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OnConnectionsofaFiIlslerSpace 

HiroshiYAsuDA 

§Llntroduction・TheconnectiontheoriesofaFinsleｒｓｐａｃｅ〃have

beenstudiedbymanyauthors・Thesetheoriesmaybedividedbroadlyinto

twotypes．ＯneisthetheorystandingupontheviewpointthatjIisconstructed 

ofline-elementsandmostofauthorsareconcernedwiththistypeoftheory 

(see［5]'）～［9])．Theotheristhetheoryderivedfromthestandpointoftan‐ 

gentMinkowskispaces（Iorexample,［1],［2],［３１［4],［10］）．Ｉｔｉｓｏｆｔｅｎｓａｉｄ 

ｔｈａｔｔｈｅｌａｔｔｅｒｉｓｍｏrenaturalgeometrically，butlittleprogresshasbeen 

madepracticallysincel962［４１Ｉｎｖｉｅｗｏｆｔｈｉｓｆａｃｔ,thelattertheoryshould 

begivenmoreattention・

Ｔｈｅｐｕｒｐｏｓｅｏｆｔｈｅｐｒｅｓｅｎｔｐａｐｅｒｉｓｔoopenupsomepossibilitiesforthe 

developementofthistheory・Ｔｈｅｔｒａnsformationsamongtheindicatricesat

differentpointsof〃havebeenintroducedbythepresentauthor（[11Ｌ［12]）

anddevelopedfurther([13Ｍ14]).Thistransformationtheoryhasbee､,inthis 

paper,appliedtothetheoryofnon-1inearconnectionsbyA・Kawaguchi［3１

§２．Transformationsamongindicatrices・Ｌｅｔ〃bean7z-dimensional

FinslerspacewithafundamentalfunctionL(ju,ｙ)．Forthepresent，letMbe 

endowedwiththeCartanconnectionCr,＝(rv*}ﾙ,Ｍ１，Ｃ”）ortheBerwald 

connectionBr，＝（Ｇ;蝿，Ｇｉ，Ｏ)，where

1VX＝ＧＬ１Vルーyjr，*｝ん，ＧメーｙｊＧｊル(２．１） 

WeconsiderthetangentbundleM)＝JavT錘｡veW,丁重beingthe
tangentspaceatapointjrｏｆ〃，ａｎｄｔａｋｅａｖｅｃｔｏｒｆｉｅｌｄＸｏｎＴ(〃）defined

by 

え＝皿ｺﾞ(工),/ari＋（が(jr，ｙ)一Ｍ(工,ｙ)zJj(r))a/ayj

（ｉ，ノー１，２，…！〃)，

(２．２） 

l）Numbersinbracketsrefertothereferencesattheendof上ｈｅpaper．

１ 
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ｗｈｅｒｅｚｌｉ(jr）ａｎｄUい,ｙ）ａｒｅｔｈｅｃｏｍｐｏｎｅｎｔｓｏｆｔｗｏｖｅｃｔｏｒｆｉｅldson〃ａｎｄ

(ﾉｶﾞ(ｒ,ｙ）arehomogeneousfunctionsofdegreｅｌｉｎｙｲ． 

Ｌｅｔの＝｛の小EIC）（ルanopeninterval）bealocalone-parametergroup

oftransformationsgeneratedbyX，ａｎｄＰ（betherestrictionofのftothe

tangentspaceT錘．Ｔｈｅｎｉｔｉｓｋｎｏｗｎ［13］thattherestrictionr‘isamapping

ofTzontoT匠,whereT5isthetangentspaceattheimagerofrbyPt.

ＮｏｗweconsidertheindicatrixbundleI(〃)＝ＵＩェｏｖｅｒ〃，whereル
エＥＭ

ｉｓｔｈｅｉｎｄｉｃａｔｒｉｘａｔｔｈｅｐｏｉｎｔｊｒａnｄｉｔｓｅｑｕａｔｉｏｎｉｓＲｉｖｅｎｂｙ 

(２．３） L(ｪ,〕'）＝ＺｏｒＬ２＝gfj(jr,ｙルソーＺ（r;溌eci）

Ｉｎｔｈｉｓｃａｓｅ，庇isconsiderednotonlyasahypersurｆａｃｅｏｆＴ.r，ｂｕｔａｌｓｏ

ａｓａｎ（"かdimensiona1submanifoldofI(〃)．Ifwedenotetherestrictionof

rｌｔｏＩｘｂｙｒｫ，ｔｈｅｎｉｔｉｓｋｎｏｗｎ［14］ｔｈａｔｒｔｉｓａｍａｐｐｉｎｇｏｆＪ､ｒｏｎｔｏＩ重

ifandonlyifthevectorzﾉ化,ｙ）isindicatric,i､ｅ・ひ『ツガ＝Ｏ(ｙｆ＝少jyj).Ｅａｃｈ

ｒ（ｉｓｄｅｆｉｎｅｄａｓａｓｅｔｏｆｓｏｌｕｔｉｏｎｓｏｆｔｈefollowingdifferentialequation： 

(２４）‘幻。／＝zJi(r)，‘Ｗ‘／＝〃ｉ(工,ｙ)－１Vj(r,ｙ)ｚｌＪ(ｴ)．

Thecorrespondinginfinitesimaltransformationtor‘ｉｓｇｉｖｅｎｂｙ 

(２５）-万＝ｒ’＋ｚｚｉ(ju)‘／，
ｒａｆ： 

タボーyf-l-((/(工,ｙ)－jVj(工,”`j(r))‘/，

where‘jisaninfinitesimalconstantandL(工,ｙ）＝L

EachtangentspaceTZcanberegａｒｄｅｄａｓａｎブz-dimensiona］Riemannian

spacewithametrictensｏｒ“j(工,ｙ）ａｎｄＩ(〃）ａｓａ（2〃－Ｚ）‐dimensional

Riemannianspacewithtorsion・Ｉｎｔｈｉｓｃａｓｅ，上heindicatrixIrhasthesame

RieｍＦｍｎｉ３ｎｓｔｒｕｃｔｕｒｅｂｙｍｅａｎｓｏｆｔｈｅｉｎducedmetricandconnectionfrom 

thｏｓｅｏｆＴェｏｒｆｒｏｍｔｈｏｓｅｏｆＩ(１１，［l1lFurtheritisknown［14］ｔｈａｔｅａｃｈ

ｒｆｉｓａｎｉｓｏｍｅｔｒｉｃｍａｐｐｉｎｇｉｆａｎｄｏｎｌｙｉｆｔｈｅｆｏｌｌｏｗｉｎｇｅｑｕａｔｉｏ、holds：

"川＋〃ルー２Pjjkzzk＝０，(２．６） 

where〃ルーａｚ〃/ａｙｊ－山ＣルａｎｄＰｉｊルーCij川,ツァ（theverticalshortline

indicatestheノz-covariantdifferentiationofCartanl

２ 
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§３．TangentIVIinkowskisapcesandnon-linearconnections・Ｉｎｔｈｅｐｒｅｖｉ‐

oussection，wehavestatedthateachtangentspaｃｅＴｌｒｃａｎｂｅｒｅｇａｒｄｅｄａｓａ 

Ｒｉｅｍａｎｎianspacewiththetensorgが(jr,ｙ)．Suchaspaceiscalledatangent

Riemannianspace、Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，ifthefundamentalfunctionL(jr,ｙ）ｄｅ‐

ｆｉｎｅｓｔｈｅｌｅｎｇｔｈｏｆａｖｅｃｔｏｒｙｆｉｎＴェａｎｄｔｈｅｖｅｃｔｏｒｓｐａｃｅＴ莚isregardedas

acentro-affinespacewiththeoriginjr＝（だ！）whoseindicatrixisgivenby（2.

3)，ｔｈｅｎＴ鞍iscalledatangentMinkowskispace、Hereafterweshallconsider

connectionsofj1standinguponthisview-point、

Asaspecialcase，ｉｎ（2.5）ｗｅｐｕｔ 

(fr&＝ｚ`‘(r)‘/，が＝一丁j(.r,)')"化)！(３．１） 

providedthatT＝（Ｔｊ)isanindicatrictensoronjldrwithrespecttotheupper 

indexisuchthatTjarehomogeneousfunctionsofｄｅｇｒｅｅｌｉｎｙｶﾞ.Ｔｈｅｎ（2.5） 

isexpressedas 

万i＝ｒ`＋‘エビ，,`＝〕'i－（Ｔ;＋Ｎ;)`jrj(３．２） 

ｌｎｔｈｉｓｃａｓｅ，wecanconsider（3.2）asacorreSpondencebetweenindica‐ 

tricesLandI弱ofthetangentMinkowskispacesatanytwoinfinitesimally

nearpointsｊｒａｎｄｊｒｏｆＭ・ＩｔｉｓｂｅｃａｕｓｅｉｆｗｅｎｅｇｌｅｃｔｈｉｇｈｅｒｔｅｒｍｓｏｆｃｆｒＪｉｎ

(3.2)，ｔｈｅｎＬ(r,ｙ）＝ノｉｍｐｌｉｅｓＬ(堀ｙ)＝１．Therefore，ｆｏｒａｎｙｖｅｃｔｏｒｙｆｉｎ

Ｔ正ｗｅｈａｖｅ

(３．３） L(r,ｙ）＝Ｌ(猛ｙ)！

thatｉｓ，ｔｈｅｌｅｎｇｔｈｏｆａｎｙｖｅｃｔｏｒｙｉｉｓｉｎｖａｒｉantunderthecorrespondence（３ 

２)．Ｆｒｏｍ（3.2）ｗｅｏｂｔａｉｎ 

`]ノガーーUVj＋刀)cfrJ，(３．４） 

Inconsequenceof（3.3）ａｎｄ（3.4)，wecandefinetheabsolutedifferentia］ 

ｏｆａｖｅｃｔｏｒｙｉａｓｆｏｌｌｏｗｓ： 

Ｄｙローc/)'‘－１－Ｊ~，ﾙ(jr,〕')‘x火，(３．５） 

ｗｈｅｒｅｗｅｐｕｔ 

(３．６） Ｐカー１Ｖ力＋Ｔｉ．

３ 
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AccordingtoAKawaguchi［3]，ｒＭｉｓｇｉｖｅｎｂｙ 

（3.7）rmi(工,ｙ）＝ん袴孔yj-l-yW.ｉ)ﾉj/Ｌ2，

where写JルarehomogeneousfunctionsofdegreｅＯｉｎｊﾉﾎﾟ（orindependentofyf)，

/Z;＝ａｊ－ｙｉ”/L2andjJj＝guyj､Putting蕊＝亭jkyj,ｆｒｏｍ(3.6）ａｎｄ(3.7）ｗｅ

have 

(３．８） TﾙｰﾉZ)(どｉｌ－ｊＶＸ)，

whichindicatesthatTXisindicaｔｒｉｃｗｉｔｈｒｅｓｐｅｃｔｔｏｔｈｅｉｎｄｅｘｊｉｎａccordance 

withourassumption・Thenonsubstitutingof（3.8）ｉｎｔｏ（3.6)，thenon-linear

connectionrv：ｉｎ［3］canbeobtained・Ｆｕｒｔｈｅｒｉｆｗｅｌｅｔ戟ｂｅｅｑｕａｌｔｏＰｉｉｎ

(3.7）ａｎｄｐｕｔＴｉ＝ｒｖｉ－ｊＶｉ,ｔｈｅｎｗｅｈａｖｅａｌｓｏｙ,Ｔルー０，ｔｈａｔis,anon-linear

connectionoftype（3.6）canbeobtainedreciprocallyfrom(3.7)． 

Ｆｒｏｍ（３．５）ａｎｄ（3.6）ｗｅｏｂｔａｉｎ 

(3.9）‘L(工,ｙ)＝／fＤｙ'１ルーａＬ/ayj＝ｙｊ/Ｌ、

ＦｏｒａｎｕｎｉｔｖｅｃｔｏｒノガーＷＬ,ｉｔｆｏｌｌｏｗｓｆｒｏｍ(3.5）ａｎｄ(3.9)ｔｈａｔ

(3.10）ＬＤﾉｶﾞｰﾉＺｊＤｊﾉj，ＡＤｌｉ＝０，ノzノーｓｊ－／'/j・

ＬｅｔＣｂｅａｎｙｃｕｒｖｅｉｎｊ‘representedｂｙ 

(3.11）Ｃ:エガーjrf(/）（ｒ；ａ７ｚ)'′(iwz?"c形？）

lfavectoryiisdisplacedparallelｌｙａｌｏｎｇｔｈｅｃｕｒｖｅＣ，ｔｈｅｎｆｒｏｍ（3.5） 

and（3.11）ｗｅｈａｖｅ 

(3.12）ＤＷ`ノーｄＷｄ/＋(/VK＋ＴＸ)drWt＝０，

fromwhichand(3.9）ｉｔｆｏｌｌｏｗｓｔｈａｔ‘L(jr(j),)'(,I))/`l＝ＯｈｏｌｄｓａｌｏｎｇＣ,ｔｈａｔ 

is，ｔｈｅｌｅｎｇｔｈｏｆｔｈｅｖｅｃｔｏｒｙｆｉｓｉｎｖａｒｉantunderanyparaUeldisplacement、

Nextweconsideranunitvector/ｉａｎｄｐｕｔＪ－‘Jrf/`s，being‘ｓ＝Ｌ(r,Zfr） 

Thentheequationofauto-parallelcurvesoftheconnectionPi，becauseｏｆ 

(2.1）ａｎｄ（3.12)，becomes 

（、/`s)(`Wds)＝‘2Ｗｄｓ２＋ＦＷｒ,/)(blWds)(`Ｗ`s）
(３．１３） 

＋TjXjr,ノ)(`工k/C/S）＝０．

４ 
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Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ,ｉｔｉｓｋｎｏｗｎ[9］thattheequationofgeodesiccurveｓｏｆ 

〃ｉｓｇｉｖｅｎｂｙ

(3.14）d2WdS2＋耐火(jr,ノ)(dWdS)(｡Ｗ(/S)＝,

Consequentlycomparing(3.13）ｗｉｔｈ（3.14)，weseethatauto-parallelcurves 

ofITiarealwaysgeodesiccurvesofｍｉｆａｎｄｏｎｌｙｉｆＴ;(r,ノ)Jゴーoholds，

Ｔｈｕｓｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍｌ:）ｍｅノe?ZgZhqﾉ'α,ＺｙｚﾉectoγｙｶﾞｶﾞﾘzeacAlfa7zgc7z／皿Z7z虎0z(ﾉsﾙｉｉＳＪ()αｃｃ

歯ｉ""αγｉａ７ｚｔｚ"z`cγαｿＺｙｐ”zzJルノ‘ｉｓ”cc7?ze7zf6ylIAecO7zｿzcc"oｿｚｒｖｉｉ〃COｿ2si`e?ロー

'120?Z．Ａ"tO-“、ルノｃtﾉγzﾉｅｓｑ／仇ｅｃＯ""cctf0）ｚＪ－ＸａねaJzOa”gUO`Cs/ｃｃｚＪγzﾉｃｓｑﾉF〃

がα"‘０"６１が娩cde"soγが(工,ｙ）たαﾉＳＯｊ"cZicajγｊｃｚ(ﾉiﾒﾉｚγcsi)ｅｃｊｊ０ﾒｶeノ0z(ﾉeγ

ｶﾞﾌﾞz“幻．

Inthefollowing，weshallconsideronlytheconnectionI-misatisfying 

TheoremlDifferentiatingPibyyj,ｆｒｏｍ（2.1）ｗｅｈａｖｅ 

(3.15）arW8yj＝Ｇｊ爬十Ｔｊ典，zUAeγｅＴｊｋ＝ＢＴｉ/5yえ

Ｆｏｒがﾊ，thefollowingrelationshold：

(3.16）Ｔｊ胸ｙｊ＝Ｔｉ，刀kyk＝－Ｔｊ，Ｔｊｋｙｆ＝－ＺＭ

ｗｈｅｒｅ乃廊＝ｇｊｒＴ蔦．ｗｅshaUseekforthecurvaturetensorR；かThistensor

isdefinedby 

(３１７）ＲｶﾊｰaJTWjﾋﾞﾉ`－８Ｆ(/a工旋十PfaIWayj-r1jarWayj，

whichｉｓ,becauseｏｆ（3.15),reducibleto 

Rﾙ,＝ｙＪＫルノ,＋（ａＴＷｒ':－ＴＭＶＪ－（ａＴ$/ajrに－”んJ~，ｆ）

＋ＴＭＣ》,_ＴＬＧ；ん，
(３．１８） 

whereKjkhisthecurvaturetensorofRund・Inthiscase,thedifferentialequa‐

ｔｉｏｎＤｙ‘＝DiscompletelyintegrableifandoｎｌｙｉｆｔｈｅｔｅｎｓｏｒＲ財`vanishes．

§３．Absolutedifferentialsofcovarianttensorsandconnections・ＬｅｔL1s

firstdefinetheabsolutedifferentialDyfofacovariantvectoryf・Ｆｏｒthis

purpose，wechooseaconnectionT＝（巧蝿）ｏｆ〃satisfyingthefollowing

Telation： 

2）ThistheoremappearsasTheorem２．２ｉｎｔｈｅｐａｐｅｒ［4J 

－５－ 
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（４．１）ｙ２巧蝿(jr,)'）＝１－，ルーｊＶｆ＋Ｔ%・

ＴｈｅｎｗｅｃａｎｄｅｆｉｎｅＤｙｉａｓｆｏｌｌｏｗｓ： 

（4.2）、ルー(i/〕ﾉｉ－ｙｊＰＭｒＡ，

whichis,becauseｏｆ（2.1),（3.5）ａｎｄ（4.1),expressiblein 

(4.3）Ｄｙ『＝,‘,Ｄｙ'十（(（ｋ－ｒＬ３Ｊｙｊ－ＴｶﾞﾉMrk、

ＨｅｒｅｗｅｒｅｑｕｉｒｅｔｈａｔＤルー酢JDyj、Ｆｏｒthis，四ハmustsatisfy

(4.4）J-mBQyj＝I~『*んルーＴｉ蝿．

lnconsequenceof(3.15）ａｎｄ（3.16）wecanfindsuchquantities・Theyare

expressiblein 

(４．５） Ⅳ鹿＝αﾊ＋Ｔ{ﾙｰ|‐α勉

providedthatQ＝（Ｑ》b）isanindicatrictensorwithrespecｔｔｏｉｎｄｉｃｅｓｊａｎｄ

ノｓｕｃｈｔｈａｔＱ}魔arehomogeneousfunctionsofdegreｅＯｉｎｙｆ・

LettheconnectionF＝(〃虎)besymmetric,ｉ､e・乃施＝ｒルＴｈｅｎｆｒｏｍ(3.

16）ａｎｄ（4.5）ｗｅｈａｖｅ 

(4.6）がた＋Ｑｊｋ＝Ｔ財＋QXj，QAJﾉ蝿＝２Ｔｊ，ZTj魔＝Ｔ〃・

LetusnowdefinetheabsolutedifferentialofthetensorQfjas 

Dgij＝CZgfj-(grjrV胸＋いγIｿﾞﾙ)ZfrA-(，,ｿﾞＣﾄﾞﾙ＋９１丁CjijJDyハ

ーgij;ん`j(r蝿‐'－，４小Dyだ，
(４．７） 

where 

(4.8）ｇ…＝ａい』/ajr蝿一Ｊ~'X3gが/ayアーのjrVj-gi7J-yh:，

(4.9）９`ルー８９が/ay應－９『ｊＣハーｇｉｒＣ九＝D

Thenfrom（3.5),（3.16),（4.7),（4.8）ａｎｄ（4.9）ｗｅｏｂｔａｉｎ 

Ｄｇｆｊ＝－（Ｔｶﾞﾉﾙ＋、,胸十ｚＣｉｊｒＴＸ＋２Pfjk＋Ｑｆｊ蝿＋Ｑﾌﾞｶﾞﾊﾙﾙrﾙ，

yjDgが＝ａｚ"ｈｅ?でＴｆｊｋ＝，j『Ｔｌｋ，Ｑｎ座＝ｇｊｊＱ鬼．
(４．１０） 

ForＴがたａｎｄＱｆｊ"，thefollowinRrelationshold：

■
、
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ＴｉＪｋｙｆ＝Ｔｊだ， Ｔ２”ｙＪ＝－Ｔガハ， Tfwty九＝－Ｔｊｆ，

Qfjjdﾉｶﾞ＝Ｑ`jAyj＝０． 
(４．１１） 

Weshallcallaconnectionr，definedby（4.5）ａＴｙｌ`-co7z"ectjo〃ofjlfWe

shallsayaTM-connectionPｔｏｂｅγ-ﾌﾞ"eﾉﾌﾞ'ZCzzJifDgfJ＝Oalwaysholds-Then 

itfollowsｆｒｏｍ（4.10）ｔｈａｔＰｉｓｒ－ｍｅｔｒｉｃａｌｉｆａｎｄｏｎｌｙｉｆｔｈefollowingequa‐ 

tionholds： 

(４．１２）Ｔ２ｊ施十Ｔ…＋２ＣｆＪ７Ｔ協十２Pfj虎＋Ｑがん＋Ｑｊｉ座＝,

FurtherifTissymmetric，ｔｈｅｎｆｒｏｍ（4.6)，（4.11）ａｎｄ（4.12）ｗｅｈａｖｅ 

Ｔｊｋ＝Ｏａｎｄｑルー－Ｐ;胸,ｔｈａｔｉｓ,PistheCartanconnection・

Ｌｅｔｕｓｈｅｒｅｇｉｖｅａｓｕｍｍａｒｙｏｆｔｈｅｒｅｓｕltshavebeenobtainedhitherto・

Ｔｈｅｎｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｏｍ２、ＡＴＭ－ｃｏｿ…c"o〃ｒ『ｑ/皿ルαＭ,jJoz(ノヵＺｇＰ７”eγ/ねsJ

aノＰＣγｵﾙeZzoﾙﾉﾉ"eαγＣＯ？zﾌﾟzecjj0ｿ2Ｊ~『L，Tjzeo?巴？〃ＺノzoZ曲．

（ZｿＴ〃Ca6SO/ZZjlE‘城7℃"tjtZノｑ/ａＣＯＺﾉαγ”"t2ﾉCCt0γツガだ“ＺＷｍｙ

ＤｙＺ＝gijDyj． 

③ｒ，isﾉﾉｂｅＢｃγz(ﾉα/‘CO，z"Bctlioﾌﾞz1Wr72‘０"ｊＭ／Ｔルー０α"cJQjk＝０．

例〃ｒ'たsy”"cかiGt/ze〃ﾌﾞｾﾞﾉα"0"ｓ樫.ｑｈ０Ｊ`．

⑤Ｆｉｊｓγ-噸8tγjca(がcz"‘０７０６'がthee9zUatjo〃樫.Ｚ２ﾉﾉzoJc2s．

⑥Ｐｉｓｊ"ｅＣｔｚ?ftz〃CO"）zec"０７zがα"’０鋤ノヴJ~'issy”?"eｔγｊｃａ"‘γ－１"e/γｊｃａL

Weconsiderageneraltensoron〃，ｆｏｒexample，Ｘ;(r,ｙ)．Thenthe

absolutedifferentialofXｊｉｓｄｅｆｉｎｅｄｂｙ 

ＤＸｊ(r,ｙ)＝Ｘ;;為`iIr蝋十Ｘ;|塵Ｄｙ"，

Xj;ﾉﾋｰaXj/arA-rvXaXｶﾞ/ayア＋XJrv;ん－Ｘ;乃乃，

Ｘ;|ｋ＝ａＸ;/8y伽＋ＸＪａＡ－Ｘ;C凡

(４．１３） 

ThereforeaccordingtoM・Matsumoto［７１ourconnectioncanbeexpress‐

ｅｄａｓＴ〃r『＝(〃ん,ＦＡ，α蝿)．

Sincewehavenowmanyindicatrictensorson〃ａｎｄｋｎｏｗｔｈｅｉｎｄｉｃａ‐

trizationofanytensoronAf，fromthemorthecombinationsoftheｍｗｅｃａｎ 

ｃｈｏｏｓｅａｔｅｎｓｏｒＴＸｉｎＰｉａｎdatensorQAwin（4.5)invariousways・However

wehaveatpresentnocriterｉｏｎｆｏｒｔｈｅｃｈｏｉｃｅｏｆｔｈｅｍ、Ｓｏｗｅｔａｋｅａｎｉｍ‐

portantandsimpletensorTX，ｉｅ． 

７ 



８－ＯｎＣｏｎｎｅｃｔｉｏｎｓｏｆａＦｉｎｓｌｅｒＳｐａｃｅ 

（4．］4）ＴＫ＝ＬﾉZカーＬ(８ルー【`ん)，

fｒｏｍｗｈｉｃｈｉｔｆｏｌｌｏｗｓｔｈａｔ 

(4.15）が魔＝ＢＴｉ/Dyノーノjﾉzルームノz)－Ji肪施．

Thenthecurvaturetensor（3.18）becomes 

(４．１６）ＲﾙﾊﾆｰｙｊＫｈ:'1＋Ｌ(/AMlzルー／施ﾉﾘz》）

Sinceatensor肋j＝giMZJiscalledtheangularmetrictensor，weshall

callaconnectionI~vMefinedby（4.14)ｔｈｅＡ〃-"0"-Ｊﾉﾌﾞzeczγco7z〃ectio"・ＩｆＲ力,＝

0,ｔｈｅｎｆｒｏｍ（4.16)ｗｅｈａｖｅＫｗ１＝－(ルルハール『ルル)，ｗｈｅｒｅＫｗｉ＝叺了yjKyh肋

ｗｈｉｃｈｓｈｏｗｓｔｈａｔｊＪｉｓｏｆｃｏｎｓｔａｎｔcurvature、Hencewecanstate

Corollary2､１．Ｆbγ'1ﾉｚｅＡＡ`-ｿzoﾙﾉﾉ"“γＣＯ""“<Iio'２，鋤ｅｃ〃γzﾉaIlzfγeje1zsoγ尺陶，

zsgzilﾉe'2の'似.Ｚ６ﾘ．〃ｵﾉｚｃｃｚ`γzﾉａｊｚ"忽花'?soγzﾉαﾌﾞzjSh9s，ｔｈｅ〃jldljSq/CO?2s/ａ１ｚｔｃｉｌｚγzﾉα‐

ｊｚｆ７℃－１． 

WeshallcallaTM-connection（4.5）ｄｅｆｉｎｅｄｂｙｔｈｅＡ山i-nonlinearconnec‐

ｔｉｏｎａＴﾉMlA-co"７zcctioｿ２．Letthisconnectionbesymmetric、Ｔｈｅｎｆｒｏｍ（4.6）

and（4.15）ｗｅｈａｖｅ 

QjハーＱルーＴルーコソルー２(/ﾙﾊｊ－ルノzi)，

Q;んyk＝２Ｌ/zj＝２ＴｊＴﾉﾊ＝Ｔ〃＝Ｌﾉz』た，

fｒｏｍｗｈｉｃｈｉｔｉｓｓｅｅｎｔｈａｔＦｉｓｏｆｆｏｒｍ 

(４．１７）Ｊ~Ｆｋ＝α胸＋ノj/11%＋』た/ｚｊ－ｌミルル＋J2jk，

providedthatp＝（J2j胸）isanindicatrictensorwithrespecｔｔｏａｌｌｔｈｅｉｎｄｉｃｅｓ

ｊ,ノａｎｄhsuchthatpjkarehomogeneous［unctionsofdegreeOinyiand

J9j蝿＝J2ij・Henceweobtain

Corollary2､２．Ａｓｙｍ"zGd減ＣＴＡ`A-col"zGc/io〃ｒ'ｆｓｇｉｚﾉe〃の'似､１つ．

LetanL4-connectionPber-metricaLThenbecauseof（4.12）ａｎｄ（4. 

15）ｗｅｏｂｔａｉｎ 

(４．１８）Ｑｉｊｋ＋Ｑｊｆｋ＝２(ﾙﾑﾉﾉ施一ＬＱｊムーPfjﾙ)，

ｗｈｉｃｈｉｍｐｌｉｅｓｔｈａｔＰｉｓｏｆｆｏｒｍ 

(4.19）乃施＝耐k-I-ノj/zルー／エル蝿一LCj蝿十句伽

８ 
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providedthatD＝(厩A）isanindicatrictensorwithrespecｔｔｏｔｈｅｉｎｄｉｃｅｓｊ

ａｎｄノｓｕｃｈｔｈａｔＪ２;んarehomogeneousfunctionsofdegreｅＯｉｎｙ‘ａｎｄＪ２ｊハ

ートＪ２ｌ上＝０－Consequentlywehave

Corollary2，３．ＡＺ１ﾙlA-co",zectio7zZ~，ｚｓγ-"ZetγｊｃａＪがα"‘ｏ"Ｊｙｚｉ／ｊｈｃ

“"α〃0〃樫.Ｚ８ノル0J`s・Ａ７ｚγ-？"ｇｊγjcaノZY1`A-co"７zec〃0〃１－『ｊＳｇ”C〃ｂｙ樫.Ｚ，）．

§５．Aconnectionbasedonanisometry・Ａｓａｔｒｉａｌ,weshallutilizethe

equation(2.6）ｉｎ§２todeterminetensorsT2and”た．

FirstweconsideraspecialT1M-connectionFsuchthat 

四ルーDFR/ayJ＝Ｇ；た＋Ｔ｝ん）(５．１） 

thatis,aconnectionobtainedbyputting“胸＝Ｏｉｎ（4.5)．

Nextitfollowsfrom（3.1）ａｎｄ（4.9）ｔｈａｔ（2.6）isreducibleto 

(Ｔｶﾞﾊ＋Ｔｊ`た-l-2Cij『ＴズーＩ－２Ｐｆｊ此)〃蝿＝,

■ 

whichimpliesthatforanyzzneacｈｒ１ｉｓｉｓｏｍｅｔｒｉｃｉｆａｎｄｏｎｌｙｉｆ 

Ｔｆｊ鹿十ｴﾌﾞｶﾞ胸十２Ｃが,.ＴＫ＋ｚＰｶﾞ典＝０．(５．２） 

Ｉｎｔｈｉｓｃａｓｅ，becauseｏｆ(2.4)，（3.1）ａｎｄ(3.12)weseethateachindicatrix 

IZasaRiemannianspaceisisometricundertheparalleldisplacementalong 

anｙｃｕｒｖｅＣａｌｓｏｉｆａｎｄｏｎｌｙｉｆ（5.2）holds、Furtheritfollowsfrom（4.12）

and（5.2）thattheconnectionr『isr-metricaLContracting（5.2）ｂｙｙ魔，ｆｒｏｍ

(4.11）ｗｅｈａｖｅ 

(５．３） ＴｆﾌﾞｰﾄＴｌ汀＝０．

ＳｉｎｃｅＴｶﾞ”＝ａＴ池/ａｙｆ－２Ｃｊ流ＴＸ，（5.2）isreducibleto

(5.4）８”た/ayj＋ａＴｉｋ/ayj-2CKjTr旋十２Ｐがルー０，

providedthat 

(５．５）Ｔがグー０，Ｔがy'＝０．

Ｆｕｒｔｈｅｒｗｅｃａｎｅｌｉｍｉｎａｔｅｔｈｅｔｅｒｍｓｏfpartialderivatives，ｔｈａｔｉｓ 

ＴｒｉＣ九十Ｔ,､jCXf＋Ｔ了胸CKj＝３Pfj〃(５．６） 

９ 



１０ OnConnecLionsofaFinslerSpace 

Nowweareconfrontedwithaprob1enlifthereexistsatensornj 

satisgying(5.4）undertheconditions（5.3）ａｎｄ(5.5)． 

Ｌｅｔｆｉｒｓｔｍｂｅｏｆｄｉｍｅｎｓｉｏｎ２Ｔｈｅｎｆrom（５３）ａｎｄ（5.5）ｗｅｈａｖｅ 

(５．７） Ｔｆｆ＝０，Ｔｌ２＝－Ｔ２,，T12y1＝Ｔ２１ｙ２二＝０，

ｆｒｏｍｗｈｉｃｈｉｔｆｏｌｌｏｗｓｔｈａｔＴｆＪ＝oandhencePiw,＝0．Henceweobtain 

Theorem3・Ｌｅｊ〃ｂＣＭｚメz(ﾉ0-`ii?,２２"siio""ノFj7zsルγSpace．Ｔ〃`ｿｚがⅢ

αﾉﾉ0z(ﾉｓα冗勿z`jc“γｉｃ(z"‘Ｓ〃ez(ﾉｰSyﾉ""zejγｊｃｌｌｅ?zsoγ幻（αfj3/3ﾉi"ｇ伝.割り，ﾉﾊe〃、‘

ｚｓａＬαｿz`s6c壇ｓｐａｃｅ（z〃‘／ﾉｉｅｃｏ'7〃ecji0〃ｒﾜｶﾞｿｶﾞCO?zsideγαjio〃beco"zes／ｈｅ

Ｑｚγｊａ７ｚ（0γＢＧγzUaJのCO）？ｿzccﾉﾉ０７２．

Ｗｅshallcallasolutionoftheequatio、（5.4）ｓｕｃｈｔｈａｔＴ,J＝Ｏａｎｄ

ＰｶﾞﾉﾊｰOaresatisfiedthell7jひｉｆα/SOJ"tio?zｏｆ（5.4)．

Ｉｎａｇｅｎｅｒａｌｃａｓｅ，ｉ､ｅ、）ｚ≧３，ｔｈｅｒｅｅｘｉｓｔｓｔｈｅｔｒｉｖｉａｌｓｏｌｕｔｉｏｎｗiｔｈｏｕｔ

ｆａｉｌｉｎｖｉｅｗｏｆｔｈｅｆｏｒｍｏｆ（5.4)．Ｈｏｗｅｖｅｒｉｔｉｓｆｏｒｔｈｅｐｒｅｓｅｎｔｏｐｅｎｉｆ 

ｔｈｅｒｅｅｘｉｓｔｓａｎｙｎｏｎ－ｔｒｉｖｉａｌｓｏｌｕｔｉｏｎ． 
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