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Introduction・lnthepresentpapereverythingwillbealwaysdiscussedintheC゜･

category，andRiemannianmanifoldswil］ｂｅａｓｓｕｍｅｄｔｏｂｅｃｏｎｎｅｃｔｅｄａｎｄｄｉｍｅｎ‐ 

sion＞１． 

Ｌｅｔ〃beaRiemannianmanifoldwithametrｉｃｇａｎｄｌｅｔＶｂｅａｖｅｃｔｏＴｆｉｅｌｄｏｎ

ＭＬｅｔusconsiderthelocalone-parametergroup（ｊ,!)oflocaltransformationsof 

/1′generatedby］r、ThenViscalledaninfinitesimalconformaltransformation，

ifｅａｃｈのfisalocalconformaltransformatiｏｎｏｆＭＩｔｉｓｗｅｌｌｋｎｏｗｎｔｈａｔＶｉｓａｎ

ｉｎｆinitesimalconformaltransformatｉｏｎｉｆａｎｄｏｎｌｙｉｆｔｈｅｒｅｅｘｉｓｔｓａｓｃａｌarfunction 

pon/1fsuchthat蓬魑＝2/qglwhere≦ひdenotestheLiederivationwithrespectLoV，

especiallyViscalledaninfinitesimalhomotheticonewhenpisconstanL 

LetT(１１`）bethetangentbundleover/1Ｊ,ａｎｄletのbeatransformationofT

(〃)．Ｔｈｅｎのiscalledafibre-preservingtransformation,ifitpreservesthefibres・

LetXbeavectorfieldonT(』'),andletuscolTsiderthelocalone-parametergroup

{①`）oflocaltransformationsofT(]'）generatedbyX、ThenXiscalledan

infinitesimalfibre-preservingtransformation,ｉｆｅａｃｈのzisalocalfibre-preserving

transformtionofT(/1`)．Clearlyaninfinitesima]fibre-preservingtransformation 

ｏｎＴ(』`）inducesaninfinitesimaltransformationinthebasespace/1`、LetGbe

aRiemannianorapseudo-RiemannianmetricofT(〃)．Aninfinitesimalfibre-

preservingtransformationXonT(〃）issaidtobeaninfinitesimalfibre-preserv‐

ingconformaltransformation,ifthereexistsascalarfunctionQo、Ｔ(〃）ｓｕｃｈ

that塗.ＹＧ＝２ＤＣ，where≦､YdenotestheLiederivationwithreｓｐｅｃｔｔｏＸ．
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lnthepreviouspaper［１１weprovedthefollowingtheorem・

Theorem・ＬｃｔｊＪ６ｃａ?Zｿ?-`i77ze"sio）?αZRie77za777ziα〃ﾌﾌﾞ2α7伽/αn7zcZルノＴ(〃）Z)ｃｉな

ノzz7ZgU"1lb"70"んｚ(/illﾊﾉﾉﾉｅｿｿZetﾌﾞﾂﾞＣＩＺＺｎｈＩＣ７２ｅ"eｿ,ilMﾉ１１１"jteSｶﾌﾞzﾉﾉ?r6γe-P7でScγUz7ZgcoﾌﾞZﾉﾉb７．－

ブソZaltmWbｿ７１mrlli0〃Ｘｏ７ｚＴ(〃）ブzajW7tzJ6'j7zci/zlcesa77j城",iIl膠ｓｆ，??〃ﾉｶｿU/“ﾉﾌﾞzﾉBt7⑰"ｓ－

/bγﾉﾌﾞZnlfi0ｿ２ＶＯｿ?ＭＦｚＬγthe"ｿzOﾌﾞｾﾞｵﾙｅｃＯγγespO72`c"ccX→1ｒｇｉｚﾉesaハo77zOｿ"O7phiS7〃

ｑ/｢thcLieczl(ge6ｿtzq/Ｙ城"ｉ花sかｿｚａＭ６γe-Pブセseγzﾉz'０９CO碗γﾉﾌﾞzαノカ⑰"S/bγﾘﾌﾞzafio"ｓｑ/俵Ｔ

（/1`）Ｏ７ｚｌｌｏｔｈｅＬねfw(gu67汀ｑ／i7il/irｿzlijesﾉﾌﾞﾌz(Ｗ)7伽ctjzﾉCII）Yz7zS/bγ"ｚｑが0"ｓがＭｎ７２‘ﾉﾊｃ

ルeγﾉＺｃＪｑ／ｔｈｉｉＳノio7,zo77zo幼hjS7ｿｚｊＳ〃‘lfo/”ﾉﾑﾉﾙＯｿｿzo"zoWbico"f011ﾉｈｅＬｊｅａ１ｇｅ６プロｑ／
〆

ｉ1旗７０iiBsiﾌﾞﾌz(zノ応0ﾘﾌﾞzclhﾉﾂﾞｅｓｑﾉｒ/Ｉｆ

ＴｈｅｐｕｒｐｏｓｅｏｆｔｈｅｐｒｅｓｅｎｔｐａｐｅｒｉｓｔｏｐｒｏｖｅｔｈｅｆｏＵｏｗｉｎｇｔｈｅｏｒｅｍ、

Theorem・ＬｅＭＩ６ｅａ７ｚ７Ｔ－`ｶﾞﾌﾌﾞ7e7zsiro)2ａＪＲｉｅ７?za7z）?7αｿ7？72α"ｉｉ/b/cZa7UmJctT(』'）beiMs

lltz??gwzt6zK"`/ｅ〃鋤娩ｃ）７２eかｊｃＩ＋ｎＸｎｈｅ〃“eフツノフ城７２i花sｶﾞｿｿ?αMb7ｾﾞｰｶγCSCγzﾉj72g

CO7巾77?2αノ１ヶZZ72q/bﾌﾞｯｿＺａｉｌｍ７？ＸｉＳＺＺル0ﾉﾌﾞZOｵﾊｅｊｉＣＯﾌﾞ?eCZ7Z‘ijlli"Ｃｌ/Z"ＣＳＩZ〃ｉ城ｿ?liねSj"Ｃａノ

ル0ｿﾌZOlfﾙＣｔｊＣ姉況Vb？7）2ａｌｌｉＯ７２ＶＯ７７〃．、Z"ﾌﾞﾉZeｿ7720ブゼ鋤ｅＣＯγγe幼Ｏ"ぬうｚＣｅＸ→VgiiZﾉＣＳ

ａｈ０７７ｚｏﾌﾞﾌzo幼ﾙﾎﾘｿＺｑｊ/,''んｃＬｉｅａ“6ｍｑ／ｺﾞﾌﾞ祓卯jjesi7ｿzαノガ6ﾌﾞｾﾞｰｶ7忽scｿTﾉｉ７Ｚｇｃｏｿ2ﾉﾉbｿｯﾌｚａノ

ｉｒｍ７ｚｑ/b7wz(zlIlioｿｚｓｑ／Ｔ(〃）０"ｔ０ｔｈｅＬ/Ｂａ煙りｿ初ｑノドi7Zﾉﾉ1iｿziillUsj1)zaJ/""zollhctjcllｿtz71q/bγ‐

？〃αlfi0ｿ2Sq／/Ｍａ７Ｚ‘メカｅルeγ７ZeJq/『tAiSh0ｿｿ２０刀zO7pAjSﾌﾞ〃た7ZaiiW⑰ｊｌｌＷＳＯ〃'０”んiCO"ｔｏﾉﾊＣ

ノルｃＬｊｅｎｌ１ｇＢ６'てz〃jlZﾉﾉｉｉ"jilcSj1?2αノiSo7？zcメガｅｓｑ/｢皿

§LPreliminaries・

Letr/ifbethecoefficientsoftheRiemannianconnectionof〃,thenj'αrαﾉnican

beregardedascoefficientsofthenon-linearconnectionofT(〃）where(ｘｈ,jﾉﾊ)the

inducedcoordilIatesinT(〃)．Ｗｅｐｕｔ

ｚ=詩-州嬢,１糸ｺ､。ｘ扇=了
a 

thenwecall｛Ｘｈ,Ｘ万｝theadaptedframeofT(j`),ａｎｄlet（CZrh,ｄｿﾊ}bethedual

basisof{ＸﾙﾉＸ万}、

Wecaneasilyprovethefollowingleｍｍａ 

ＬｅｍｍａＬＴｌｚｃＬｉｅ６ｿtzcheねＳα虎ＳｊＷｈＭﾌﾉﾉoz(ﾉｉ７７ｇＪ

ＤＱ,Ｘ、=Ｊ１'Ｋｸﾞｫ,ﾉ"X頑,

［ＸｂＸ７]＝PハＸ耐，

［ＸＴ,Ｘ了]＝０，

zリノDCｿ惣亙ｶﾞｶﾞｧ"!*？?ｏねﾒｶCCDﾌﾞﾘzpo'ze，?応Ｑ/c仇ｅｃｌｗＴﾉａｌｌ"ブセノｅ"ｓｏγけ〃．
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LetXbeaninfinitesimalfibre-preservingtransformationonTu'）ａｎｄ（りん,ひ万）

thecomponentsofXwithrespectt()theadaptedframe｛Ｘ,,，Ｘ万)．ThenXis

fibre-preservingiIandｏｎｌｙｉｆｚﾉﾉﾐdependonlyonthevariablesけ)．ClearlyX

inducesaninfinitesimaltransformationVwiththecomponentszﾉﾉＩｉｎｔｈｅｂａｓｅｓｐａｃｅ 

ＭＬｅｔ上.xbetheLiederivationwithrespectｔｏＸ，ｔｈｅｎｗｅｈａｖｅｔｈｅｆｏｌｌｏｗｉｎｇ
ｌｅｍｍａ 

Ｌｅｍｍａ２．（S“［1])．ＴﾉzｅL/C‘んγ/z'αtiUCSけﾒｶＣａ“伽(1Ｍtz"ｚｅ”2‘メカｅ‘Mzl

6czsjsa'でｇｊﾋﾞﾉg〃(zs/b/lbz(ﾉｓｆ

(1)ｊａＹＸ)カー－aﾊZﾉ鰹Xh-l-{j16zﾉcKM,ａ－ｚﾉ万ｒ６ａｈ－Ｘｈ(zﾉ万)}Ｘｈ．

(2)ｄａＹＸ万＝{zﾉbPA-X万(zﾉ面)}Ｘ岡，

(3)‘ａＹ愈伽＝ａ"』ﾋﾞﾉﾉlcmrj"，

(4)ｊａ１ｒ戯'－－{ｊｊｂｚﾉｃＫ"lcb'１－zﾉ万1Ｖ》ｌ－Ｘｈ血万)ＭＹ７"－(zﾉbT6ﾊ狐一Ｋ腕(zﾉ7i)}ｄＭ

ＬｅｔｇｂｅａＲｉｅｍａｎｎｉａｎｍｅｔｒｉｃofAfwithcomponentsgﾌﾟﾋﾟ,ｔｈｅｎｗｅｓｅｅｔｈａｔ 

ｌ:G1=gMBrjcfUf, 

Ⅱ：ＧＩ,＝2gji(Zrjdyi， 

１１１：Ｇ】I,＝9Ｍt)１Ｊ｡))i，

areallquadraticdifferentialformsdefil1edgloballyinTW）andthat 

ll:2gji(ＬＷＭ 

Ｉ＋１１：gBfc1&Ujc1Li`f＋29Jf“jdiyf， 

I+111:gだ(Zr』ぬｶﾞ+g/fdyjdM

II-I-IⅡ：２９ﾌﾞｶﾞcJLvjdb)i＋gMlyjdyi， 

areallnon-singularandconsequentlycanberegardedasRiemannianｏｒpseudo-

RiemannianmetricsinT(〃)．

Ｌｅｍｍａ３．（S“［l])．Ｔ)ｌＺｅＬｉｃ“7かαﾉIipeSdaYGI，鐙ｘＧＩ１ａ岬鐙ｘＧⅡ!αｿで

ｇｗ７ｚａＭﾌﾉﾙz(ﾉs： 

(1)茜ｘＧ，＝(西L1gijMDj“j，

(2)1/2daYGn＝－gi"`(ybZﾉCK'cbm-U万ＰハーＸＸ〃而)Ｍ１:i(1Drj

＋{西Z1gij-gi"!▽jzﾉ''1＋gi,腿Ｘ了(zﾉ扇)Mvfdyj，

(3)国ａｒｃⅡ,＝-29,,,j(｣'62ﾉcKicb"Z-zﾉｂｒＡ－ＸＸ２ﾉ茄))cZrfdM

＋{鐙過ｊ－２ｇ"ｊＷﾉ加十29"ｊＸ７(ひ励))dD1fdM

z(ﾉﾊα杉西"象ｊ‘e７zo妃ノノｉＧｃｏ７，ZPo"e721IsqﾉＦＩＩ/zcLiecirc7fZﾉczlfjzﾉｅど遇．
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Ｊ 

ｂｕｌ１ｄｌｅｗｉｔｈｔｈｅｍＣｔｒｉｃｌ－ＩＩ１０ｖｅｒａｌ<iemalmi【１，ｍ【ｍｉｆｏｌｄ

ｉ２、Infinitesimalconformaltransformationsofthetangentbundleswithｔｈｅ

ｍｅｔｒｉｃＧ，十,Ⅱ、

ＬｅｔＴ(１１１）bethetangentbund1ewiththemetrｉｃＧ，＋Ⅲ,andletXbeaninfinitesi‐ 

malfibre-preservingconformaltransfoTmationonT(/1')，ｔｈａｔis,thereexistsa 

scalarfunctionQonTＷ）ｓｕｃｈｔｈａｔ 

西.ＹＧ，１１１，＝２，Ｇ，十II

ThenfromLc"１７?ｚａ３，ｗｅｈａｖｅ 

（2.1）患ljgiJ＝2Ｑｇｉｊ，

（2.2）ybUcKicb''１－Zﾉ万ｒハーＸｉ(Ｕ耐)＝０，

ａｎｄ 

(2.3)g"ん'",ｶﾞｰＸＴ("抗))+9,,1心'",J-X7(zﾉ所)=0,
where〃、,fdenotethecomponentsofthecovariantderivativeofV・

Ｔｈｕｓｂｙ（２１),thescalarfunctionQonT(Ｊ１`）canberegardedasafunctiononﾉ1Ｊ． 

HencetheinducedvectorfieldVisaninfinitesimalcollformaltransformationof 

jJ、

ProPoSitiOnl・ＴｈｅＣＯ７７ＺＰｏｿ7G7z/Ｓ〃ｈｑ／Ｘｃｍ７６ｅｉｌ(ﾉγjt1e7zaS/ｈｅ/bJﾉOzc77Zg/bγﾌｿ7：

（2.4）ｚﾉ万＝ｙａＡｈｃ－ｌ－Ｂハ

ｚ(ﾉﾙc７℃Ａｈａの?‘Ｂ'`の℃ｌｌｈｅｃｏ７ｿZjl)Ｏｿ?c7z/ＳｑノハzcC7mj〃（1,1）花?l1so7βcJcJa7z‘αcemzj？Z

CO7zil7mﾉa7m7Z／ZﾉCCj07ガeJ‘072Ｍ７℃ＷＣｊｉ"Cか．

ProofFrom（2.1）ａｎｄ（2.3)，ｗｅｇｅｔ 

（2.5）３，１ｊＸ７(zノブ!)＋艶ｆＸフ(〃而)＝2QgRﾌﾞ，
ｔｈｕｓｗｅｈａｖｅ 

ｇ"ｌｆＸ７(zﾉ流)＝Ｑｇｉｉａｿ7’３〃ｊＸ７ｘ７(zﾉ所)＋象Ｉﾌﾞｘ７Ｘ７(z〉雨)＝０，

ｉｔｆｏｌｌｏｗｓｔｈａｔ 

Ｘ７Ｘ７(〃而)＝0．

Hence〃万ｃａｎｂｅｗｒｉｔｔｅｎａｓ

【ノハーｙａＡ'2α＋Ｂ/Ｉ

ｗｈｅｒｅＡ伽ａａｎｄＢ/，arecertainIunctionswhichdepenｄｏｎｌｙｏｎｔｈｅｖａｒｉａｂｌｅｓ（"'１)．

ＳｉｎｃｅＸｉｓａｖｅｃｔｏｒｆｉｅｌｄｏｎＴＷ)，ｗｅｃａｎｅａｓｉｌｙｓｈｏｗｔｈａｔＡｊｉａａｎｄＢ伽arethe

componentsofa（1,1）tensorfieldandacontravarial]tvectorfieldonAf,respective-

ly QE.、、

PrOposition2．Ｔ/iCUecZ0γﾉﾉ1iej‘Ｂｚ(》"ﾙｫﾉzCcO7）Ｗｚﾉ?Gｿ?/Ｓ（Ｂ'2）ｉｓ(z〃ｉｿZﾉﾂﾉZjteSﾉﾉＷ／

’ISO刀Ｚｅｊ７ｙＯ７２Ａｆ・

Proof、Substitlltlng（2.4）ｉｎｔｏ（2.2)，ｗｅｈａｖｅ

－４－ 
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(2-6）Ｂｈｌ；＝０， 

ａｎｄ 

(2.7）Ａ俺ai-l-Kbjahzﾉﾑｰ０，

ｗｈｅｒｅＡｈａｌｫdenotethecomponentsofthecovarialltderivativeoIthe（1,1）tensor 

fieldA＝(Ａｈｆ)．Ｆｒｏｍ（2.6)，ｗｅｇｅｔ進.Ｂｇ＝０，ﾉﾊ,ｉＳｓｈ０ｚ(ﾉsBisaninfinitesimal

isometrvon〃、 ＱＥＤ・

Proposition3．Ｔ/ｉＧｓｃａﾉﾋﾞzγ／i("('1I/O〃Ｑｊｓｃｏ７ｚｓ/(/"t

ProofSubstituting（2.4）ｉｎｔｏ（2.5)，ｗｅｈａｖｅ 

８ｹ,,ＪＡ７"f＋ｇ"ｆＡ"1ノー２Ｑｇﾉｺﾞ

ｆｒｏｍｗｈｉｃｈｗｅｇｅｔ 

ｇ,ＪＪＡ''１２A＋9,1ｆＡ"【ルー２口幟j，ｚＬ１ｈｅ?でｎA＝ａ九,０．

Substituting（2.7）intotheaboveequation,ｗｅｏｂｔａｉｎＱｋ＝0．ＱＥＤ， 

Ｎｏｗweconsidertheconverseproblem・Ｌｅｔ〃admitsaninfinitesimalhomo-

thetictransformationVwiththecomponents（zﾉﾊ)，ｔｈａｔis， 

患ｚｊｇ＝２Ｑｇ （Ｑ＝cO7TsIhz〃/)．

Ｗｅｐｕｔ 

ＡｉＪ＝▽ｊＵｆ＋Qgfj-1/2鐙迦ａｊ，

where〃ゴーｇｍｌｚﾉ"２，thenbytheRicciidentity,ｗｅｇｅｔ

(2.8）ＡｫｊＭ十ＫＭ"zﾉ，"＝0．

Proposition4o刀ｚｅ(ﾉcα０７万c/‘Ｘｏｿ２Ｔ(〃）Cl『飯７２e(１Ｍ)’

Ｘ＝zﾉﾊＸ>』＋ｙａＡ八αＸ万

ｚｓａ〃ｊ７ｚ(i70lr/ＢＳＩｸﾞﾌﾌｚａノガ６７ｾｰｶﾉ癖c7Tﾉﾉﾌﾟ２９ノzO7）zOi〃elIjct7zzﾌﾞｾﾞＷγ"zα"()ｿ？ｏ〃Ｔ(〃)，’(ﾉﾉｌＩｃ７Ｕ

ＡＡｆ＝ｇＡａＡａｆ・

Proof、Ｆｒｏｍ（2.8)，wecaneasilyproved6.`ＧＩ÷,,,＝２ＤＣル,,ル ＱＥＤ， 

ProofofTI1eorem・ＳｕｍｍｉｎｇｕｐＰｒ〔)positionｌ～Proposition4，itisclearthat

thecorrespondenceＸ→ＶｇｉｖｅｓａｈｏｍｏｍｏｒｐｈｉｓｍｏｆｔｈｅＬｉｅａｌｇebraofinfinitesi‐ 

malfibre-preservingconformaltransformationsofT(Ⅶ'）ontotheLiealgebraof 

infinitesimalhomothetictransfoTmationsof〃，ａｎｄｔｈｅkernelofthishomomor-

phismisnaturallyisomorphicontotheLiealgebraofinfisitesimalisometrieｓｏｆｊｆ 

ＱＥ.、．

－５－ 
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