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On infinitesimal conformal transformations
of the tangent bundles with the metric
II+TIII over Riemannian manifolds

By Kazunari YAMAUCHI

Introduction.

Let M be an n-dimensional Riemannian manifold with a metric g and let VV be a
vector field on M. Let us consider the local one-parameter group {,} of local transfor-
mations ol M generated by V. Then 1V is called an infinitesimal conformal transforma-
tion, if each ¢, is a local conformal transformation of M. It is well known that 1/ is an
infinitesimal conformal transformation if and only if there exists a scalar function p on M
such that £vwg = Zpg, where £ denotes the Lie derivation with respect to the vector field
V', especially V is called an infinitesimal homothetic one when p is constant.

Let 7°(M) be the tangent bundle over M, and let @ be a transformation of 7 ().
Then @ is called a fibre-preserving transformation, if it preserves the fibres. Let X be a
vector field on T(M), and let us consider the local ane-parameter group { @} of local
transformations of T'(M) generated by X. Then X is called an infinitesimal fibre-
preserving transformation, if each @, is a local fibre-preserving transformation of 7°(A).
Clearly an infinitesimal [ibre-preserving transformation on 7 (M) induces an infinitesimal
transformation in the base space M. An infinitesimal fibre-preserving transformation X
on T(M) is called an infinitesimal fibre-preserving conformal transformation, if each @, is
a local fibre-preserving conformal transformation of 7(M). Let G be a Riemannian or a
pseudo-Riemannian metric of 7°(M). It is well known that X is an infinitesimal conformal
transformation of T(M) if and only if there exists a scalar function 2 on 7°(M) such that
£vG = 200, where £y denotes the Lie derivation with respect to the vector field X.

In the previous papers [1], (2], [3], we proved the following theorems.
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On infinitesimal conformal transformations of the tangent
bundles with the metric [T+1II1 over Riemannian manifolds

THEOREM.  Lei M be an n-dimensional Riemannian wmanifold, and let T(M) be ifs
langent bundle with the metvic 1. Then every infinilesimal fibre-preserving conjormal
transformation X on T(M) naturally indices an infinitesimal projective transformation 'V
on M. Furthermore the covrespondence X—V gives a homomorphism of the Lie algebra
of infinitesimal fibre-preserving conformal transformations on T(M) onito the Lic algcbra of
mfinitesimal projective lransformations on M, and the kernel of this homomorphism s
naturally isomorphic onlo lhe Lic algebra of infinitesimal isometries of M.

Turorem,  Lef M be an n-dimensional Riemannian manifold, and let T (M) be ils
tangent bundle with the metric I+ 1111,  Then every infinitesimal fibre-preserving conformal
transformation X is a homothetic one and it induces an infinitestimal homothetic transior-
mation V' oon M.  Furthermore the corvespondence X — V' gives a homomorphism of the
Lie algebra of infinitesimal fibre-preserving conformal Uransformations on T (M) onto the
Lie algebra of infinitesimal homothelic ransformations on M, and the kernel of this
homomorphism is naturally isomorphic onto the the Lic alechra of infinitesimal isometries
Q?‘- M.

THEOREM. Lei M be an n-dimensional Riemannian manifold, and lei T(M) be ifs
tangent bundle with the melric 1 1. Then every infinitesimal fibre-preserving conformal
transformation X on T(M) natuvally induces an infinitesimal projective transformeation 'V
on M.  Furthermore the correspondence X — V' gives a homomorphism of the Lic algebra
of infinitesimal fibre-presevving conformnal transformaltions on T(M) onto the Lie algebra of
infinitesimal projective transformations on M.

The purpose of the present paper is to prove the following theorem.

THEOREM. Lel M be an n-dimensional Riemannian manifold, and let T(M) be ifs
tangent bundie with the metvic [{ + 1. Then cvery infinitesimal fibre-preserving conjor-
mal transformation X is a howmothelic one and it induces an infinitesimal homothetic
transformation V. on M. Furthermore the correspondence X~V gives a homomorphism
of the Lie algebra of infinilesimal fibre-preserving conformal transformations on T(M) onto
the Lie algebra of infinilesimal homothetic transformations on M, and the kernel of this

homomorphism is naturally isomorphic onlo the Lie algebra of infinitesimal {somelvies of M.

§1.Preliminaries.
Let 773 be the coefficients of the Riemannian connection of M, then vI% can be
regarded as coefficients of the non-linear connection of 7 (M), where (x", v") the induced

coordinates in T(M). We define
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X, = o ~Yd S and Xp= 57,

then { X, X} are called the adapted frame of T(A), and let {dx”, &»"} be the dual basis
of { X, X5},
We can easily prove the following lemma.

Lemyva 1. The Lie brackels satisfy the following:

(1) [ X Xil=y K" X,
(2) [ X X5]=TXn,
3) [X7, X5]1=0,

where IG:" denote the components of the curvature tensor of M.

Let X be an infinitesimal fibre-preserving transformation on 7°(M) and (¢*, ") the
components of X with respect to the adapted frame { X, X7}. Then X is [ibre-preserving
if and only if ¢" depend only on the variables (x"). Clearly X induces an infinitesimal
transformation V' with the components »* in the base space M. Let £y be the Lie
derivation with respect to X, then we have the following lemma.

LEMMA 2. (See [1]). The Lie derivatives of the adapted frame and the dual basis
are given as follows:

(1) &xXn=—0ow*Xat {."“bf-'r[(hrbﬂ = f"'hrocra = Xh( l"ﬁ)}/‘(ih
(2)  &xXa={v"TH— Xa(v")} Xa,
(3)  Exdx"=on"dx™,
(4)  £x8y"=—{y°0Kned — 0 [ — Xu(0™)) dx™ — (02T — Xa(v™)} 6y™.
Let g be a Riemannian metric of M with the components g;;, then we see that
[ : G=gudvdx’,
11: G=2g,dx’'6V",
I G=gidv oy,
are all quadratic differential forms defiend globally in T(M) and that
II: 2g5idy’sye,
I+11: gud’dx'+ 2g;id’ oy,
14+ 111 grdy’dy '+ gidvisy’,
1L 2gudx’ov'+ gudy'ay’,
are all non-singular and consequently can be regarded as Riemannian or pseudo-
Riemannian metrics in 7°(M).

LEmMA 3. (See [1]). The Lie dertvatives £xGi, £xGu and £xGu are given as

Jollows:
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(D) xGr=(Lvgi)dx’adx’,
(2) ; £xGun=— gim{v?v°Kicd" — v? T8 — X(v™)} dx'dx’
gy — giml™ + g X7(0™) 8y,
(3)  £xGur=—28nd ¥ v Kies" — 0" TE— X0 ™)) dx’8y" + 2gmX7(v™) 878y,
where £vgyu denote the components of the Lie dervivative £vg and V™ the components of

the covariant dervivative of V.

§2. Infinitesimal conformal transformations of the tangent bundles

with the metric I1-+11I.

Let 7°(M) be the tangent bundle over M with the metric II+III, and let X be an
infinitesimal fibre-preserving conformal transformation on 7(M), that is, there exists a
scalar function 2 on T(M) such that £xGivm=22Gu . Then from Lemma 3, we have

— 28V Ko — 0P T8 — X o™} d'di? + 2{ £v86— gl + gan X7{v™) — gy v Keed"
+ @ T+ g X (0™ dy 6y -+ 28 X5 (™) 8y 8y = dQgudx 8y + 20,6y 8y,
from which we get
21) gy v K" — v° I~ XA 0™+ ginyv°Kia" — v* i~ X:(v™)} =0,
(2.2)  £vgu— Gnil0™ + @neX5 (™) — Gnl ¥ 0 Kies” — v* T — Xi(v™)} = 2Qgy,
(2.3) @ X5(0™) + gn X7 (™) =208

Proposirion 1. The vector field V' with the componenls (v") is an infinitestmal
conformal transformation on M.

Proor. TFrom the equation (2.2), we have

2£v85— gnlT0™ + gniX7 (™) — gnilit™ + gnsX7(0™) — gim{y 0 Kiew" — v° T — Xv™)}

— Gy v Ko — 0" T — X(0™)} = 4Qa.
Substituting the equations (2.1) and (2.3) into the above equation, we get Lrgy=20g:.
This shows the scalar function £ on T(M) depends only on the variahles (%) with respect
to the induced coordinates (x* v*), thus we can regard £ is a function on M, and V is an
infinitesimal conformal transformation on M. g.e.d.

In the following we write p instead of 2.

PROPOSITION 2. The vertical components (v*) of X can be wriilen as the jollowing
form:

(2.4) v =y°Al+ B",
where Ai and B are the components of a certain (1,1) tensor field A and a certain
contravariant vector field B on M, respectively.

Proor. From the equation (2.3), we can get

— 30—
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e Xi X7(0™ + g X5 X5 (™) =0.
Then we have
Zni Xz X5(v™)= — gn; X X7 (07)

= — X+(gn Xz (s")

= — X7(— gue X5(0™) + 20g:)

= gm X7 X3(0™)

= X5(gmX7(v"™)

= X5(— gniX5(2™) + 2081:)

= — guiX5 X5(v™)

=— g Xz X5(v™),
which implies g, X7 X7(¢™=0. This shows X;(¢™) depend only on the variables (x7).
Hence ¢* can be written as v" =y9Al+ B where Al and B" are certain function on M.
The coordinate transformation rule implies A} and B” are the components of a certain (1,
1) tensor field A and a certain contravariant vector field B. q.e. d.

Substituting the equation (2.4) into the equation (2.2) and (2.3), then by Proposition 1,

we can get
(25) Ay—Fwi+FBi=0,
(2.6) FA+ Kaf'v*=0,
(2.7) Ay+Au=2o0g:.
Prorosition 3. The veclor field B={(B") is an infinilesimal isometry on M.
Proor. From the equation (2.5), (2.7) and Proposition 1, we have
£eg =B+ 17B;= 0,
thus the vector field B is an infinitersimal isometry on M. q. e d.
ProprosITION 4. The scalar function p on M is a constan! function.
ProOF. From the equation (2.6) and (2.7), we have
2pgii =V Ayt Asi) = — Kanjiv® — Karigr* = 0.
Thus the scalar function p on M s constant. q.e.d.

By Proposition 4, the vector field X on 7°(M) and the vector field V¥ on M both
become infinitesimal homothetic transformations.

Conversely let V =(v") be an infinitesimal homothetic transformation on M that is,
there exists a constant ¢ such that £vgi;=2cg;. Then we define the vector field X on
T(M) as follows

X=v"Xu+ yav* Xs.

PROPOSITION 5. The wvector field X on T(M) defined above is an infinitesimal
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homothetic transformation.
Proor. By means of Lemma 3, we can compute £xGy; and £xGu.
ExGn = — 2\ ¥ v Kies™ — y a0 T — XAy Cavr™) elx e’
+2{2egii— ginliv™ + gin X (2o ™) diSy '

== 28my 0 Kied" — Vav® T — 0:F00™ + TEF 0™ dic? '+ degidi’ v

= 20;my {Filav™ + Keid™v°) di’ die '+ dogidc’ v’

= 28my “Evliidi’ du* + dcgidx 0y’

=degde’ Sy’

=2¢Gn.

£xGir = —2gni Y v Kis" — yTav T — X, (v Fav™)} @8y + 28m X7(y Forr™) 8y 8y"

= 28l 0"y 8y

=£vg;: 0y’ oy’

= 2cg; 0y Sy’

=2¢Gur.
Thus we have £x(Gu+ Gu)=2¢(Gn+ Gu).  This shows the vector field X on 7°(M) is an
infinitesimal homothetic transformation. g.e.d.

Preor of THEOREM. Summing up Proposition 1~Proposition 5, it is clear that the

correspondence X — 1 gives a homomorphism of the Lie algebra of infinitesimal fibre-
preserving conformal transformations of 7°(M) onto the Lie algebra of infinitesimal
homothetic transformations of M, and the kernel of this homomorphism is naturally

isomorphic onto the Lie algebra of infinitesimal isometries of M.

References

[1] K. Yamauchi, On infinitesimal conformal transformations of the tangent bundles over
Riemannian manifolds, Ann. Rep. Asahikawa Med. Coll. Vol.15, (1994), 1-10.

[2] K. Yamauchi, On infinitesimal conformal transformations of the tangent bundle with
the metric [+III over a Riemannian manifold, Ann. Rep. Asahikawa Med. Coll. Vol.16,
(1995), 1-6.

[3] K. Yamauchi, On infinitesimal conformal transformations of the tangent bundles with
the metric [+1II over Riemannian manifolds, Ann. Rep. Asahikawa Med. Coll. Vol.17,
(1996), 1-7.

[4] K. Yano and S. Ishihara, Tangent and Cotangent Bundles, Marcel Dekker, 1973,

Kazunarl Yamaucur Department of Mathematics Asahikawa Medical College Nishikagura 4-3, Asahikawa Japan



