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Introduction・ThetheoriesofconnectionsonFinslerspaceshavebeenstud‐

ｉｅｄｂｙｍａｎｙａｕｔｈｏｒｓｆｒｏｍｔｈｅｉｒｏｗｎｓｔandpointsAswell-knownconnections， 
thereare，aboveall，theBerwaldconnection，theCartanandtheRundetc.．Ｇe‐ 

ometricalpropertieswithrespecttotheseconnectionsareusuallydiscussed 

TheseconnectionscommonlyreducetotheRiemannianoneswllenFinslerspaces 

becometheRiemannianspaces・Ａｎｄwithrespecttotheseconnections，ｔｈｅｄｅ‐

flexiontensorscommonlyvanishHerewehaveaquestionifitisnecessaryto 

considerconnectionswithdeflexiontensorsinFinslergeoｍｅtry、

Theprincrpalpurposeofthepresentpaperistofindsuchconnectionsthat 

thefollowingconditionsaresatisfied 

（１）TheyreducetotheRiemannianconnectionswhenFinslerspacesbe‐ 
cometheRiemannianspaces． 

（２）Theirdeflexiontensorsdonotvaniｓｈ 

（３）Theyarecloselysimilartotheaboveconnections，thatis，theysatisfy 

asmanyaxiomsasthewell-knownconnections,except(2),satisfy． 

（４）Theyareexpressibleinassimpleformsaspossible 

Forthis，weshallfirstlyconsiderconI1ectionsonFinslerspacesfromthemost 

generalstandpoinLThisisdonei、§LSecondlyweshallconsiderthemfrom

aview-pointofaxiomatictheory、Ｔｈｉｓｉｓｄｏｎｅｉｎ§２１，§３，weshalllastly
considerourproblem 

Theterminologiesandnotationsrefertothepapers[8］－［10］unlessother‐ 
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２ Ａｓｌｕｄｖｏ［connectionso【aFinslerSpace

wisestated 

§LMatsumotoconnectionsandKawaguchiconnections・Ｌｅｔ』Ｉｂｅａｎ

"dimentionalFinslerspacewitha[undamental(unctionL(工,)ｳ．Ｔｈｅｎwecan

definevariousconnectionsonMNowweshallconsideroneofthemosigeneral 

connectionsonMTheconnectionmayberepresentedby 

l） 

(1.1）」F＝(、`応，Ｊ~，臘施，ｑ`１m）１５１，

whereEiルノーガ`ｋａｎｄｑｊｉ雁arepositivelyl1omogeneousofdegreeO、land-1in

y&respectively，andarecalledtheA-connection，non-linearconnectionandzノー

connectionofrvrespectively, 

Inthefollowing，weshallsimplysaythataquantity／(奴）)ｏｎＭｉｓ(7ルーho‐

mogeneousifitispositivelyhomogeneousoIdegree7･ｉｎｙ`・

ＴｈｅＡひtorsiontensorP`ﾊijwithrespecttoTisdefinedby

Pfkj=j-vz化Ij-r'八!(1.2） 

wherethesymbollldenotestheparljaldifferentiationbyゾ.Thereforeifwepul

Qj`脆＝－Ｐ`んj，ｔｈｅｎtheﾙｰconnectionisexpressiblein

(1.3）１７虚＝r､`ん,['十Qjk，

whereQj`だisａ(0ルーhomogeneoustensor・

IIwedenotethenon-linearconnectionoICartan(orBerwald)ｂｙＧ`jM 

thenon-linearconnectionT`魔isexpressiblein

tｈｅｎ 

(１４）ｒ１ｉパーＧ`俺＋Ｔ倣施

fora(Z妙homogenaoustensorTi聡．Applying(1.4)ｔｏ(1.3),ｗｅｈａｖｅ

(１５）ＩフガパーＧ２蝿＋が朧＋Ｑ/侭，

whereｑ`応(＝Ｇ`施1Ｊ）istheh-connectionoIBerwaldａｎｄＺ７ｆ庵＝Ｔ'施,’
～ 

LetthreetensorsT`雁，ＱＡａｎｄｑい〕egivenasfollows：

Ｔｊ雁isａ(1ルーhomogeneous(1,1)-tensor．

Ｑ/化ｉｓａ(のかhomogeneous(1,2)-tensom

１） 

(し６）２）

l)Numbersinbracketsrefertothere(Grcncesaltheendo(thepaper， 

７
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３）こ‘術isａ(－エルhomogeneous(1,2)tensom

Thenaconnectionr，ｏｎハ`isuniquelydeterminedby(Ｌ１)，（1.4),（1.5)ａｎｄ
、２）

(Ｌ６）Weshallcalltheal〕oveconnectionr，ａＭａｔｓｗ'７７oZocowzecmo〃ｏｎaFinsler

spaceManddenoteitbyjln~，．Ｍ、Matsumotoinvestigatedvariousconnect1ons

onMintroducedtllemostgeneralonesandestablishedatheoryofconnections 

on〃[５１

Contracting(1.3)ｂｙ)１J，ｗｅｈａｖｅ 

(1.7） ＤＪ賑：＝yjn`ｋ－ｒｖ`ん＝ＱＪに，

whereＤ`術ｉｓcalledthedeIlexiontensorandQハーｙｊＱ人．

Ｆｒｏｍ(17)ｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ１．１．Ｆb７．α冗皿r，,IjAecMGzio72te7lsOrzﾉα〃fshesjW〃`o"砂がtﾉｉｃ

死"ｓＯｒＱハムｗ`icaかici〃dAeim/bul，ｊ〃α"ｌｅ１ｙＱＪ応＝０

Ｎｏｔｅ1．１．Well-knownconnections，forexampletheBerwaldconnec‐ 

tionBTandtheCartanconnectionCｒⅢ，havenodeflexiontensor，namelyaL 

waysQ人＝0．

Ｆｒｏｍ(1.4)itfollowsthattheh-covariantderivativeL,施ｉｓｇｉｖｅｎｂｙ

(1.8） L１，E＝dkL＝ａＬ／ａｒに－１~，ﾉﾊﾟＬ,,j＝－Ｔ･礎／Ｌ

WeshallsaythatanjVr，ismetricalifLlk＝０．Inthiscase，becauseｏｆ(1.8)ｗｅ 

ｃａｎｓｔａｔｅ 

Ｌｅｍｍａ１．２．Ａ〃MI-，is"zet7licα/1Ｗ"dombﾉ(ハルFLC"soγＴｊ代it"虚cafrici?ｚ

ｔｈ８ＺＷ)Ｃｒｊ"dhZ4'Za7MyTo代＝0．

Ｎｏｔｅ１．２．IfweconsidertangentspacesateverypointsofnfasMinko‐ 

wskispaces，thenindicatricsateverypointscorrespondmutuallytothemselves 

underthemetricaUW~､，thatis，thelengtl】softangentvectorsareinvariantunder

anyparalleldisplacementwitl1respecttothisconnectionl81 

Contracting(1.5)ｂｙｊ１ｊｙ代,ｗｅｈａｖｅ

(1.9） j－７代yJy代＝２０`-l-Tdo＋ＱＡ

Becauseｏｆ(1.9)ｗｅｃａｎｓｔａｌｅ 

2)ThisconnectioniscalledaFinsleroneinl5Ibutitseemslousthatournomenclature 
isprelerable． 

３ 
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Ｌｅｍｎｌａ１．３．Phjhsz2ﾉｶﾞﾊﾉ麺pec此ｏａ７ｚｊＷ~，ａ７ｅａＺｕﾉays深0火s/“ｑｆＭＷ"α

o"bノヴtAa/(b"oz2ﾉi7zge9"αtjo〃ハ011ｈKs：

(1.10）Ｔｌ。＋ＱＪ。（＝Ｄｉｏ)＝０

ThefundamentaltensorgLjisgivenｂｙｇｌｊ＝光L2IiIjandtheひtorsiontensor

andﾉbU-torsiontensorwithrespectｔｏＣｒ『areasfollows：

cjj脂：＝％ｇｊｊ,に，Ｐ`jに：＝ｑj脆;ﾊﾝﾊ

wherethesemi-colon；indicatestheA-convariantdifferentiationofCartan 

TheかconvariantandU-convariantderivativesofg,jarerespectivelygiven

by 

(Ｌ１１）ｇ`j,腿＝－{ZHj施十Ｚ`施＋２２Ｊ随＋Ｑｊｆ施十2(ｑｊ『Ｔ，k-l-P`j脆)）

(1.12）gijl礎＝２Ｃ`jパーCij施一Qij脾

whereＴ`jパーｇｊｒＺ７乃旦〃た＝ｇｊ,､ＱＡａｎｄＣｊｊ脂＝ｇｊｒＣ八．

ＷｅｓｌｌａｌｌｓａｙｔｈａｔａｎＭＦｉｓﾙｰmetricalorD-metricalaccordingtowhetheI 

gjLi1k＝Oorg`刈脆＝OThenfrom(Ｌ11)and(Ｌ12)wecanstate

Lemma１．４．Ａ〃lIr，iSh-7"arica化rひ"zejfrim/Ｗ"‘。"jblIWWb此zﾋﾞﾉ．

/"ggg"αjio〃(Ll3)or(1.14)ｈｏ/`j(sreSj()ec"DF1Iy：

(1.13）Tij施十刀`施一ｌ－ＱＵ施十Ｑｊ`施十２(Ｃ`ｊ７Ｔ７ｋ＋Ｐｉｊ施）＝０，

(1.14）２Ｃｉｊに＝ｑｊ施十ｑ`腿

ＩｆｗｅｐｕｔＺルーｇｊｒＴＫ，ｔｈｅｎfrom(1.5)ｗｅｈａｖｅ

(1.15）ZiXyi＝刀｡脆＝Ｔ`たＩｊｙ`＝Ｔ・雁】ノー囚施．

Ｉｆａｎｊ'rismetrical，ｔｈｅｎfrom(1.5)ａｎｄＬｅｍｍａｌ２ｗｅｏｂｔａｉｎ 

(Ｌ１６）Ｔ]`礎ｙ２（＝Ｚｉｏ礎）＝_コル．

Converselyiftheequation(1.16)llolds，then､from（１５)ｗｅｈａｖｅＴｏｗ＝O 

Contractingthisresultbyyj，ｗｅｈａｖｅ２ＴｑＡ,＝０．Consequentlywecanstate 

Propositi０，１．１．Ｔｈｅ/b"0zﾋﾞﾉi"９tﾉb･“んc応α７℃加皿Zz‘αZ6'Bqz`izﾉα化'2t：

（１）Ａ〃､`I~'た'7ZetγiCaZ．（２）Ｔ･賑＝０．

４ 
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（３）Ａ/289"αZio"(1.16)ｈ０雄

Contracling(1.13)ｂｙｙｉａｎｄｕｓｉｎｇ(1.15)ｗｅｈａｖｅ 

(117）Ｔ％,,’十Ｑｏｊ陀十Qjo応＝０

Inthiscase，ｗｅｏｂｔａｉｎＴｏに＝OiIthefollowingequationholds：

(1.18）Ｑ…＋9.庵＝０．

Ｎｏｔｅ1．３．ＡｎＭＴｉｓｎｏｌ，ｉｎgeneral，metricalevenifitish-metricaL 

Iftl1ejVr，isﾙｰmetricalandsatisfies(118)，thenitismetricaL 

TheabsolutedifferentialDg&ｊｑ/ｇｎｉｓｇｉｖｅｎｂｙ 

(Ｌ１９）pgiノーgljMh，施十g`ﾉ|脳Ｄｙ魔，Ｄｙ応＝ぬ'臓十ハ`ぬ'`、

Contracting(1.14)ｂｙｙＬ，ｗｅｈａｖｅ 

(1.20）ｃｏｊ施十ｑｏｋ＝０．

Itfollowsfrom(113),（1.14),（Ｌ16)and(119)thatwehavealwaysj,ｆＤｇＩｊ＝ 

Oifandonlyifequations(117)and(1.20)hold・

Sinceyj＝gljyj，arelationyjDg`j＝OisequivalenttoD)!i＝g`jＤｙ`、There、

ｆｏｒｅｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ1．５．Ｗｾﾞﾒﾉi，麹ﾉｳcα'0α〃ハ'ntAea6soルメ`ぬ舵，沼""α/Ｄｙｊｑ/yjis

giUBj'ｚ６ｙ 

(1.21）ｎＷ＝g`jDyZ（０７．e9"iDa！‘"ｒｊｌｙｙｌＤｇｉｊ＝０ 

ilandonlyi(equations(1.17)and(120)ｈｏｌｄ 

ＮｏｔｅＬ４．AKawaguchiimposedanassumption（121)ontheconnec･ 

tioninconsiderationinhistheoryofnon-linearconnections[４１Thisassumption 

alsoenablesustodelinetheanglebetweenvectorsyzaｎｄＸｉ・

Ｗｅｓｈａｌｌｓａｙｔｈａｔａｎｊ`Z~アｉｓＵ－ｓｙｍｍｅｔｒｉｃｉｆｔｈｅひconnectionissymmetric，

namelyqd肺＝Ｃｋ:’Thenfromthisdefintionand(1.14)ｗｅｃａｎｓｔａｔｅ

ＬｅＩｎｍａ１．６．Ａ〃ハIr『ノｓ６０ｊ〃ひ"zc"imZα〃ｺﾞﾋﾞﾉｰ”mmej7jcがα"‘Ｏ脚ヴ

Cj‘ん＝ｑ`代(＝ｇ`γｑγに）

Ａ〃Ｍｒ，＝(ry魔，Ｚ－，`代，ｑ`た）hasnometricalpropertyHoweverweｃａｎｅａｓ‐

頁
や
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ilyconstructaconnectionrv＝(Ｄ`雁，rvZに，Ｃｊいwl1ichhasallmetricalproper‐

tiesFirstlywetake 

(1.22）ｒ，'危＝Ｇｄに十Ｔｚ肱、Ｔ`鹿＝／(jr,yMzγＴ鼎．

whereﾉ！`γ(＝。`アーノ‘ぃistheangularmetrictensorandバヱ,ｊｉｓａ(のP-homo、

geneousscalaェSecondlyilwetake

(Ｌ２３）ｑ`ルーｑｚ代十％g汀9,ｿﾞ|代，

then(1.23)is,becauseｏｆ(Ll2),expressiblein 

(1.24）ｑ`パーｑ`ん十％(ｑ`施一Ｃ(ｊｈ），

whereOIに＝ｇ`γＣアノ脆．Lastlyweput

(Ｌ25）Ｂ`腿＝ｑ`た十五`服＋Qjj臆川`蝿＝Ｔｆ雁ｌＪ

ａｎｄｔａｋｅ 

(1.26）ｒｙｋ＝１－７に十％ｇﾋﾞｱｇが,脇

wherethesymbollmeanstheルーcovariantdifferentiaLionwithrespecttorM雁and
-

Z-Wji脳．Ｆｒｏｍ(1.11)､（1.22),（Ｌ25)ａｎｄ(1.26)ｗｅｌ１ａｖｅ

(127）Ｊ~y脆＝r'*/応十％(可`膨一ﾃｹﾊﾟ)十％(Qノパーｑｊ臆)－ｑ`蝿Ｔ，k，

where刑パーｇｉ７Ｚ１ｗ催，ｑﾉﾊｰｇ`γＱ,.‘代ａｎｄI~，*んistheA-connectionofCartarL

lntl1iscase，wecaneasilyprovethattheconnectｉｏｎｒ，＝(ｒｌｊｊいＩ'jk、ｑ`雁）

obtainedthusismetrical，A-metricalandU-metricaL 

WeshallcalltheaboveconnectionI~，aKZzmagzZcA/co7z7zectio〃ｏ(anMrvand

denoteitbyKWZ-，)． 

ＮｏｔｅＬ５・Metrizations（1.23)ａｎｄ(126)ａｒｅｄｕｅｔｏＡ､Kawaguchi[3I

BJ~『ismetricalbutneither/b-metricalnorzﾉｰmetricaLTheRundconnectionRI-『is

bothmetricalandA-metricalbutnotu-metricaLTheHashiguchiconnectionHZ-， 

isbothmetricalandDmetricalbutnotA-meiricaLInthiscase，ａｎｙｏｆＫ(Br')，Ｋ 

(ＲｎａｎｄＸ(Hrr)becomesCrv． 

§２．ml-connections、Firstweshallgiveimportantaxiomsconcerning

connectionsinFinsle1geometry・Ｌｅｔｒ，＝(ry施，１－，２牌ごいbetheconnection

６ 
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inconsideration・Thenaxiomsareasfollows：

（F1）１－，ismetrical，ｉｅ.Ｌ,に＝0．

（F2）ThedenexiontensorD`応ＯＩＩ~『vanishes．

（F3）ｒ，isU-metricalandD-symmetric． 

（F3)lTheU-connectionofJ~，vanishes，1Ｇ.ｑ`脆＝0．

（Ｆ３)２TheU-connectionofr'issemi-symmetric，thatiｓ 

(2.1）ｑルーＣＸｊ＝dPjtk-Ozktj

whereAisa(－１沙homogeneousvector．

（F4）WithrespecttoZ~１，theabsolutedifferentialDytofy`(＝g1jyj)isgiven 

byDyj＝gtjDyj(orequivalentlyyjDgij＝O)． 

（F5）PathswithrespecttoTarealwaysgeodesicsofM 

（F6）ｒ，ｉｓルーmetricaL

（F7）ｒ，isﾉi-symmetric，thatis，theA-torsiontensorTjM＝Ｂ`に－１~Xij)van‐

ishes 

（F8）ＴｈｅハひtorsiontensorPf粒（＝－Ｑｊｆに）ofTvanishes．

（Ｆ９）Ｔｈｅﾙｰconnectiono[Fissemi-symmetric，thatis， 

U 

巧`脆＝Ｊシｓ代一.“んｓｊ，(2.2） 

whereS代ｉｓａ(のP-homogeneousvector・

AMatsumotoconnectionMr，iscalledaTM(resp・ＴＭ(の)-connectionifitis

characterizedbyfiveaxioms(Ｆ１)，（F2)，（F3)(resp.(F3),),（F4)and(F5)．Ｆｒｏｍ 

ＬｅｍｍａｓＬｌ～Ｌ３，ＬｅｍｍａｓＬ５ａｎｄＬ６ｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ２．１．ＡＴＩＭ(ﾉ･CSP・ＴＭ(0))-CO"〃cc"oiilisil`"i‘"８４１火term力１８.ﾉｵ／

ﾋﾟﾉi7で`ぬ"so，汐Ｔ【紀，Ｑｊ`,ｔα"‘ｑ`にα'･CgiW"αSJ/b"ozUs：

１）ＴJMSα(ﾕﾙﾊ０７"OgB7ZeOZJS(1,1)_te7ZSOrS〃CAtharToに＝Ｔ:。＝０．

２）Ｑｊ`鵬ｊＳα(0)P-h011zogF"ｇｏ"s(1,2)-t０，２so7sz`cAtﾊα/ＱＡ＝Ｑｏｉ臘＝０

３）ｑｊ１ｃ＝ｑＭｒＢ妙.０）

Immediatelywehave 

Corollary2、１．１．nPiczWbz`rco""“"O7zsCrv，Ｈｒ~，，Ｒノー『α"`Ｂｉ~『α7℃SPc-

ciZzlTM(ｏｊ･TMO))-ＣＯ"718ctzo"s,α,！〃tAei7･cAa7paerzzz"gajrio7"sα"ciMi,でcrc"ｓｏｒｓａ７で

ａｓ/bZJozusf 

７ 
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Connections Ａｘｉｏｍｓ Tensors(ｍＱｑ 

CＴ 
T`脆＝QQj`バー－月`雄,可施＝ｑ`胸(Ｆ２),(Ｆ３),(Ｆ６),(F7） 

－－ 

Ｔ`に＝0,Ｑｊ`ん＝－月`施，ｑ`た＝０ＲＦ (F2),(Ｆ３ＭＦ６),(Ｆ７） 
－－ 

７k＝0,Qjz代＝0,ｑ`腿＝Ｑ`肉ＨＰ (Ｆ１),(Ｆ２),(Ｆ３),(F7),(Ｆ８） 

Ｔ`パー０，Ｑｊｆパー0,ｑ`に＝０ＢＴ (Ｆ１),(F2),(Ｆ31,(Ｆ７),(Ｆ８） 

ｌｔｉｓｋｎｏｗｎｔｈａｔｎｄ[isaRiemannianspacejVifandonlyifthetorsiontensoI 

Cdj聡vanishes・Inthiscase，thefoundamentalfunctionL(z,y)ｉｓｇｉｖｅｎｂｙＬ(r,)リ
１ 

＝(gjj(小,`ｙ'）百andtheRiemannianconnectionis，fromthestandpointofFins‐

lergeometry，representedｂｙ 

(2.3）Rjvr'＝（い)，ｙﾉ{/代)，０)，

where｛/脆）aretheChristoffelsymbolsformedwithgij(幻．
ノ゛

Ｎｏｔｅ２．１．ARiemannianspaceハImaybeconsideredasaspecialFins‐

lerspace・TherehoweverexistssomeFinslerspacesuchthatitneverreducestｏ
７－ 

ａｎＭ[5l 

NowweconsiderthefoUowingaxiom： 

（FO）Thefundamentaltensorg`jisindependentof)Ａｉｅ．ｑノバーＯ

Ｔｈｅｎｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ２、２．Ａ〃Ｍｒ,isZAeRjVZ~'１Ｗ７１‘0"biW1iUeα”０７"s(FO)，（F2)，

(F3),,（F6)ａ??`(F7M7esatiW`f 

ltiseasilyseenthatif〃becomesanlithenanyoftypicalconnectionsin
Corollary2・L1reducestoRjVrr・

Ｎｏｔｅ２．２．WithrespecttoRjVT，axioms(Ｆ１)and（F6）aremutuallve‐ 

quivalent、

ＡＴＭ(ｏｒＴＹＭ(の)-connectioniscalledaTMA(ｏｒ７ＭＡ(9)-connectionif

theT`施ｉｓｇｉｖｅｎｂｙ

(2.4）Ｔ`パー／(ｚｗ)Ｌ(ｍｊＭｉ代，

where/に，)ﾘisa(0)jb-homogeneousscalar、Differentiating(2.4)ｂｙｙｊ，ｗｅｈａｖｅ

(2.5）刀`ん＝Ｌ（ｊｈ`施十/(Zjﾉｊｌｋ－ﾉﾊﾟﾉiケーノ‘ﾉILj鹿）

WeknowalreadyfourtypicalTMA(orＴＭＡ(の>connections，thatis,ＡＭＩＶ

8 

Connections Ａｘｉｏｍｓ Tensors(、Ｑ,ｑ

Ｃｒ１ (F2),(F3),(F6),(F7） Ｔ`庇＝QＬ i脆＝－Ｂ`胸可施＝ｑ`俺

Ｒｒ『 (F2),(F3)],(F6),(F7） Ｔ２腿＝0,里 &た＝－月`ん，ｑ`ん＝０

n丁， (Ｆ１),(F2),(F3),(F7)!(F8） Ｔｉ胸＝ｑＱ 'パー0,ｑｉ服＝ｑ`施

Ｂｒ’ (F1),(F2),(Ｆ３),,(F7),(F8） Ｔ`パー0,Ｑｊｆパー0,ｑ`脆＝０
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r，,AMBrv,Ａ〃CI~'andAMRZ-m(orrespective(q-connections)[9]、Forthesecon‐

nections，thetensorsQji肘arerespectivelygivenasfollows：

１）－Ｌ/ｉｊが魔，２)〃J虎Ａｉｉｊ－Ｌ(/ijAi代，
(２６） 

３）２ハハシーＭｊＡｆ虎一月'捻，４）－Ｌ(jAf施十ハル?=/Z。/施一ＢＺ肘

Tl1ereforetherespectiveﾙｰconnectionsareexpressedasfolloＷＳ： 

１）ｒｙ応＝Ｇｙに十バムム`施一/髄ハｉｊ－ｊｉ/ij応），

２）ｒｙ施＝Ｇｊ`応＋八Ｚｊｈｚ施十/聡腿一【‘ん庵），
(２７） 

３）乃恥＝Ｆ:iii`施十バノノハ`施十/魔ノケシー！‘ノル臆），

４）ｒｙ雁＝Z~『ﾂﾞii`魔-|‐八Kｊハｉｈ－ＺｉＡｊ施一Ｌｑい、

ltiseasilvseenthatanAMRrv(theforthconnection)ismetrical，〃metrical
andひmetricaLFurtherwecanstate

Thore、２．３．Ｌａｒ'６８α'2Ｗo""ecrio〃ｑ化cz》`〃ＣＯ"ｿzecZio"s(AAmlVT，ＡＭＶ

ｒ１(0),AnIBrv,ＡＭＢJ~，(0),AIM｢CP,AMCrW(の,AUURrv(0)）Ｔﾙe〃αＫｔｚｍａｇＷｃｈｊ
ＣＯ"?…io九Ｋ(n6ecO?"“α"AMRrv・

ProofSinceanyfFMA-connectionismetricaLitisenoughtoconsiderthe 

samenon-linearconnectionFrom(2.5)ｗｅｈａｖｅ 

(２８）刀`臘一乃施＝－Ｌ(（jhi施一９$『ﾊﾞｧﾙj応)＋〃仏が施一／zルパ）

Ineverycaseof(２６),ｗｅｈａｖｅ 

(2.9）ｇｊ`鷹－２３砲＝－Ｌ(/Ｍｉ`だ－９ﾎﾞｧﾊﾞｒｈＪ虚）．

Thereforeitfollows[rom(127),（２８)and(２９)thattheA､connectionofXi(１７） 

coincideswith4)ｉｎ(２７）Forthezﾉｰconnection，ｆｒｏｍ（1.24)ｗｅｏｂｔａｉｎｑｉＦ 
ｑｆ臆ineverycase QED・

ＦｏｒａｎＡＭＩ２ｒｖ，ｗｅｃａｎｓｔａｔｅ 

Ｔｈｅｏｒｅｍ２、４．Ａ?ＺＭＦＭｓａ，zAMRJWaEP・ＡＭＲＰ(0)）がα"'0,0ﾉがZAeβzノビ

α⑪joms(F2),（F3)(resp.(F3),),（Ｆ５),（F6)α"`(Ｆ９)αrcsatiViiaiZ 

ProofIfanJVr，isanAMRP(resp・AjURI-1(の),thenwecanfirstverifythat
thefouraxioms(F2)，（F3)(resp.(F3),)，（F5)ａｎｄ(F6)aresatislieCLNextifwe 

９ 
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ｐｕｔｓ施＝－必，thenfrom4)ｉｎ(2.7)weobtain

五/バー八Ｍ'`,‘－Ｊ礎ｈｉｌｊ）＝Jijs為－d2代５，、

whichshowsthatthelastaxiom(F9)issatislied 

Converselysupposethatfouraxioms(F2)，（F3)(resp(Ｆ３),)，（F6)ａｎｄ(F9） 

arefirstsatisfied、ThenfromTheorem22in[１０]ａｎｄＬｅｍｍａ1.6ｗｅｈａｖｅ

(２１０）ｑ`耐＝Ｃｉ`雁(γ〃・の，

(2.11）Ｔ`応＝sf雄一。f雁so-ECﾎﾟｒｓｒ，

Ｅ`ん＝１－Ｗ施十g,施ｓｊ－ｑｊｄ‘ん十ｑｉｓｏ＋(ｙｊｑ肱γ＿ｃｌｊｒｊｌｉ）sγ

(2.12） 

＋Ｂ（CjjγＣ腕＋Ｃｆγｑ＃＿･』‘ｑいs2．

Nextlettheremainingaxioms(F5)besatisfied、Contracting(2.12）ｂｙｙｊｙん，

ｗｅｈａｖｅＢｊ脂ｙｊｙ術＝２Ｇｉ＋Ｂｓｉ－ｓｏｙ`、Thereforefrom(1.9)ａｎｄＬｅｍｍａ1.3

ｗｅｏｂｔａｉｎＢｓｚ－ｓｏｙＺ＝O1fromwhichitfollowsthat 

(2.13）ｓ‘＝－ｆＬｓガーーハ，

whereトーso／L、Applying(213)to(211)and(212),weobtain

(２１４）Ｔ`庵＝fLh広施，Ｔ`脆＝－Ｇ似脆＋/Ｌﾉｶ`応，

Ｉ~y脆＝1-Ｗ代＋/(ﾉｌｊｄ`ん一Ｊ`ｇｊｋ－Ｌｑい

(2.15） 
＝j~7*ん＋／(ムルZk-JfAj施一LCjz㈹）．

Thusitfollowsfrom(2.10)，（214)and(2.15)thatthisconnectionisanAMR 

Ⅳresp､AMRrv(の)．ＱＥ.、

Ｎｏｔｅ２．３．ＡｎＭｒ，iscalledaWagnerconnectionifitischaracterizedby 

fouraxioms(Ｆ２)，（Ｐ３)，（Ｆ６）ａｎｄ（Ｆ９)[2IThereforeanAMRI-『isaspecial

Wagnerconnectionsatisfyinganotheraxioms(Ｆ５） 

NowweconsiderLhefollowingaxiom： 

（Ｆ９)lTheA-connectionofI~，ｉｓsemi-symmetricintheBMrv-sense、thatis，

(2.16）巧`礎＝。；Sパー。`施sj，ｓｏ＝－Ｌ２Ｃｚ,`／(n－1)！

－１０－ 
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whereCd＝Ｇｉ雁ｇ）ん．

WeshallcallanMZ-rtheBa7TA`ﾉｰMzts"かzotoco7z"ectio7zifitischaracterized

byfiveaxioms(Ｆ２Ｌ（F3)，（F5)，（Ｆ６)ａｎｄ(Ｆ９),，anddenoteitbyBMri・Then

itfollowsfrom(216)andTheorem24thatBMr，isaspecialAIVRTwithasca、

larバエ,yＭｅｆｉｎｅｄｂｙ

(2.17）バヱ,y)＝ＬＣｉＭ／('z－１）

Ｎｏｔｅ２．４．ＴｈｅＢＭｒ『hasbeenintroducedbyM､Matsumoto[6lHein‐

vestigatedtheBarthelconnection(11andrevisedittothepresentBjUrm．Ａmini‐ 

malhypersurfaceofMcanbede[inedundertllisconnection・

Weshallsaythatascalar化,)ｳｏｎｊＶｉｓＲｊＷα"isAi"gifitvanisheswhenm
r 

becomesanMThescalar巾,y)deIinedby(2.17)isevidentlyRIWanishing・

ＷｅｓｈａｌｌｓａｙｔｈａｔａｎＭｒ，isjUWeazJci6JeifitreduceｓｔｏＲｊＶＺ－『ｗｈｅｎＭｂｅ‐
ｒ 

ｃｏｍｅｓａｎｎｆ 

Ｎｏｔｅ２、５．Ifanyscalar化,」inTM4-connectionsisRjVEvanishing､then

anyFM4-connectiondefinedby(2.7)isRﾉVさreducible・TheB1VZ-『issuchagood

example． 

§３．ZYMD-coImectionsandMironconnections・lnthissection，weshall

beconsemedwithconnectionswhosede(lexiontensorsdonotvanish 

WeshalｌｃａｌｌａｎＭＴａＴＭＤ(resp､TMD(0)）connectionifitischaracterized 

byfouraxioms(Ｆ１),（F3)(resp(F3),),（F4)and(F5),anddenoteitTYMDrv(resp， 

TMDrw(の）ＦｒｏｍＬｅｍｍａｓＬ２，１．３，Ｌ５ａｎｄＬ６ｗｅｃａｎｓｔａｔｅ

Ｔｈｅｏｒｅｍ３、１．ATMDr，('．e妙.ＴＭＤ〃(0))iSzJ7zi9zZe4'士ｔｅｒ７"i7zg‘jrrﾊｿﾞｾﾞe

tejzso滴Ｔ２に，Qjj髭α"‘Ｃｊ`ｋａ７ｅｇｉｗ'ｌａＭﾌ"oZusJ

１）Cj1髄＝ＣｊＭ７沼SPD)．

２）Ｔｌ魔α刀`Ｑｊ`たareα(zルハ0伽qgF'１Ｇoz↓s(1,1池'LSOγα"`α(0)'一ﾙ0'"Qge"e”s(1,

2)-Zu'zso7reSP8Ctiueba,z‘tAeysarMノ

(3.1） Ｔｍ＝０，Ｔ`。＋Ｄ`。＝０，Ｑｊ･ん＋、j脆＝０

zUAe7EQojパー、j脆＝gjrD7k．

WeshallfindsomeTMDP(orTMDr'(0)）satisfyingdesirableaxioms(F6） 

and(F7)．Ｆｉｒｓｔｗｅｃａｎｓｔａｔｅ 

Ｌｅｍｍａ３、１．〃α〃Ｍｒ，saIlisl/`Hesajuio)"s(Ｆ６汕冗`(Ｆ７)，Ｚｈｅ"i坊ﾉb-cO""ectio〃

－１１－ 
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isarp7essi6ルカｚ

(3.2）１－Ｖ応＝ｒＷ施十ｑ応γＴγｉ－ＣｊｆｒＴ％－ＣｊｊｒＴＰ，

zWheγｅＴｒｉ＝ｇ`たＴう`、１ｹzfﾉbiscase,theMrszJr城“αllSo(F5)．

ProofFrom(Ｌ５)and(Ｆ７)wefirsthave 

(3.3）呼応＋Ｑ/脆＝ZY`＋ｇﾊﾟﾘ`，Tkj施十Qijに＝２Ｍ＋Ｑ化ｉｉ

Nextwehave(1.13)becauseｏｆ(F6)ａｎｄＬｅｍｍａ1.4.1fweexchangeindices 

iandルｉｎ(1.13)，ｔｈｅｎｗｅｏｂｔａｉｎ

(3.4）四ｊｊ＋Ｚ麻ｶﾞｰﾄｇﾍﾞﾉ‘十Ｑ､j“＋２(CにＪｒＴＴｉ＋Ｐ鯨j`)＝０．

Substracting(３４)from(1.13)anduse(3.3),ｗｅｈａｖｅ 

Ｚ}j廊一刃施‘＋Ｑ…－Ｑ…＋2(ＣｗＴ舟一ＣﾊﾟﾉｒＴＴｉ)＝０，

whichimplies 

(3.5）Ｚｉ施十QjU形＋２０ｊｉｒＴ％＝Ｚ脆‘＋Ｑｊ施遡＋２ｑ髄ｒＴ７Ｌ

Thereforeitfollowsfrom(3.5)tllatatensor(Ｚｆ施十Ｑｊ`施十２ｑｚγTmissym■ 

metricinindicesiandhApplyingthisfactto(1.13),ｗｅｈａｖｅ 

(3.6）mijk十Ｑ`”＋2P`jk＋Ｚ,`:＋Ｑｊ肱`＋２ｑｌｗＴＴｉ＝０．

Ontheotherhand，becauseofsymmetryof(3.3)and(3.5)ｗｅｏｂｔａｉｎ 

(3.7）囚臓f-l-Qj施#＝Ｚハノ＋Ｑ`んｊ＝、`魔十°`j胸＋２C:ﾉｧＴ％－２C,応rTB

Applying(3.7)ｔｏ(3.6)anddividingtheresultby2，wehave 

T1ij庶十Ｑ`jベ＝Ｑ胸ｆｎ－ｑｊｒＴ％－ｑ俺γＴＴｉ－Ｂｊ〃，

whichimplies 

(３８）Ｔｙ施十Ｑｊｆパーｑ随『Ｔγｉ－ｑＺｒＴ％－ＣＫ７ＴＵｉ－Ｂｉｋ．

Ifwesubstitute(３８)into(Ｌ５)，ｔｈｅｎｗｅｏｂｔａｉｎ(3.2）Furtherifwecontract 

(3.8)ｂｙｙｊｙ施，thenwehaveTMo＋ＱＪ。＝QThereforethisMTsatisfies(F5)ｂｅ‐
ｃａｕｓｅｏｆＬｅｍｍａＬ３・ ＱＥ.，． 

－１２－ 
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Ｎｏｔｅ３．１．Axioms(F3)(or(F3),)and(F6)alwaysimply(F4）Ａｘｉｏｍｓ 

(F6)and(Ｆ７)ｄｏnot,ｉｎｇｅｎｅｒａＬｉｍｐｌｙ(Ｆ１)without(Ｆ２)． 

WeshallcallanMI-，astandardTMD(ｒｅｓｐＴＭＤ(の)-connectionorsimply

anSZD(respSTD(の)-connectioni(itischaracterizedbyfouraxioms(Ｆ１),（F3）

(resp(F3)】)),（F6)and(F7),anddenoteitbySTDZ-v(ｒｅｓｐＳｍｒ１(0))．Thiscon-

nectionsatisfiesslso(F4)and(F5)ｂｅｃａｕｓｅｏｆＬｅｍｍａ３１ａｎｄＮｏｔｅ３１、

Contracting(3.8)ｂｙｙｊ，ｗｅｈａｖｅ 

(3.9）Ｄ‘パー－Ｔｉｋ－ｑｊγＴ71.,

contractionofwhichbyyパyieldsDj。＝－Ｔｔｏ、Thereforefrom(３９)ｗｅｏｂｔａｉｎ

(3.10）Ｔｉに＝Ｑ/ｒＤＴｏ－Ｄ(礎，Ｗに＝－，０朧．

ConsequentlyfromLemma31and(3.10)wecanstate 

Theore、３．２．Ａ〃STDI~，()でSP・STDr1(の)fsz("“eﾉＷｂｔｅγmi7Le`がt"OZU"

so'四Ｔｈ（01.りいα71‘ｑ恥α”ｇｉＵＣ７ｌａｓ/bZJ0⑫S､.

１）ｑ`伽＝ｑ`に（'〃.Ｏ)．

２）Ｔｌ侭（orDpiSα(Z池h017I0ge"eozJs(Ｌ１)－１F"so7sa2Mﾉｵ"ｇＴｏ魔＝０(０７．，％＝の

Ｎｏｔｅ３．２．WhenthedeflexiontensorDf施firstgiven，thenon-linearcon‐

nectionI-vd施ｉｓｇｉｖｅｎｂｙ

rvzﾉﾆｰＧＺ施十ＣｆｒＤ７ｂ－Ｄｉ炉

andthenA-connectionisobtainedbysubstitutionof(310)into(３２） 

WeshallcallanSTDr(respSTDZ~'(0>）ａｎＡｊＵＤ(respAZMlD(0))-connection 

ifthetensorTj応ｉｓｇｉｖｅｎｂｙ(２４)(Le.Ｔ`脆＝J/Lﾉiい,anddenoteitbyAjlZDr1(resp、
AMDrYO))．Inthiscase、ｗｅｈａｖｅ

(３１１）ｒｖｊｋ＝Ｃｌ化十ﾉｴﾙj施、ＤｉベーーノＬＡ2代，

(3.12）ｒｙ応＝ｒ，:!；`施一/Ｌｑ`〃

Ｆｒｏｍ(1.5),（2.5)ａｎｄ(3.12)ｗｅｈａｖｅ 

(313）Ｑ/耐＝/q(ﾉ叩脂＋/`ﾙﾉ施一ムルガ庵)－ＬＺ,ｊＡｉ脂一月`施一/ＬＣｊ`脂．

Ｎｏｔｅ３．３．Ifascalar化:,y)isRjWanishing，ｔｈｅｎａｎＡＭＤｒ，(oｒＡＭＤＴ

－１３－ 
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（６））isRjVLreducible・Inthiscase，ｔｌｌｅＡﾙlDrv(orAMDrv(の）iscloselysimilar

toCrm(orRr，） 

WeshallcallanSTDrv(resp､ＳＴＤJ~『（９）ａＣＩＤ(resp.ＲＩＤ)-connectionifthe

tensorTz魔ｉｓｇｉｖｅｎｂｙ

(3.14）Ｔ`に＝/仏y)ＬＣｊ)'に，

anddenoteilbyClDrW(resp,RIDrv)．Asbeforeweobtain 

(3.15）ｒ皿施＝Ｇ１に-l-fLC`yいりi魔＝－.ノエ(Ｃ』”＋Ｌ２Ｃ$'辮Ｃγ），

(3.16）rYj`脆＝r'キi施＋/L(ｑ比γＣγy`－ＧtγＣ『yA`－ｑ/γＣγy小

Differentiating(3.14)ｂｙｙｊ，wellave 

(3.17）Ｔ７旗＝（ｊＬＣｉｙ随＋バノ!』Ｃ`y施十ＬＣｚ,,ｊｊｊｋ十ＬＣ`9,応）．

Ａｓｂｅｆｏｒｅｗｅｈａｖｅ 

Ｑ,`脆＝/L(ｑｔγＣ７ｙ施十Ｃ$γＣγ)ケ＋ｑﾊﾟｒＣＴｙｊ－ＣｊｕｊＪパーＣ`９，虚）
(3.18） 

－(Ｌ八’十/いＣｔｙｋ－Ｂ`た．

Ｎｏｔｅ３．４．ＡＣ,、ノーi(orＲ]Drw)isRjVLreducibleindependentlyof/(鰹艸．

Inthiscase，ｉｔmaybeconsideredtl1attheClDr，(orR1DI-v）iscloselysimilarto 

Cr，(orRrm)． 

WeshallcallanSTDr'(respβ７，１－W(0)）ａＣ２Ｄ(resp・Ｒ２Ｄ)-connectionifthe

tensorTt虎ｉｓｇｉｖｅｎｂｙ

(3.19）Ｔ`応＝（",)ﾘＬ３Ｃ`Ｃ牌

anddenoteitbyC2Drv(respR2Dr，)．Ｔｈｅｎｗｅｏｂｔａｉｎ 

(3.20）１－Mに＝Ｇ`施十/Ｌ３ＣｊＣ代，Ｄｉ臆＝－/Ｌ３ＣｊＣ応，

(３２１）ｒy脆＝ｒＷ虚＋､/L3(。』んγｃｒｃ`－ｑ`γｃγｃパーｑｎｃ７ｑ)，

(３２２）？yパー(ＬＭＩｊ＋3圧いＣ`ｑ＋ｊｒｊ(Ｃ`,ＩＪＣ膨十Ｃ`Ｃ雁,,ｊ）、

(３２３）Ｑﾊｰﾉｴﾉ(ＣｊＪｗＣｒＣｌ－ｑｉγＣｒＣ脆一ｑｊ,､ＣｒＣｊ－ＣｊＭｊＣ脂一ＣｉＣｗ）

－１４－ 
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－(L3ん＋8L２４）Ｃ`ｑ－Ｂ`礎．

Ｎｏｔｅ３．５．ＡＣ２Ｄｒｖ(orR2DrW)isalsoRAZreducibleindependentlyofJlTri 

jAlsointl1iscase，ｔｈｅＣ２Ｄｒｗ(orR2Drv)iscloselysimilartoCZ-D(orRZ-v） 

Nowweconsiderthefollowingaxiom： 

（Ｆ10）Thenon-linearconnectionrv`魔ｉｓｇｉｖｅｎｂｙＴｆ肱＝Ｇ`ん．

Ａｎｊ１ｎ－，iscalledaMironconnection[2]ifitischaracterizedbyfouraxiomｓ 

(F3L（Ｆ６)，（F9)and(Ｆ10）Withrespecttothisconnection，thedeflexionten‐ 

sor，theA-connectionandtheD-connectionareasfollows2 

(3.24）1-,脂＝Ｇ`施，Ｄｉ代＝ｓｏｊｆ随一ｓｊｙ代，

(325）ｒ(j渉施＝I~『苧歴-1-､ｄｉｋ－ｓｆｇ,柿

(3.26）ｑ`俺＝Ｃノパ十Ｍ$`パーt`ｇｊｋ．

lfaMironconnectionfurthersatisfiesanotheraxiom(F5)，thenexpressions 

(3.24)and(3.25)arewrittenin 

(３２７）ｒ吐施＝Ｇ`いり`ﾊﾟｰﾉ(z,y)Ｌｈｆ応，

(３２８）Ｂ`脆＝１－，辮施-l-Jlq(」(jji応一Ｊ'9,ね）

Ｆｒｏｍ(327)and(3.28)ｗｅｈａｖｅ 

(３２９）Qjiに＝f(Ｚｊｄ`随一Zfg』た)－Ｂｉ施．

WeshallcallaMironconnectionaｎ１ＵＤ(2)-connectionifthehconnectionis 

givenby(328)，anddenoteitbynmI~,(2)．Weshall,ｉｎparticular,callanMDr， 

(Z)anMD(resp・ＭＤ(の)-connectionifthezﾉｰconnectionisgivenbya`腿＝ｑ`ルー

sp・Ｃｊ`ん＝O)，anddenoteitbyMDrr(respjUDrv(の)．ThereforeanMDrv(resp､jV

DrYの）ischaracterizedbyfiveaxioms(F3)(resp.(F3)!)，（F5)，（F6)，（F9)ａｎｄ
(Ｆ10)． 

Ｎｏｔｅ３．６．IfascalarJln(､,)))isRjVzvanishing，ｔｈｅｎａｎＭＤｒｖ(orMDrv(の）

isRjVLreducibleandcloselysimilartoanAMRrw(orAMRrv(0))． 

WeshallcallanMFaHD(resp・ＢＤ)-connectionifitischaracterizedbyfive

axioms(Ｆ３),（resp(F3n（F4),(F5),(Ｆ７)and(Ｆ10),anddenoteitbyHDrv(resp、
BDF）Ｆｒｏｍ(３１),（F7)ａｎｄ(Ｆ10)ｗｅｈａｖｅ 
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（3.30）Qjj化＝旦施dj，Qoi｡＝０，Qjok十ｇｏ‘ん＝０．

ThereforeaHDI-i(orBDri）isuniquelydeterminedi{wehaveatensotQj`ハ

satisfying(330）Suchtensorsareinfinitelyfound・Weshallchoosethreesim‐

pleronesTheseareasfollows： 

(3.31）Ｑノパーノq(r,)ｸＬ２ｑﾉＯ`Ｃ施十J施十Z施ＣＭｑ－/ｊＣｊＣ礎）：

(3.32）Ｑｊｉ泥＝/q(z,y)(」Ｍ`賑十Ｊ雄脇一J`Aj脳）．

(３３３）Ｑ/に＝（z,y)(Zjル`に十/ｋＡｉｊ－Ｊ`ﾙﾉﾊﾟ)－Ｂｆ代．

Ｉｎｃａｓｅｏｆ(3.31),ｗｅｈａｖｅ 

(3.34）Ｉ~，`脆＝Ｇ`に，Ｄ`に＝ﾉｴﾉＣｆＣ歴，

(3.35）J-Ij`脆＝Ｇｊ`施十fzP(↓ｃｆｃ魔十Ｊ施ｃ`ｑ－Ｊｆｑｃに）．

WeshallcallalmZ-i(respBDI-,)ａＨＤ(respBD)-connectioniftheh-connec、

tionlsgivenby(3.35)，anddenoteitbyHDrp（respBDr')． 

Ｎｏｔｅ３．７．ＡＨＤｒ１(orBDI~')isR1VLreducibleindependentlyof/(ｚＷ)．In 

thiscase,wewouldliketosaythattheHDI-，(orＢＤＦ)iscloselysimilartoHrm(oI 

Bn． 

Ｉｎｃａｓｅｏｆ(332)ａｎｄ(3.33)，ｗｅｃｏｍｍｏｎｌｖｏｂｔａｉｎ 

(３３６）ｒ『:随＝Gjk，ＤＫパー/Ｌﾊ`応，

andtheh-connectionsarerespectivelygivenby2)and３)ｉｎ(２７） 

WeshallcallaHDJ-v(resp・BDI~､)ａｎＡＭＢＤ(respAMBD(の)-connectionor

amWCの(resp.ＡMCD(の)-connectionaccordingtowhethertheh-connectionis

givenby2)ｉｎ(２７)ｏｒｂｙ３)ｉｎ(２７)，anddenoteitbyAMBDZ~『(resp・AMBDZ-'(の）

orbyAjVCDr『(respAMCDrv(0)）

Ｎｏｔｅ３．８．Ifascalar（z,y)isRjWanishing，thenanyoftheabovecon‐ 

nectionsinR1V二reducible・Inthiscase，ａｎＡＭＢＤＪ~，(respAjlICDrv）isclosely

similartoanAMBJ~v(resp､Ajl`ｏｒ，)andsoisthecorresponding(q-connection． 
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