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Ｉｎｔｒｏｄｕｃｔｉｏｎ、

Ｌｅｔバグbeann-dimensionalRiemannianmanifoldwi(ｈａｍｅｔｒｉｃｇａｎｄｌｅｔｌ′bea

vector[ield()ｎ/1'・Letusconsiderthelocalone-parametergroup（‘`｝ｏ[l()caltranslor‐

mationso［／1‘generatedbyi/・ThenViscaUedaninfiI1itesimalconformaltransf()rma‐

tion,ｉｆｅａｃｈ‘Zisalocalcon[ormaltransformationoM'・Itiswellknownthatl／isan

infinitesima］conformaltransformationifandonlyifthereexistsascalarfunctionｐｏｎｊ’ 

suchthat窪Hg＝勲9,where窓,,den()testheLiederivati()nwithrespecttothevector[ield

V，especial]ｙＶｉｓｃａｌｌｅｄａｎｉｎ｢illiLesimalhomothctic（)ｎｅｗｈｅｎｐｉｓｃｏｎｓｔａＩ１Ｌ 

ＬｅｔＴ(/1`)bethetangcntbundleoverjdr,ａｎｄletのbeatransformati(〕Ｉ１ｏｆＴ(A')．

ThenqDiscalledafibre-preservingtransformation，ｉｆｉ（１）reservesthefibres・ＬｅＬＸｂｅａ

ｖｅｃｔｏｒ［ｉｅｌｄｏｎＴ(』'),ａｎｄｌｅｔしlsconsiderthelocalone-parametergroup｛の(｝()flocal

transformationsofT(A`）ｇｅｎｅｒａｔｅｄｂｖＸＴｈｅｎＸｉｓｃａｌｌｅｄａｎｉｌIIinitesimalfibre‐ 

preservil1gtransformation,ｉｆｅａｃｈの(isalocE11Iibre-preservingtransformationofT(〃)．

Clearlyanin[initesimalfibre-l〕reservingtransfol-ma(j(〕、〔)、Ｔ(池【）inducesallill[initesimal

transf(〕rmati()ｎｉｎｔｈＧｂａｓｅｓｌ)aceハゾ・Aninfinitesimalfibre-preservingtransf()rmationX

onT(/1ﾂﾞ)iscalledaninfiniLesimalfibre-preservingcon[ormaltransformati()､,ｉｆｅａｃｈの』is

aloca1fibre-preservingconformaltransformationofT(〃)．LetGbeaRiemannianora

pseudo-RiemannianmetricofT(ﾊﾞｸﾞ）Ｉｔｉｓｗｅｌ１ｋｎ(〕wnthaLXisaninfinitesimalconformal

transf()ｒｍａｔｉｏｎｏｆＴ(j`）ifandonIyifthereexistsascalarｆｕｎｃｔｉｏｎｇｏｎＴ(』‘）ｓｕｃｈｔｈａｔ

ふＣ＝理０，where金denotesihcLicdcrivationwiUlrespecttothevect()ｒ［ieIdX・

Illthel)revi(〕uspapers［l]，［2]，［3],weprovedLhefo11owin貝theorems．
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２０ninIiniLesimalc()、｢(〕｢ｍ【l1trans｢()rmaLi()11ｓ（)［thetangcn［
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O7?１１`、ノヴWﾌﾞｿﾉzeiﾉﾌﾌﾞzO池〃zGcOγﾉ'ＦＭ(i"'YﾙﾌﾞｾﾞＣＢＸ→i／ｇｉｌﾉＧｓ('ﾉ>0"”ﾉﾌﾞz０７ｶA応777ｃＷ〃βＬ/enn<gUb7'zz

q／、/１Wﾉﾉcsi7wﾉﾉib7ｾﾞｰﾉl)，汐Ｓｃ７Ｕﾉﾌﾞ?ｇｃ(ﾉﾉ】し/bγ"?"〃'、Ｍﾌﾉｿﾉwz/io"ｓｏ７７Ｔ(〃)Ｏ７ｗｌｏ/A2LjWZ1lgu6/ｚｚｑｆ

ﾉﾌﾞZ/ii7izijGsﾉﾉﾉﾉαﾉﾉ!)、九'ａｔ"ｅﾉﾌﾞtr77q/b777M//Oｿ7ｓｏ)z〃・

Thepurposeofthepresentl)aperistoprovcthefo11owingthe()rem・
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ｑ／/ｈｅＬ/G(W(gU6ﾉｔＺｑｆ力Z/ii7Zﾉﾉ“/"'WﾉﾉillhW)'℃ScγLW?ｇCOM)７７）?α//〃？Zq/bﾉ7,2(Z/わ77ＳＯ７ＺＴ(/V)ｏ７ｚｊ０

/ｈｅL/CMwlgg6ﾉ汀ｑｆ力Z/ii7zii/esj"ＭノノＩＣ"z(ﾉﾉﾊe"ｃ／ﾉtz77q/bγ"Ｍ//0/zSO77／1ｉＺα）z‘ｊｈＧＡＧｒ/ｚＧＺｑノド／/his

ﾊ0"?(）"zoiWhis"/ｊＳ７ｚａｈ"TzlUWSoﾉ?z()ﾉiﾉﾉﾉzico7?/ＤＩＩ〃GLjGnr,<9℃/>/打ｑ／ﾉﾌﾞ”"res”fα/なひﾉﾌTeﾉﾉ職(丁〃．

§LPreliminarics、

LctIXlbethecoefficicnts()ItheRiemanniancollnGctionof』`,ｔｈｅｎＷｖ》canbe

regardcdascoefficients(〕［ｔｈｅｎ()n-1inearconnecti()、()［Ｔ(〃),where(兀俺,ｙ〃）theinduced

coordinatesinTuI)．Ｗｅｄｅｆｉｎｅ 
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ｘﾙｰ詩-y“nMi余&md懸-糸，
then（Ｘ,,,Ｘ丙｝arecalledtheadaptedframeofT(jjr).ａｎｄlet｛心'1,ｄｙｈ}bethedualbasis

oI｛Ｘｈ,Ｘ77)． 

WecaneasilyprovetheIollowinglｅｍｍａ 

ＬＥＭｖｌＡ１．、/ｚｅＬ泥６ﾉ打cﾙC/Sｓα/幼'ｔｈｅ/Ｍｔ)z(ﾉii7壇：

（/）［ＸｈＸｊ]＝y，Kji/“X両

（２）［Ｘ》,汚]＝､3ｌｘ)ii，

（３）［ｘ了,Ｘ了]＝０，

L(ﾉﾉ?CノゼＫ/i'ＩＣﾉe"oね'1ﾉ｛ＺｅＣＯﾌﾞﾉゆ0ﾉZどう7/ＳＯｆ／ｈｅα"Zﾉatz【7℃／e）?ＳＯ７０／ルf

LetXbeaninfinitesimalfibre-presel-vingtrans[()ｒｍａｔｉｏｎｏｎＴ(〃)allｄ(zﾉﾙ,zﾉﾉ')the

comp()nentsofXwithrespectt()theadaptedframe{Ｘ)i,Ｘ77)．ThenXisfibre-preserving 

ifalT。()ｎｌｙｉｆ〃ハdependonlyonthevariablesはｈ)．C1earlyXinducesallinfinitesimal

transf()rmationVwiththecomponentsりんｉｎｔｈｅｂａｓｅｓｐａｃｅ〃・Ｌｅｔ傘betheLie

derivati()ｎｗｉｔｈｒｅｓｐｅｃｔｔｏＸｔｈｅｎｗｅｈａｖｅｔｈｅｆｏllowinglemma 

LEMMA2（See[1])．Ｔ/l1BLlre”'かafjzﾉ2SCW/ｌＧａ〃/B‘伽',Zea'1αﾉﾉｂｅ`1/Ｗ６(zsfs

aノゼ９，ﾉo71Mzs/bﾉﾉ､[ﾉs：

（１）‘とXXh＝－０A"aXh-l-{)'し"ｃＫｈｃｂａ－"brZii-X)血爾))Xii，

（２）‘;`;vX>『＝("６噸,－Ｘﾌﾟｧ(釣}鵜，

（３）ムロレヒハー0噸"'tfrm、

（`）公ayj1＝－{ybz/鋼にJ-z1b川ｊ－Ｘ)ｻﾞ,(zﾉﾉi)Ｍ『"１－冊rlIルーＸ),i(zﾉﾑ)}aym・

ＬｅｔｇｂｅａＲｉｅｍａｎｎｉａｌｌｍｅｔｒｉｃｏｆｊ‘withthecomponentsgﾌﾞﾐﾎﾟｔｈｅｎｗｅｓｅｅｔｈａｔ 

ｌ：Ｇ＝gjjCfrjd(ri， 

Ⅱ：Ｇ＝錘ｉ“jayi，

ＩⅡ：Ｇ＝gﾉｶﾞayjdyf， 

areall〔luadraticdifferentialf()rmsdefiendglobaUyil1T(/11）andthat

ll:zgDidlrjdy'’ 

’十11:ｇ；fdLrj血f＋2gifcI2rJdyn・

I-l-III:９５「ぬjQlvf＋鰯jdyjdyi，

Ⅱ＋11I:２９ﾉｶﾞﾋﾟなjdyi＋獣idyjdyZ，

ａ]･eallnoll-sillgula1‐andcollse(luent1ycanboregardedasRiemannianorpseudo‐ 

RiemannianmetricsinTW） 

ＬＥＭＭＡ３．（See［1])．Ｔ１/ｚｃＬｊｅ火γizﾉα/izﾉES脅Gハ公C〃α"‘各G",〃ﾉ℃gzzﾉＧ７?“

/Mpz(ﾉS： 
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４０ninfinitesimalconformaltransIormationsoIthetangent 
bundleswiththemetricII＋IIIoverRiemamTianmanifolds 

（z）参GI＝(玉Mgj：)cl1r'“ｉ，

(2)÷傘G"--9i,,,wKi．'-ひ｡畷－２Ｗｗ"’
十怪1,9A'一野,,｜偲び"i＋9,腿ＸＴ(ひ両)ＭｃＷｊ，

（３）録G",＝-29》虚(ybzﾉcK)ｂ'１－ｐＷｊｉ－Ｘｉ(ﾋﾞﾉ碗))〔ilrjayi＋ｚｌｇｊ"ｉｘ７(Ｕ流)dyWf，

zchc7でさ＆′gJi化"o花11ﾙCCDｿｿＷ７ｉＩｃｿｚｋｓｑ／ｔｈｅＬｆｅ”γj"(zllj"ｅ墾ｖｇ(zｿz‘尻zﾉ”&〃ｃｃｗ”0'zc'0応ｑ／

/ｈＢｃｏｚﾉ”'ihz"ｊ””ひatIi"ＢＯ′Ⅸ

§2．Infinitesimalconformaltransformationsofthetangentbundles 

withthemetriclI＋ＩＩＬ 

ＬｅｔＴ(〃）bethetangentbundleover〃withthemetricll＋111,andletXbean

infinitesimalfibre-preservingconformaltransformatｉｏｎｏｎＴ(j`),ｔｈａｔis・thereexistsa

scalarfunctionponT(〃)ｓｕｃｈthat参G"+"ノーagG"+"ＬＴｈｅｎｆｒｏｍＬｅｍｍａ３,ｗｅｈａｖｅ

－韓伽(yb"9Kicl-"brZiI-Xi(ひ誘MVjcZrﾉｰ'-2(諺MgXj-gi"`届zﾉ腕十gY"』X了(z》碗)-9,,ﾉ｡ひ遜cJ〃

＋g加j"｡I~H1＋３，ijXXzﾉ雨))Ql1`fayj＋鞠i鶏("扉)ayWj＝dlpgｶﾞClUriayj＋z1ggkj(;Ｗｙｊ，

fromwhicllweget 

（21）ｇＹ醜(〕'６D9Kicl-zﾉ万畷一Ｋi(１，》雨))-I-gj鰄{ybびり過c'１－"万rM1-塾("菰))＝０，

（22）露wgXj-身!ｉ月ひ臓十８%`j汚(zﾉ繭)一gi,"(ybzﾉcKic騨一ひ｡r畷一ＸＸひ爾)}＝aQgij，

（23）ｇ源ix了(ひ流)＋３，"鶏("嗣)＝aj2録

PROPOSITION1．ｍＣＺﾉ“〃γルノ‘ＶＺ(ﾉｶﾞﾉﾊﾉﾉjCCOWpO7Ze"お(１２ﾉﾊﾉｉｓα邦廊”Zi“li7?ZCZノ

cO7z/bｿ"zczJかTz"q/b7wzariO〃０〃』`・

ＰＲＯＯＦ，Fromtheequation(2.2),ｗｅｈａｖｅ 

２玉１９ガー3,1,1Z"瀬＋ghIfx了(ひ菰)－８ｈK，尻ひ"'十３，(鑑(ひ痂)－９)鈍(y6"qKic`"－ひbrB1-Xi(,ﾘ冠)）

－gi"!(ybilﾉcKicJ'１－"FrXjf-Xj(ひ扇)}＝“ｇｆｊ．

Substitutingtheequations（21）ａｎｄ（2.3）intotheaboveequation,ｗｅｇｅｔおvgガーaQgが．

ThisshowsthescalarfunctionponTW)dependsonlyonthevariables(沁胸)withrespect

totheinducedcoordinatesい'､,ｙｈ),thuswecanregardgisa[unctionon〃,andVisan

infinitesimalconformaltransformationonjf q.ｃ・‘、

ＩｎｔｈｅｆｏＵｏｗｉｎｇｗｅｗｒｉｔｃｐｉｎｓｔｅａｄｏｆ２． 

PROPOSITION2．ＴｈＣｚ）eγlfiCα/ＣＯ"Z/l)Ｏｿze"た(Zﾉｽﾞ)qﾉFXCzZ〃bCZ(ﾉ""e7iMZS腕e/bJk)z(ﾉi，酒

ルッ?z：

（２４）〃ん＝yq<ＡＡ＋Ｂﾊ，

Z(ﾉﾙ`）でＡＡ“Z‘Ｂ蝿α7℃it'2ＥＣＯ"Zp07ZeｿZ応ｑ／ａｃｅﾌﾞね力Ｚ（1,1）花"soγβ`〃Ａａ７ｚ‘αｃｃ）わ”

cO7zbtzzﾉαうれ"／zﾉccmγ此〃ＢＯ〃“ブセ”“〃"ebj・

ＰＲＯＯＦ、Fromtheequation(2.3),ｗｅｃａｎＲｅｔ

－３０－ 
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3,1ｉ蕊Ｘ了("雨)＋g>,!`騒騒("iii)＝０．

Ｔｈｅｎｗｅｈａｖｅ 

ｇ)"fX丙ＸＸひ爾)＝－g1mIj砥ｘｱ(zﾉiii）

＝－ｘ了(9)"j蕊("両）

＝－恐(－９腕脆X了(ひ冠)＋2,09ｊだ）

＝g沈施潅騒("雨）

＝Ｘ了(9,1kＸ了(ひ玩）

＝ｘ了(－録遜(U雨)＋2,qgAf）

＝－９mixﾗXhE("扇）

＝－銃：翫汚("流)，

whichimplies動1,蛭ＸＸ"流)＝０．ＴｈｉｓｓｈｏｗｓＸ了(L'瀬）dependonlyonthevariables(苑臓）

ＨｅｎｃｅＵ胸ｃａｎｂｅｗｒｉｔｔｅｎａｓ〃万＝ｙ`ＺＡルl-B",ｗｈｅｒｅＡｊａｎｄＢﾉﾋﾞarecertainfunctionon/1`・

Thecoordinatetransformati()nruleimpliesAlIandB施arethecomponentso[ａcertain(1,

1）tensorfieldAandacertaincontravariantvectorfieldB、 ９．Ｇ.‘・

Substitutingtheequation(24)intotheequation(2.2)ａｎｄ(2.3),thenbyPropositionl， 

ｗｅｃａｎｇｅｔ 

（2.5）Ａガー尻"`＋月Ｂ『＝０，

（2.6）'１A'＋Ktzぷびα＝０，

（2.7）Ａが＋Ａだ＝ao銑．

PRoPosITloK3＿Ｔ/ｉ２ｗｃｊ０γβe〃Ｂ＝(βｈ）ｉｓα〃2ｹ!/iiｸ0がesか'zaliiSo？"ど〃)'072ｊ`、

PROOF、Fromtheequation(2.5),(27)andPropositionl,ｗｅｈａｖｅ

鎧hgけ＝尻Ｂｚ＋腐亙ノー０，

ｔｈｕｓｔｈｅｖｅｃｔｏｒｆｉｅＩｄＢｉｓａｎｉｎｆｉｎitersimalisometryonルｆ ｑｅ.‘、

PROPOSITION4，Ｚ１ｂｃｓｃﾛﾉﾋzγ〃f"clIj07i1p0〃〃ｆｓａｃｏ"ｓｊ"ｆＷ/i４，zcJljb"・

PROOF、Fromtheequation(2.6）ａｎｄ(2.7),ｗｅｈａｖｅ

鋼iQgij＝凡(Ａが＋Aji)＝－Ｋｌｗｉ"ａ－Ｋｔｚ臘翰Ｕα＝０．

Ｔｈｕｓｔｈｅｓｃａｌａｒｆｕｎｃｔｉｏｎｌ０ｏｎＭｄｓｃonstant． ｑ１．Ｇ.‘・

ByProposition4,ｔｈｅｖｅｃｔｏｒｆｉｅｌｄＸｏｎＴ(ﾉ1.｢）ａｎｄｔｈｅｖｅｃｔｏｒｆｉｅｌｄＶｏｎ〃both

becomeinfinitesimalhomothetictransformations、

Converse1yletl/＝("胸)beaninfinitesimalhomothetictransformatioｎｏｎ』‘thatis，

thereexistsaconstantcsuchthat露vgfノー２lqg[ﾉ．ＴｈｅｎｗｅｄｅｆｉｎｅｔｈｅｖｅｃｔｏｒｆｉｅｌｄＸｏｎ

Ｔ(〃）ａｓｆｏｌｌｏｗｓ

Ｘ＝zﾉﾉﾋﾞＸｈ＋ｙα厩zﾉﾉ2猫．

PRoPosITIoN5．。､Ｉｚｅ〃“〃γ雄〃Ｘｏ７ｚＴ(』'）‘城ｗ‘α60汐Ｂだ⑰？ｚ勿碗'"たs勿７２α【

－３１－ 



６ Oninfinitesima］ＣＯ､[ormaltransformationsofthetangent 
bundleswiththemetricll-卜IIIoverRiemalmianmanif()ＭＲ

〃0打２０仇ejjbt？'zz7Mw7zaZjo，z、

PROOF、ＢｙｍｅａｎｓｏｆＬｅｍｍａ３,ｗｅｃａｎｃｏｍｐｕｔｅｆｌｘＧ〃ａｎｄ鎧Ｇ",．

録G"＝－２lgj"!(ソbzﾉ9K,ＣＤ獅一ｙａ尻zﾉＷｌｌ－Ｘｉ(yα尻"''ｌＭｒｊ(Jlri

＋2(2℃Ｈ,ゴー95,遡尻zﾉ"』＋gj"』潅(yα尻ひ腕)ＭＵ’６y‘

＝－鶏"』y･("qKicl-l7izzﾉＷ１－８’l7inzﾉ"』＋IHI尻"薊'Ｍ`jcikf＋4口g〔iiczr'６yガ

ー錘廠!yα(区民Zﾉ鞭十ＫＣｫ'pMrj心'＋4Ggif“ｊａｙｊ

＝鞍myBfifrMllcZl:J戯：＋4cgiicllrJayガ

ー4QgjiCiLvjayJ

＝２ＣＧＩ,、

金G､＝－２gMybひｃＫｊｃｌ－)'α凡"brZ1-Xj(y`Pizzﾉ”)Ｍｖ'ayr＋agi,‘態(yα『iz"腕)ay`ayi

＝29》'2ｊ尻zﾉ"Zayjayゴ

ーａｆ１ｇ/,ayjayj

＝2cgHiiayjay′ 

＝ｚｃＧノル

Thuswehave録(Ｇ"＋Ｇ",)＝２c(Ｇ"＋ＧＩ")．ThisshowsthevectorfieldXonT(』`)isan

infinitesimalhomothetictransformation、 ９．Ｇ.Ｃｆ 

ＰＲｏｏＦｏｆＴＨＥｏＲＥＭ・SummingupPropositionl～Proposition5､itisclearthatthe

correspondenceＸ→ＶｇｉｖｅｓａｈｏｍｏｍｏｒｐｈｉｓｍｏｆｔｈｅＬｉｅａｌｇｅｂｒａｏｆｉｎ[initesimalfibre‐ 

preservingconformaltransformatｉｏｎｓｏｆＴ(〃）ontotheLiealgebraofinfinitesimal

homothetictransformationsof〃，andthekernelofthishomomorphismisnaturally

isomorphicontotheLiealgebraofinfinitesimalisometrｉｅｓｏｆｊ`． 
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