｓｅｏｆ(５．１),(５．２),(５．４）ａｎｄ（５．５)， 
ｔｈｅｎｗｅｈａｖｅ 

Ｔｊｋ＝(L/ｑｊ＋ﾉﾉlﾉαｉ＋J/L〃|ｊ〃随一"!'ｊ〃z朧＋"'‘〃"ｌｊ－"‘加代|`ノ
(５．６） 

－８P仇ｉ②施十〃ｉハ』パノ／２，αj脂-9'γα席．

ｌｆｗｅｐｕＭｋ＝Ｌ"J|施刀2Ｊ、ｔｈｅｎｗｅｈａｖｅ

(５．７）Ｌ"1Ｊ1代〃，＝Ｌ"Zjl施冗ノー－`４

Substituting(５．６)ｉｎ(５．３),ｗｅｏｂｔａｉｎ 

L〃Ｍｊａｉ＋(,にα）ノ＋肌風Ｋ＋J応αノノ＋Ｐ仇ハル＋'１施ハガ－２''１ノijパノ

＋/Ｌ('７'`|，〃施十"zzl施施，－"`|，加施一〃`|ねれ』＋'"Ｍ１z脆'，＋"`|魔ノ
■ 

(５．８） 

－１５－ 
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-"‘６",北＋"zjlハノ｝＝=０

Itiseasilyseenthatlollowingrelationshold： 

αｉ'’１脂＝－〃‘、αﾙﾉ'に＝='"‘】αX'"ｉ＝']施、α：']‘＝－"】い
(５．９） 

バノＺｊ－ｏ、刀ｉｉｌｊ〃！‘＝'"ｚｌｊ７７Ｌｊ＝"&|ｊ〃ｊ＝"ｆｌｊ'z‘＝0．

Ifwecontract(５．８)ｂｙ，"ｊ〃１１W'ノボａｎｄ〃ノ〃施加irespectively，thenonmaking

useof(５．９)ｗｅｈａｖｅ 

(５．１０）Ｌ/Ｉ１ｊｍｊ＝－Ｐ，/,,‘〃‘＝o

ThereforethevectorLfljisexpressibleintheIorm 

(５．１１）〃１，Ｊ＝－Ｐ"４．

SinceL"z`|ﾊｰｰﾉｧﾙ,becauseo((5.7)and(5.9)weobtain 

(５．１２）Ｌｍｚｌｊ－－Ｊｉ”，－"‘４． 

SimilarlyforL7zil小ｗｅｈａｖｅ

(５１３）Ｌ"`|ゴーーノ‘，ＬＪ＋,"Ｍ〃

Converselyif(５．１１）～(５．１３)hold,thenitisverifiedthat(５．８)holds 

Substituting(５．１１)～(５．１３)ｉｎ(５．６),wellave 

(5.14）Ｔｉ雁＝/rI,ａｉ－ｌｌ雁ａｊ－ﾉｆａＪ随ノーp(:2"ｚｊａｉ＋8'が必爬＋3"’ﾉi,朧ノ/２

lnthiscase,ｗｅｃａｎｐｒｏｖｅｂｙｔｌｌｅｕｓｅｏｌ(５．２)andC-reducibilitythattensorsTi 

andTj臆givenｂｙ(５．１）ａｎｄ(５１４)satisly(２１）ａｎｄ(２２),andlurtherfrom(5

11)～(５１３)thatTilj-Tj,`・Ｔｈｕｓｗｅｃａｎｓｔａｔｅ

Ｌｅｍｍａ６．〃αＣ-7.c`zZci6/cLCP-SPα“Ｍｓａｆ城Ｃｓ店.２ﾉα"‘(ａＩＺノー店.１匁

/AC?Zn′ｉｓα〃LS-妙α“・

ＳｉｎｃｅＣ２＝ｇｂｊＣｌＣｊａｎｄＣｉ＝Ｃ'72Z，Irom(２．２６)ａｎｄ(４．８)ｗｅｈａｖｅ 

'７'１`,,ゴー6(ﾙｊ－'71ｆｌ"ノノ／Ｃ－８Ｃ"'‘，"`／イーノム,'１ｊ／Ｌ

Ｃ,,ゴー仏十Ｃ２/イルルーＣ４/Ｌ，
(５．１５)］ 

whichbecauseof(２．３０),yields 

(５．１５ｈ Ｌ加`|ノーーノ‘力ら＋Ｌ(Ｃ／\＋6／Ｏﾉ"`,ｉＩｊ

－１６－ 
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Comparing(５．１５)２ｗｉｔｈ(５．１２),ｗｅｈａｖｅ 

(５．１６）Cjl＝－Ｌ(ｃ／９＋６／Ｃルル

１Ｍ,-0,namely6＝－c2／午,thenwedifferentiatethisexpressionbyyhand

substitutetheresultin(４１２)．Ｔｈｅｎｗｅｈａｖｅ 

(５．１７）Ｃ塾Ｌ２＝a

Thev-curvaturetensoris,becauseｏｆ(２．２６),givenｂｙ 

(５．１８）Ｌ２Ｓ,…＝ＳａｊＭα脆｝ルーS(，)iJにA`ﾉﾙｰﾉｉＪｈｂにノ，

whereＳ＝－Ｃ２Ｌ２／a0ntheotherhand,theindicatrixLatapointzolMis 

consideredasaRiemannianspacelnthiscase,thecurvaturetensorq`Ｍ`ｏｆム

iｓｇｉｖｅｎｂｙ 

(５１９）Ｌ２Ｓｊ…＝=Ｌ２Ｓ`に〃＋(1ﾉij魔ルノﾚｰﾉijﾉルバノ

ThereIoreif(５．１７）holds,thenthetensorS…vanishesbecauseof（５１８） 

Howeversuchacaseshouldbeexcludedlnthefollowing,weshallconsideMl 

asanon-zerovector、Consequentlywecanstate

Theoreml5．ＬａⅢ６Ｃａｔﾊﾌﾞ”-`ｊ"1e"sio7zaZC-re`"ci6彫Ｓｐａ“ｕﾉﾉtハＣ２Ｐ２≠ｏ

ｒｿbelZMiSα〃lS-SPace〃α"‘０"ｌｌｙｊＷ１‘jSaLCP-SPqcGSl`cルノｈａｔ”/ZZ"0"Ｍ5.2ﾉα"‘

(ajLZノー(ａＺａﾉﾊo“Proひ雄`ｉＭｉＳ`h/ii"e`Z)Ｗ15.1①

Weshallcallathree-dimensionalFｉｎｓｌｅｒｓｐａｃｅｊＶａＣＲ８１ＳＬｓｐａｃｅｉｎＶｉｓaO 

reduciblenSLspacewithC2P2≠０ 

Ｐｕｔ入ノー刀zルフzZ-刀zLlﾉﾌﾞﾉｉ・Ｔｈｅｎｗｅｈａｖｅ－入」＝7zzlJ？?z‘＝'ｌｕｌｊ７"ｚ・

since〃zzljZz-mjlノブ"#＝〃Ｌｌｊ／z＝?zulj〃ｚＯ,tensorsﾉ?ｉｌｚｌｊａｎｄ〃jljareexpress‐

iｂｌｅｉｎ 

(５．２０）油`１Ｊ＝〃ｚ入‘．？】`|ノー－ｍ‘入J

which,becauseｏｆ(５．１),implies 

(５．２１）αｉＩｊ＝０，ＴＸｌｊ＝LL/|ｊα》

Ｆｒｏｍ(５．２)ｗｅｈａｖｅ 

(５２２）ハｄＬＣ＋fLCli＝8Ｐ|‘．

－１７－ 
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ＳｉｎｃｅＰｍ＝=Ｃ`|ｊｙｊ，Ｂ＝=Ｐ７ｚ‘ａｎｄＣボーＣ"1$，from(５２０)ａｎｄ(5.22)ｗｅｈａｖｅ

(5.23）Ｃｌ。＝0,Ｐ＝Ｃ恥，J/L＝３入。，､川ＬＣ＝3Plo、

LetthisspacebeofscalarcurvatureKwithrespecttothe1SLconnection・Then

fromTheorem4and(５．１)ｗｅｈａｖｅ 

(５．２４）Ｘ:'@＝(Ｘ＋ｆ２ﾉL2Ai 

Ｈｅｎｃｅｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍｌ６ｏＡＣR8ZSi-SPα“〃isqfscaﾉﾋzγc"ｒＵａＩｔ邸reKzmtA'麹ec2ifotAejiSLcoか

""tio〃１Ｗ"‘o"』b'1Ｗ〃β`"αtio〃(i5.2のA0/血．此ZAjsmse,ⅢｆＷ『sczi1jZzrczJγりafil`,－６

Ｋ＋ｊｃ２ｉ〃zﾙＢＷＳ"αJSF"Sc、

Ｏｎｍａｋｉｎｇｕｓｅｏｆ(１．１２),(２２１),(５．１),(５１４)ａｎｄ(5.21),thecurvatureten‐ 

sorRA,`withrespecttorKisfoundasfollows： 

(５２５）ＲＡｈ－Ｘｉ施十Ｌ(ん厩ルールαｉ＋/2(ZﾊﾊﾙｰﾉﾙﾉＷ＋fP"‘α脆施卜

LetハIben-flat、Ｔｈｅｎfrom(１．１８),(５．１)ａｎｄ(５．１４)wefirsthave

(５２６）ＸﾙﾊｰＬ(′(Z虚ルカーム`ﾊﾙﾉ＋4fP"’αh応／８），

whitchimpliesX)｡,&＝ｆ２Ｌ２ﾊ:ルNext,from(５．２５)ａｎｄ(５．２６)ｗｅｈａｖｅ

(５．２７）九`α％－／'んα{`－.fP"‘αﾉﾙに／８＝0．

Contracting（５２７）ｂｙａｊＰ，ｗｅｈａｖｅ－ノ１，‘ｈｊ－ｆ|〃α｝α;’一/P,zfbh/3＝０，

contractionofwhichwithrespecttｏｉａｎｄノyields-野川＋ｆｌ応ハｆ－ｆＰ’４，／８==Q

SincefM応＝０，fromtheaboveexpressionwehave

(５．２８）ｆｈｉ－－÷ｊＰｸz〃

ConsequentlyfromTheorem3wecanstate 

Theoreml7・ACR3IiSLmsYbα“Ｍｉｓ〃.:/ｍＭｂγﾉＭα〃⑫,it町で触彫“othcnS-cwz,z“＿

"o〃１Ｗ"`jr0"６１がe”α"o7zs店.２６ﾘα"‘街.２８Ｍo以乃zﾋﾞﾙiscasF,jVjsqfsczzZZzγc"γ‐

Ｕａｍ７ｅｆ２ｉ〃the〃s"αJSC"sa

LetMbeofconstantcurvatureXThentheequation(１．２３)firstholdsNow 
--

weshallcalcuｌａｔｅＴｊ雁,‘ｉｎ(Ｌ２３）Ｆｒｏｍ(5.2),(5.4)､(5.5),(5.11),(５１２),(5

13),(５．１５ハａｎｄ(５．１６)ｗｅｈａｖｅ

(５．２９）Ｐ１，Ｊ＝（－ＣＰ"ｚｊ＋/L仏十Ｃ２／抄7"j）＝(Z2J6-CP／ギノ､〃
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(５３０）Ｌ'２ルー－（/‘〃j＋ＬＣ刀‘ｱﾉzj／午＋Ｌ(÷C＋6／Ｃ〃ｚｚ〃j｝

(５３１）Ｌａｊ２施,,ｊ＝【雄`Z』た‐|-÷ＬＣａ脆九，)z好

Ｂｙｔｈｅｕｓｅｏｆ(５２９)～(５．３１)､ｗｅｈａｖｅ 

１９ 

Tj庵ハーノ269,府ｄＡ－ｇｊｈＪｉノ＋9〈/〕ＰＷ恥zj,`－Ｊ,``zjⅢＪ/８

－２P''ＭｌＭＡ－Ｚ１ｔＡｌＪ＋平α'`樋（/Ｐ化２４－Ｊ‘'2ノノ

ーョク２倍十6／ＣＷｌｉ〃ｊ＋Ｐ２(96／Ｃ2-9(ﾉ"‘〃州／８

(５．３２） 

－－ 

Nextweshallcalculate（１．２６)．ThetensorT庇ｉｎ（１．２６)ｉｓｇｉｖｅｎｂｙ(５．２６）
Thereforeapplying(５２６)ｔｏ(１．２６),ｗｅｈａｖｅ 

(5.33）釧了Ｍルー/Ｍノノ＋２(￣『'アＰ＋fPルルァ＋ｊ(P沈鈩ルＭｊ施
十2fP6ら入允一ﾉz允入ﾉﾉ＋2(ぴ|施Ｐ＋ノア|施加一びljP＋j(Pljﾉｍ脆)＝０

Ifwecontract(５３３）ｂｙＪ虎andl7zjrespectivelyanduse(5.22)ａｎｄ(5.23),tｈｅｎ
ｗｅｏｂｔａｉｎ 

/１Ｊ＝ｎ゜４／Ｌ－午Q/)。〃2j／9-2Pノル／９，

Ｐ１に＝α|ハ／８＋(ＰルガＺｒﾉ''2施十(Ｐｌｒ〃γﾉ"ん，

入パーーハ／８＋〃Ｚｒ入γ"z脆十62γ入ゲル術．

(５．３４） 

Converselyil(５．３４）holds,thenitisverifiedthat(５．３３)holds、
Hencewecanstate 

TI1eoreml8、ACR8ZSSPα“〃たがCO"silzz，zZCz47Ua2抑”Ｘ”i坊?でqP"Iimﾋﾟﾙe駈一
ＣＯ""“"O〃がα"’０"！(Ｗｙ“zJaZ/OlZsa、２印α"Ｗａ８のルOZZZ’”てﾉ雄‘ｔｈａＺ坊‘”jzs”
＝、一

Thwルノ〃α、麹ﾉｶﾞSgiUe，zめ'(ａ８２ﾉし

ＲＥＦＥＲＥＮＣＥｓ 
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